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CHROMOSOME ENDS IN DATURA PRUINOSA 
By a. D. Bergnee and A. F. Blakeslee 

Caknboie Institution op Washington, Department op Gbmbtics, Cold 

Spring Harbor. N. Y., and Smith Collbob 

Communicated December 8. 1942 

In the present paper we are adding D, pruinosa to the list of those 
species of Datura, the chromosomes of which have been given numerical 
representation in terms of prime type 1 (PTl),^ our tester race in D, 
stramonium. D. pruinosa is a Mexican species which belongs to the 
Dutra® section of the genus. The tester race came from Oaxaca; other 
races came from the adjacent state of Puebla. 

By our method of examining chromosomes at the first meiotic meta> 
phase in pollen-mother*ceUs, we usually detect only those changes which 
have occurred in the arrangements of the ends of chromosomes.* as a 
result of segmental interchange between non-homologous chromosomes. 
It has taken six years to complete the identification of the chromosomes 
of D. pruinosa because, with the exception of D. leiehhardtiit it could not 
be crossed with any other species in either the Stramonium or Dutra 
sections of the genus. Before any other crosses could be made, strains of 
kichhardtii had to be developed which included in their chromosome 
complement the end arrangements of the four pruinosa chromosomes 
which are different from the tester race of leichhardtii,^ Even with such 
strains, however, no cross could be made with the tester race of stramonium 
but only with extracted lines. 

There were repeated instances of incompatibilities when we attempted 
to obtain plants which resembled stramonium in morphological appear- 
ance and which were homozygous for the chromosomes of the pruinosa 
interchanges. Therefore the usual method of using homozygous t 3 rpes 
had to be abandoned and all determinations made with crosses to strains 
that were only heterozygous for these interchanges. Fortunately the 
two types of offspring from each cross of the heterorygote to homozygous 
testers could be distinguished cytologically because of long famiUarity 
wi^ the sizes and other peculiarities of the chromosomes in the various 
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PT tester races. These incompatibilities in crosses probably are a conse- 
quence of structural changes in the chromosomes which cannot be detected 
by our method of examining the meiotic chromosomes at MI and possibly 
also of gene mutations that have occurred in the different species. There 
were fewer barriers between pruinosa and other species of the same section 
than between it and stramonium which belongs to a different section of 
the Datura genus, 

A cross was made between tlie tester race of D. leichhardtii and that of 
D, pruinosa. The 24 chromosomes in the hybrid were arranged as a 
0®4 + 04-|~8 bivalents at the first meiotic metaphase in PMC, There- 
fore the tester races of these two species differ by two separate interchanges 
each of which consists of an interchange between two non-homologous 
chromosomes. Eight of the chromosomes of pruinosa have the same end 
arrangements as eight of the chromosomes of the leichhardtii tester race. 

This hybrid was back-crossed to the leichhardtii tester. Among the 
offspring, there were plants which also showed 0 4 + 04. This back- 
crossing and recovery of the two circles was repeated twice more. By 
this time the plants resembled leichhardtii in external morphology. Such 
a plant when selfed gave among its offspring some plants that showed 
only 12 bivalents at MI, A backcross to leichhardtii was needed to dis- 
tinguish between those bivalent plants which were homozygous for the 
four leichhardtii chromosomes and those homozygous for the four pruinosa 
chromosomes which are involved in the two O 4 configurations. The 
former showed only bivalents in the backcross hybrid, the latter showed 
O 4 + G 4. 

Two strains of leichhardtii^ differing slightly in external appearance, but 
both homozygous for the end arrangements of these four pruinosa chromo- 
somes, were obtained by this method. They were continued by selfing 
and were used in place of the tester race of pruinosa in making crosses. 
This method of backcrossing apparently removed some barriers to cross- 
ability so that viable hybrids were obtained with D, inoxia and D, meld- 
oides. The hybrid with inoxia type 1 showed a G 8 + 8 bivalents; the 
hybrid with inoxia type 2 showed a08 + 0 4 + 6 bivalents. The hy- 
brid with the tester race of meteloides showed a 0 8+ 04 + 04 + 4 
bivalents. At this time also a cross with leichhardtii type 2 was made. 
The hybrid showed a O 4 + 10 bivalents. This single interchange indi- 
cates that the end arrangements of only two leichhardtii type 2 diromo- 
somes ore different from those of pruinosa. 

No viable hybrid could be obtained with either of these extracted lines 
of leichhardtii when they were crossed to the tester race of stranumium. 
Fortunately we had previously developed strains of leichhardtii which 
included in their chromosome complement the end arrangements of the 
four stramonium chromosomes which are different from the tester race of 
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leichhardHi,*> A successful cross could be made by using in place of the 
tester race of stramonium such a strain of leichhardUi. That is, the com- 
patible cross was between two extracted lines of leichhardtii, one from a 
previous leichhardtii-pruinosa cross and the other from a previous leich- 
hardtii-stramonium cross. This indirect approach^ using leichkardiii as 
the bridging species, made possible a comparison of the end ar r an g e ments 
of the pruinosa chromosomes with those of oiu* standard PTl of stra- 
monium. The hybrid showed a04 + 04+00 + 5 bivalents. Usu- 
ally the O 6 was broken leaving a chain of 0 instead of the O 6, as shown 
in figure 1 . It was concluded that only five of the chromosomes of pruinosa 
have the same end arrangements as those of PTl. The other seven chro- 
mosomes are different. In terms of Pn, two chromosomes are involved 
in each of two interchanges and three 
in the third. In order to identify 
these seven chromosomes, a study was 
made of the chromosome arrangements 
in crosses to selected P7'’s of stramo- 
nium and chromosomal types of other 
species. 

This Fy hybrid was backcrossed to 
another extracted line of leichhardtii 
carrying the P7'l chromovsomes’' with 
the object of introducing stramonium 
genes and consequently of building 
up strains more like stramonium. 

From the offspring a plant was selected 
which showed 0 4 + 0 4 + 0 6. 

This also was backcrossed to an ex- 
tracted line of leichhardtii which carried 
the same P71 chromosomes but which 
was nearer stramonium in appear- 
ance, Some of the offspring from this cross showed only one or two 
configurations. With them it was decided to study each of the inter- 
changes separately and since these plants now showed more resemblance 
to stramonium^ attempts were made to make crosses directly to stramonium 
PT testers,^ 

That two of the pruinosa chromosomes are 1 • 18 and 2-17* was proved 
in the following manner. From the self of a plant which showed a O 4 + 
O 4 there was obtained a plant which showed the same two circles of 
four. These were cytologically distinguishable. One circle seemed to 
consist of four Af-sized chromosomes.^’® The other looked like the 
heterozygous Pr2 configuration (1 ^2-2* 17-17 ‘IS^-lS’l) judging by the 
sizes of the chromosomes (L, 1, m, m). That two of the chromosomes in 



FIGURE 1 

Arrangement of 24 chromosomes in 
extracted pruinosa X extracted stra- 
monium hybrid as 0 4+ 04 + chain 
6 + 6 bivalents. The size of each chro- 
mosome in the chain (broken circle) is 
given. Otherwise sizes are indicated 
for pairs of chromosomes in bivalents 
and in two circles. 
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the circle really were 1 *2 and 17 • 18 was known because of previous back- 
crosses to leichhardtii strains homozygous for PTl chromosomes. Since 
the plant resembled stramonium in appearance, a direct cross to homozy- 
gous PT2 of stramonium was made. Proof that the other two chromo- 
somes in this circle were 1 * 18 and 2 * 17 was given when one of the offspring 
of this eross to homozygous PT2 showed only bivalents. It may be dia- 
grammed as follows: 

O 4 gamete a (I * 2 + 17*18) X PT2 gamete (1*18 + 2* 17) « O 4 

“ 6(1*18 + 217) X “ " “ « bivalents. 

Only because the O 4 plant was producing 1 * 18, 2 * 17 gametes could one 
find among the offspring of this cross to homozygous PT2 a plant showing 
all bivalents. These two chromosomes must have come from pruinosa. 

That two of the pruinosa chromosomes are 9*14 and 10*13 was proved 
in the following manner. From a preliminary cross between the Fx 
hybrid and homozygous PTl (9*10*°, 19*20*°) there was obtained a 
plant which showed a configuration of six as follows: 

:r y yl0*°:‘°20 19 
x*9-0 10*°^*°20 19 

This indicated that the 9*10 chromosome is involved in the pruinosa 
interchange as well as in PTl 

A cross was then made between a plant which showed the circle of four 
il/-sized chromosomes (not heterozygous for PT2) and homozygous PT1\ 
(11*13, 12*17, 14-18). This O 4 plant produced two kinds of viable 
gametes, those with PTl chromosomes (because of the previous back- 
crosses to leichhardtii strains homozygous for PTl) and those with pruinosa 
chromosomes. The PTl type of gamete crossed to PTll would give a 
O 6. If one of the chromosomes in the pruinosa interchange were the 
same as one in the PTll interchange, a O 8 would be expected. Actually 
among the offspring there was a plant which showed a O 8. Familiarity 
with the sizes and other morphological peculiarities of the chromosomes, 
especially the interchanged clm)mosomes of PTll, permitted the following 
representation of the 0 8: 

11 * 12--12 • 17-17 • 18-18 * 14-14 -a-a - • 13-13 -11 

L 

That the a * 6 chromosome is the 9*10 chromosome had been indicated 
by the cross to PTl and was verified by a cross to homozjrgous P2TSS 
(2*1*9, 10 ). Among the offspring was a plant which showed a chain of 
6 as follows: 

1 • 2—2 • 1 • 9-9 • • jHy • UKIO • 
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The O 8 obtained from the cross with PTll indicated that one of the 
two M-sized chromosomes, 11*12 or 13*14, is involved in the pruinosa 
interchange. That this is not the 11*12 chromosome was learned from 
crosses with PTS ( 11 * 21 , 12 * 22 ) and Pr34 ( 11 * 12 " 23 - 24 **). There- 
fore the chromosome represented as x*:y in the offspring from crosses with 
P77 and Pr23 is the 13*14 chromosome. 

In order to determine the end arrangements of these two pruinosa 
chromosomes, crosses were made with those PT*s in our collection which 
involve both the 9* 10 and 13*14 chromosomes. From a cross with 
homozygous PT62 (0 * 14 , 10 * 13 ) there was obtained a plant which showed 
only bivalents. Therefore the chromosomes in this pruinosa interchange 
are 9*14 and 10 * 13 . 

The three remaining unknown pruinosa chromosomes, which take part 
in the O 6 , were determined to be 11 * 16 , 12*22 and 15-21 in the following 
manner. 

From a preliminary cross between the Fi hybrid and homozygous PTA 
( 3 - 21 , 4 * 22 ) there was obtained a plant which showed a O 8. This 
indicated that one of the chromosomes involved in the PTA interchange 
is the same as one in the pruinosa interchange. From a study of size 
differences, it was surmised that this is the 21-22 chromosome of P7’l. 

A plant showing the G 6 was heterozygous for this pruinosa interchange 
and was expected to produce two kinds of viable gametes, those with PT\ 
chromosomes (because of the previous backcrosses to leichhardtii strains 
homozygous for PTl chromosomes) and those with the three pruinosa 
chromosomes. This plant was crossed to a homozygous PTS ( 11 * 21 , 
12 * 22 ) line extracted from the quercifoUa tester race.*’^^ All offspring 
showed a G 4 but two kinds could be distinguished cytologically. The 
SMMS circle was heterozygous PTS and was discarded. The other 
circle consisted of four Af-sized chromosomes and was the product of the 
union of the three pruinosa chromosoraes and the chromosomes from PTS. 
Since only four chromosomes were in the circle, two conclusions could be 
drawn: that both the 11*12 and 21 *22 chromosomes of PPl are involved 
in the pruinosa interchange and that one of the PTS chromosomes was 
identical, in so far as end arrangements are concerned, with one of the 
pruinosa chromosomes (either 11*21 or 12 * 22 ). These two chromosomes 
had formed a bivalent. Examination of the bivalents showed no size 
inequalities between the two members of each bivalent. 

A plant showing a O 6 was also crossed to homozygous PJ91 ( 11 - 22 , 
12 * 21 ). Hie offspring that were merely heterozygous Pr91 could be 
discarded because they showed only a O 4. Others showed a 0 6. This 
O 6 indicated that, although both the 11*12 and 21*22 chromosomes of 
PTl ate involved in the pruinosa interchange, no pruinosa chromosome 
can be ttptemxixd as ei^er 11 *22 or 12 * 21 . 
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The tester race of D, discolor^^ has the following interchanged chromo- 
somes: 1*11, 2*17, 12*22, 15*21, 16* 18. A cross was made between this 
tester race and a plant having the O 6 (heterozygous pruinosa inter- 
change). As mentioned above, this © 6 plant produced two kinds of 
viable gametes, those with PTl chromosomes and those with pruinosa 
chromosomes. Offspring from the union of the former and discolor gave 
a O 10 and were discarded. Some offspring showed a 0 6, They came 
from the union of a discolor gamete and the three pruinosa chromosomes. 
This meant that two of the discolor chromosomes have the same end 
arrangements as two of pruinosa. The 2 * 17 was ruled out because it was 
known to be in another interchange (previously described). The 1*11 
and 16*18 chromosomes were ruled out because of the fact that the 1 • 18 
chromosome also had been identified in the same interchange with 2*17, 
Therefore the two chromosomes had to be 12*22 and 15 •21*. This cross 
to discolor therefore showed that it is the 12*22 chromosome of pruinosa 
which is the same as one of the PT3 chromosomes, and not the 11*21 
chromosome of P7\3. 

It was also noticed among the offspring of the discolor X pruinosa 
chromosome cross that one bivalent consisted of an unequal pair of chromo- 
somes, In the cross to PT3 no unequal-sized pair had been seen. There- 
fore the 12*22 chromosome of pruinosa has the same length as the 12*22 
chromosome of PT3, However, it is known that the 12*22 chromosome 
of discolor^^ is longer than tlie 12*22 chromosome of PT3, Therefore the 
unequal pair of chromosomes seen in the cross to discolor must be the 
(12‘22)a pair. 

If two of the pruinosa chromosomes are 12*22 and 15*21, then the third 
one must l)e 11*16. In order to verify this conclusion and to determine 
the sizes of the 11*16 and 15*21 chromosomes, a further cross was made 
to the tester race of D. ferox. The latter has the following interchanged 
chromosomes: M8, 2*17, 11*21, 12*22. 7‘20‘^ 819, 1516*® Again 
a plant with a 0 6 (heterozygous for the pruinosa interchange) was 
selected and crossed to Jetox. Offspring from the union of the gamete 
carrying the P71 chromosomes and ferox could be recognized cytologically 
and discarded. Other offspring showed a O 4 (heterozygous PT2) plus 
a configuration of eight chromosomes. The latter was either a O 8 or a 
O 4 to which a chain of 4 was attached. The latter was examined care- 
fully because it furnished the needed proof. It may be diagrammed as 
follows: 

19 * 8-8 * 7-7 • 20‘^‘®16 • 1 1- 11 • 21 

1^1 I 

'Hie junction of the • 16 and • ^ ends is marked by the intersection of the 



VoL. 29, 1943 


CrRNETlCS: BERGNBR AND BLAKESLEB 


7 


circle and chain. There were four Af-sized chromosomes in the circle. 
The 11*16 chromosome is slightly larger than tlie 15*21 chromosome. 

In table 1 are shown the chromosomes of D. pruinosa in terms of PTl 
of stramonium. For comparison, the latter ore also shown as well as the 
chromosomes of the tester race of D. leichhardtii. 

The number of interchanges by which one species differs from another 
depends in part upon what race is chosen as the tester race for each species, 
and consequently cannot be used as sole criterion for determining their 
phylogenetic relationship. However, similarity of certain arrangements 
of chromosome ends is very suggestive. The 11 *16 chromosome which is 
singularly absent from all races and species of the Stramonium section 
which we have in our collection, occurs in both pruinosa and leichhardtii 
which belong to another section of the genus Datura. 

TABLE 1 

Chromosomes of the Tester Racks op Stramonium, Pruinosa and Leichhardtii 


.Stramonium PTt 

7*r«inojrc 

Ltichkardtii 

1-2 

1*18 

1-18 

3.4 

3*4 

3-4 

6-6 

5-6 

5-6 

7-8 

7*8 

7-8 

9-10 

914 

9-10 

1M2 

11*16 

11-16 

13 14 

13 10 

13-14 

16-16 

15-21 

15-12 

17-18 

17 2 

17*2 

19 - 20 

19-20 

19-20 

21-22 

12-22 

21 *22 

23-24 

23-24 

23-24 


^ Bergner, A. D., Satitxa, S., and Blakeslee, A. F., these Proceedings, 19, 103™n6 
(1933), 

» SaiTord, W. E., Jour. Wash. Acad. Sci., 11, 173-189 (1921). 

* Blakeslce, A. F., Univ. Pennsylvania Bicentennial Conf. In Cytology, genetics, 
and evolution, 37-^6 (1941). 

* Blakcslee, A. F., Carnegie Inst. Wash. Year Book, 36, 38-29 (1937). 

‘ O signifies "circle of." 

* Blakeslee, A. F., Ibid., 40, 220-224 (1941). 

^ For the sake of brevity "chromosomal end arrangement" will not be repeated but 
is to be understood whenever the word chromosome is used. 

* Interchanged chromosomes arc in boldface type. 

* Satina, S., Bergner, A. D., and Blakeslce, A. F,, Amer. Jour. Bot., 28, 383-390 
(1941), 

^ Where the interchanged segments are limited to the terminal regions of chromo- 
somes, these regions are represented by raised numerals. In satellite chromosomes 
only the satellites may be involved. This kind of interchange when heterozygous 
induces tlie "necktie" type of configuration. 

Bergner, A. B., and Blakeslee, A. F., these Procbsdinos, 18, 151-159 (1932). 

» Bergner, A. D., and Blakeslee, A. F.^ IM., 21, 369-374 (1936). 
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A COMPLEX inducb:d rearrangement of drosophila 

CHROMOSOMES AND ITS BEARING ON THE PROBLEM OF 

CHROMOSOME RECOMBINATION 

Bv B. P, Kaufmann 

Departmknt of Genetics, Carnbqib Institution of Washington, Cold Spring 

Harbor, N. Y. 

Comitiunicated December 14, 1942 

Among the Pi larval progeny of an irradiated Drosophila mdanogasier 
male of the Oregon-R stock and an untreated Oregon-R female, there ap- 
peared one individual whose salivary-gland chromosomes revealed a com- 
plex rearrangement involving at least 32 breaks. The positions of 30 points 
of breakage were determined; the others remain of uncertain location. 
Treatment of the father included exposure to 4000 roentgens of x-rays, 
followed by near infrared radiation for a period of 144 hours. Details of 
these experiments will be furnished in another publication; for the present 
it seems adequate to note that the induction of the breaks is in all proba- 
bility attributable to the x-ra 3 rs, since no chromosome rearrangement has 
been found among a long series of controls derived from fathers exposed 
only to the near infrared. 

The breakage points, recorded below, that were utilized in this complex 
rearrangement have been determined within the limits of accuracy imposed 
by the few nuclei available for study. They are : 

IB, 3C, 5A IIP, 13£, ISPin the -chromosome; 

24D, 33P, 40, 41, 42C, 49P, 51 P, 56B in the second chromosome; 

04C, 70C, 764, 84P, 85P, 86E, 87B, 914, 93P, 96B, 96E, 984, 98E, 99i>, 
99 P in the third chromosome; 

102 in the fourth chromosome. 

Identification of the lettered subdivisions was made from the maps drawn 
by C. B. Bridges and P. N. Bridges. 

The complete pattern of recombination could not be determined c 3 rto- 
logically because of the confusion of pairing in the chromocentral regions. 
However, the following sequences have been inferred from observations of 
continuity between the various displaced sections. (Points of recombina- 
tion arc indicated by sloping lines (/); the centromere is indicated by the 
symbol cm., a diromoccntral region by chr.) Nine separate sequences were 
identified, and are listed below: 

(a) Tip 3Ji^99F/99J^-98E/84F>85/^/99F-99t0/d8A-96E/mB-^F/^33- 
£/70e-64C/56S.51jS/87S-9U/16F-dm, of X 
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{b) Tip of X- 15/41 to cm. of 25 

(c) Tip of 4 to 102/86E-875/7M-80? 

(d) chr. of ?/91^-93F/40-cm. of 2L 

(e) Tip of 25^565/42C-49F/chr. of ? 

if) chr. of ?/115-13JE/985-98u4/845-81? 

(^) Tip of 3L-‘64C/7(L4-70C/49F-51JE/chr. of ? 

(h) Tip of 2i:-24i?/3C-15/5Z>-llF/15F-135/chr. of ? 

(i) chr. of ?/41-42C/335-245/3C-5Z)/85F.86JE/102-cm. of 4 

I'hesc sections include all of the essentially euchromatic portions of the 
chromosomes, except for the section 965 to 96£, which was not detected 
and which may be assumed to be missing. Only two of the breaks in the 
proximal heterochromatic regions could be determined with any degree of 
certainty; these were in 40 of 2L and in 41 of 25. The parts separated by 
tliese two breaks maintained the constant pattern of recombination that is 
indicated above. In addition, at least two other breaks must have been 
produced in order to provide a complete set of chromosomes, each with a 
centromere, capable of surviving the tnany divisions leading to the forma- 
tion of the fully developed larva. Such a viable complement could be 
realized if breaks had occurred also in divisions 80 and 81 to give the fol- 
lowing sequences : 

Tip of 35 to cm. of X (as detailed in (a) above) 

Tip X to cm. 25 (as in (b) above) 

Tip 4-102/86iS-875/76i4-80/9U-93F/4a-cm. 2L 

Tip 25-565/42C-49F/81-84F/9&4«98£/13£-llF/80-cra. 3L 

Tip 3L-64C/76^-70C/495-51£/81-cm, 35 

Tip 2L-245/3C-15/55-11F/15F-13E/41-42C/335-245/3C-55/85F-86 
£/102-cm. 4 

On this interpretation the entire complex can be resolved into seven inde- 
pendent exchanges or groups of exchanges: four of them each involving 
two breakage points, one with four, and two others with ten points each. 
They ate the following: 93F/40; 965/965 (deficiency); 24I)/3C; 102/ 
SOB; 15F/91A/80/11F; 9&4/995/99F/85F/StD/l5/41/135/98£/»4F; 

875/61£/81/49F/7OC/33£/42C/505/64C/76i4 . 

Although this rep-esents the simplest pattern of recombination, it does 
not appear on purely cytological grounds to be the most probable one, for 
the reason that the assumed sequences 80/9L4, 80/llFand 81/515, 81/49F 
have not been observed, as is usually possible in such cases (for example, 
the sequences related to the 40 and 41 breaks in the second chromosome). 
There are also some indications that oertain of the ends bordering on the 
chromocenter, as tiiose of sequences/ and g, are associated with material of 
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the nucleolus, and this suggests that the nucleolus-organizing region may 
have been transferred from the X-chromosome to the chromocenter of 
another chromoscwtne. Under such conditions, the number of breaks in- 
volved would be increased to at least 34, of which as many as 26 might 
contribute to the fonnation of a single rearrangement, the remaining 8 
pairing in twos. Whatever the actual pattern of recombination may be, 
the complexity of the rearrangement in itself merits consideration because 
of the light it sheds on problems of chromosome breakage and recombina- 
tion. 

Discussion , — The most extensive derangement of Drosophila chromo- 
somes previously observed in this laboratory involved 14 breaks. One 
reason why complex, multiple-break recombinations are encotmtered much 
less frequently than the simpler types is that zygotes receiving such altered 
chromosomes depend for their survival on the chance union of several 
broken ends to form viable combinations, while the zygotes receiving 
acentric and dicentric chromosomes perish in the early divisions to provide 
the dominant letlials represented by unhatched eggs. Calculations made 
for the less complex rearrangements'- ^ indicate that with an increasing 
number of breaks the percentage of viable combinations decreases. Dis- 
covery of the rearrangement reported in the present paper has emphasized 
the need for determining the probability of such a viable combination. 
Calculations made to this end* indicate that the chances for a balanced, 
viable reasscKiation of the segments separated by 32 breaks distributed 
among all the chromosomes are about one in thirty or forty. This fre- 
quency is high enough so that in itself it does not account for the failure to 
detect such changes in the ordinary quantitative experiment involving 
cytological inspection of several hundred pairs of glands. The fact that no 
other alterations of equal or greater complexity have come to light indicates 
that their appearance does not depend solely on chance recombination of 
fragments, but probably on factors limiting the production of rearrange- 
ments involving as many as 32 breaks. One such limiting factor is the 
number of regions of potential breakage immediatdy produced by the 
radiation; another is the chance that some potential breaks may undergo 
restitution. These questions have been discussed in a separate paper.* 

Presmnably, the points of potential breakage induced by the radiation 
that penetrates the nucleus are scattered at random along the chromosomes. 
Break frequency as revealed in the saHvaiy-gland chromosomes has been 
found to be essenrially at random; the breaks considered as a whole are 
distributed among the chromosomes in proportion to their lengths.'* * 
Since these fmdings are based on the analysts of a multitude of rcuurange- 
ments, mostly wi^ two breaks, the question remains whether the ^eater 
complexity of certain alignments might not be related to the acctimtilattosi 
of breaks within individual chromosomes or chromoilome limbs. In the 
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rearrangement here reported, a large proportion of the breaks was found 
in the right limb of the third chromosome. Considering only the 27 breoks 
in the essentially euchromatic regions of the longer chromosomes (excluding 
the proximal heterochromatic zones), the following distribution was found: 
6 in the 2 in 2Z,, 4 in 2R, 3 in 12 in 3R, If random distribution of 
ionization and of regions of potential breakage is assumed, as seems en- 
tirely justifiable from available physical evidence, and if recombination 
were at random, the observed breaks should also be at random. However, 
the probability of securing the observed distribution lies between 0.02 and 
0.05, using the test as a measure of significance. On the basis of this 
low probability, the distribution of breaks in this highly complex case might 
be referable to some factors interfering with randomness of recombi- 
nation. 

As has been pointed out by Bauer, Demerec and Kaufmann,' break dis- 
tribution among the chromosome limbs does not agree with expectation 
even for the simpler cases. In the two-break cases, a preponderance of 
inversions was found as compared with translocations, and this has been 
attributed, in general, to spatial relationships favoring recombination be- 
tween adjacent regions. Likewise, among the three-break cases there was 
an excess over expectation of rearrangements with all the breaks in one limb 
(3), and a dearth of those with each break in a different limb (1 : 1 : 1). 
Bauer* reports, however, that random distribution obtains in the four- 
break cases. Several complications preclude the application of reliable 
statistical tests to the high-break cases; they are few in number, and the 
proportion of expected viables in each group varies according to the number 
of chromosome limbs involved. Among slides examined by the writer 
there are 174 multiple-break cases distributed as follows; 98 with four 
breaks, 34 with 5 breaks, 22 with 6, 7 with 7, 7 with 8, 4 with 9, and 2 with 
12 (breaks in the fourth chromosome are not included). Although this 
material does not lend itself to critical evaluation for the reasons given 
above, distribution of breaks in the 5- and 6-break cases does not appear to 
deviate widely from randomness. Casual insi)ection of the more complex 
rearrangements indicates a clumping of breaks; for example, one of the 
twelve-break cases had 8 breaks in one chromosome limb, and two in each 
of two others (8 :2 : 2). The other had a 6: 4 : 2 distribution. It 
^ould also be pointed out that, of the 76 rearrangements with five or more 
breaks, only two involve ail five of the chromosome limbs. The overall 
impression gained from such a survey, although not conclusive, is that the 
break^e points detected in individual rearrangements (whether simple or 
complex) are not di^buted at random among the chromosomes. In the 
light of this conclusion, srnne further consideration seems warranted con- 
cerning the mechaniam whereby chromosomal tearrangements are pro- 
duced. 
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Summary » — Among the larval progeny of an irradiated Drosophila 
melanogaster male there appeared one female whose salivary-gland chromo- 
somes showed extensive rearrangement that involved at least 32 points of 
breakage, and probably some others. The complexity is worthy of note, 
since no rearrangement involving more than 14 breaks had previously been 
discovered in this laboratory. The breaks in this complex rearrangement 
are not distributed at random, but are aggregated particularly in the right 
limb of the third chromosome. Such non-random distribution, coupled 
with the fact of the occurrence of such a complex rearrangement, prompts 
further consideration of the factors involved in cliromosome recombination. 

' Bauer, H., Demercc, M„ and Kaufmann, B. P., Genetics, 23, 610-630 (1938). 

* Bauer, H., Chromosoma, I, 343-390 (1939). 

* Fano, U., Proc. Nat. Acad, Set., 29, 12-18 (1943). (Calculations will be found in 
the Appendix.) 


MECHANISM OF INDUCTION OF GROSS CHROMOSOMAL 
REARRANGEMENTS IN DROSOPHILA SPERMS 

Bv U. Fano 
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Harbor, N. Y. 

Cotnmunicated December 14, 1942 

It has become progressively clear during recent years that the action of 
ionizing radiations on Drosophila sperm chromosomes develops through 
two fairly distinct stages, namely, “single-atom effects’* and “combination 
effects.”^ Single-atom effects are individual alterations of the chromo- 
somes, resulting in actual or potential breaks; and each of them arises 
from the activation (excitation or ionization) of a single atom during the 
treatment. According to physical information, atomic activations are 
produced at random and independently of each other throughout the 
chromosomal material and throughout the duration of the irradiation. 
The products of single-atom effects remain separate from one another 
during the spermatozoon stage. Combination effects occur after fertiliza- 
tion, when the previously produced single-atom effects become apparent, 
so that the broken ends derived at the different points of rupture can be 
shuffled and rejoined in new combinations. 

It is generally recognized that the laws governing the singk-atoin effects 
are known in their essentials, although the corresponding mechanism of 
action is not. The laws governing the combination effects are less well 
known. The simplest hypothesis is that, following fertilization, broken 
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chromosome ends may join new partners under conditions of free competi- 
tion. Experimental evidence does not agree with the implications of this 
hypothesis;^* ** ® therefore it was foimd necessary to consider mechanisms of 
“restricted competition.” Restrictions on the freedom of competition 
were thought to arise from spatial and structural relationships ^tween 
different breaks, but could not be formulated in simple, unequivocal rules. 
Analogous factors appear to affect the occurrence of chromosomal rear- 
rangements in lYadescantia microspores, where it also appears that 
chromosomal mechanical stresses may affect differentially the chance for 
any individual break to reheal. All earlier discussions, whether based on 
the theory of free or of restricted competition, seem to have carried in the 
background one unformulated assumption, namely, that the rejoining of 
one or more pairs of broken ends during the process of recombination does 
not a^ect the fate of other broken ends otherwise than by reducing the 
number of broken ends available for further recombinations. This would 
mean that the fate of one broken end does not influence actively the sub- 
sequent behavior of other broken ends. 

In fact, the exclusion of any such active influence is not required by logi- 
cal argument nor by experimental evidence. Stresses along chromosomes 
and interchromosomal pulls due to interlocking, for instance, may provide 
mechanisms by which the joining of two broken ends may actively influence 
the recombination of other broken ends. Therefore, the earlier “un- 
formulated assumption” may serve as a tentative hypothesis only so long as 
it is not disproved by further experimental evidence. It has already been 
pointed out* that the relative frequency of simple and complex rearrange- 
ments cannot easily be explained on the basis of existing ideas concerning 
the combination effects. The recent discovery* of a complex rearrange- 
ment involving at least 32 breaks prompts us now to re-examine the ques- 
tion. 

As far as the production of two-break rearrangements is concerned, the 
present interpretation seems to be satisfactory. The purpose of this paper 
is to determine how this interpretation should be extended in order to ac- 
count for the available evidence on complex rearrangements. Two 
generally recognized results will be taken as a basis: (a) The primary 
action of x-rays consists of single-atom effects; that is, of individual 
breaks, produced independently of each other. The average total number 
of breato is proportional to the radiation dosage, and the number within 
each sperm is governed by a Poisson distribution, {b) The observed fre- 
quency of two-break rearrangements is proportional to the square of the 
dosage. (The latter result holds when the dosage is sufficiently low; that 
is, when the frequency of all rearrangements is small as compared to oneO 
Evidence that this situation occurs in Drosophila has repeatedly been re- 
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vicwedi^ but the most direct evidence on the laws governing the production 
of individual breaks has been gathered in grasshopper material.* 

Simple mathematical considerations, which are omitted for the sake of 
brevity, show that the following can be inferred from (o) and (6) within 
their limits of validity. The chance that any break produced within a 
sperm will become involved in a two-break rearrangement is proportional 
to the average number of other breaks present in the same sperm. The 
establishment of this inference represents a positive achievement, but it 
does not yet yield a sufficiently complete picture of the process of rearrange- 
ment. In fact, this picture might be filled in equally well in either of two 
alternate ways (as well as intermediate ones), namely: (1) Less than two 
breaks per sperm are frequently produced, in the usual range of dosage, but 
it is very likely that a two- break rearrangement will occur whenever two 
breaks happen to be available in the same sperm. (2) On the average, 
there are many breaks in every sperm, but each break has only a slight 
chance of combining with any other single break to give rise to a rearrange- 
ment. (In this case it must be assumed that most of the breaks “reheal* 
because otherwise unhealed breaks would cause dominant lethal effects to a 
much greater extent than has been observed.^) 

To discuss the relationships between two-break and many-break re- 
arrangements, it is well to consider (1) and (2) separately. On the basis of 
(1), it is possible to estimate from the observed frequency of two-break 
rearrangements that the total rate of production of breaks should be of the 
order of 0.4 per sperm per 1000 r x-ray^. It is easily seen that this rate is 
grossly inadequate not only to account for even the occasional occurrence 
of a 32-break rearrangement within all the x-rayed material ever observed, 
but also to account for the observed rate of production of less complex re- 
arrangements (e.g., of the 6-break ones). On the basis of (2), the inference 
established for two-break rearrangements at low dosage appears to repre- 
sent a principle of * ‘ non-interference* * between different breaks : the chance 
for one break to recombine with any other break is not affected by the 
presence of still other breaks in the same sperm; hence the total chance of 
recombination of one break is the sum of the chances of its recombining 
with each of the other breaks in the sperm. This principle of non-inter- 
ference, which is founded upon experimental evidence as far as tworbreak 
rearrangements are concerned, is clearly related to the generally accepted 
“unformidated assumption'* that was discussed above. That this principle 
applies to complex rearrangements as well may seem plausible; but it 
remains only a working hypothesis, to be tested by comparison with experi- 
mental evidence. 

It is not easy to perform this test, because there is no single way in which 
to devdop a mathematical theory from the working hypotheas and thus to 
obtain theoretical formulae for comparison with epantitative experimental 
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results, Several fragmentaiy considerations have been taken into account, 
however, that permit us to state with some assurance that the working 
h3Txithesis should be rejected. One such consideration runs as follows: 
In order that very complex rearrangements may occur even occasionally, 
the rate of occurrence of breaks should be much larger than previously sus- 
pected; and conversely, the chance for any pair of breaks in the same 
sperm to give rise to a two-break rearrangement should be very small, about 

joo or even less. Under these conditions and under the assumption of non- 
interference between different breaks, complex rearrangements should con- 
sist almost exclusively of superimposed two-break rearrangements; while 
the frequency of more complex “contacts'* should be negligible. No such 
extreme effect has been observed.* (It is worth noting, however, that more 
“2 + 2“ rearrangements have actually been found than was to be expected 
on certain other bases.*) 

To account for the experimental evidence on the frequency and type of 
complex rearrangements, therefore, it seems necessary to assume the ex- 
istence of an active influence between different breaks. Although the 
chance for any one break to become involved in a rearrangement is to begin 
with simply proportional to the average number of other breaks in the same 
sperm, this chance should become materially greater when other breaks 
themselves become involved in a rearrangement. The assumption of 
combination effects of this sort does not seem unreasonable, in view of the 
situation prevailing when the sperm opens up after fertilization. The 
establishment of an illegitimate union between different parts of the 
chromosomal complex may well perturb the mechanical phenomena that 
are developing, so as to draw into rearrangement “potential" breaks (i.e., 
single-atom effects) that would have rehealed otherwise. On this basis the 
non-random concentration of breaks observed in parts of the chromosomal 
complex* could be easily understood, since mechanical perturbations cannot 
be expected to affect the whole complex uniformly. 

Although our assumption may seem fairly satisfactory, it must be stated 
that the requirements set by the evidence on complex rearrangements are 
not quite specifi^c, implying only that chromosomal breaks become more 
readily available to take part in a rearrangement when the rearrangement 
itself begins to develop from other breaks. Breaks that become more 
readily available do not logically need to be drawn from the same source 
(single-atom effects) as the breaks that started the rearrangement. The 
alternate hypothesis, that breaks are produced by cmnbination effects in 
some other way does not seem very reasonable in view of general evidence 
on the behavior of chromosomes; and it would not even be mentioned here, 
except that some evidence in its favor, even, though weak, does exist. The 
atsuments cons tdered earlier in this paper have referred to evidence on the 
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ment» that is, on the relative frequency of complex and simple rearrange- 
ments in general. Data are also available^ however, on the variation of 
this relative frequency with x-ray dosage throughout the experimental range 
(that is, between 1000 and 5000 r); this variation is found to be small.** • 
This further result cannot be easily explained on the assumption that all 
breaks originate from single-atom effects. Even though single-atom 
effects are assumed to be very numerous in each sperm at 1000 r, they 
should be five times as numerous at 5000 r. The number of breaks con- 
stituting raw material on which combination effects can draw during the 
production of complex rearrangements should thus increase substantially 
with increasing dosage. This wo\ild in turn bring about a corresponding 
increase in the number of breaks observed per rearrangement, that is, an 
increase in the “average complexity" of rearrangements. A very small 
variation in the average complexity is, on the contrary, the result antici- 
pated if it is assumed that the supply of breaks for complex rearrangements 
does not increase proportionally to the dosage, but much more slowly than 
that, if at all. This assumption would not necessarily mean that the ex- 
istence of available breaks is wholly unrelated to the radiation treatment, 
but that it is related to it through some other mechanism than the single- 
atom effects. 

The fact that the average complexity of x-ray-induced rearrangements 
depends but little on the dosage might occasion some speculation as to the 
average complexity of spontaneous rearrangements, inasmuch as these re- 
arrangements might be started by single-atom effects that are analogous to, 
though mueb less frequent than, those induced by radiation. Very little 
can be stated on this subject, by reason of the scarcity of experimental data, 
except that, in proportion to two-break rearrangements, there are certainly 
more complex ones in x-ray-treated than in untreated material. For in- 
stance, there was found, on the average, in treated material one rearrange- 
ment among the types classified as “3-’* or “4-" or '*2 + 2-" cases per 
every 2,15 two-break rearrangements. Although this ratio does not vary 
significantly throughout the dosage range from 1000 to 5000 r,** * none of 
the spontaneous rearrangements (numbering 50 to 100) ever detected 
within all species of Drosophila appears to involve more than two breaks. 
However, the chance of observing occasional more complex rearrangements 
in nature might have been adversely affected by selection. 

Summary , — Evidence on the occurrence of radiation-induced chromo- 
somal rearrangements indicates that breaks become more readQy available 
to take part in a rearrangement after the rearrangement begins to develop 
from other breaks. The simplest possible mechanism that can be postu- 
lated is that a large number of potential breaks is produced in each sperm 
by the usual x-ray treatment, and that each break has a chance of rehealing 
that is originally large but can be substantially lessened by some mechanical 
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perturbation arising after fertilization when a rearrangement happens to be 
started by two other breaks. Consideration of further experimental evi- 
dence may indicate, however, that some of the breaks involved in complex 
rearrangements may not have been produced initially by radiation. 
Appendix . — To evaluate the chance of survival of organisms carrying 
complex chromosomal rearrangements, the following mathematical prob- 
lems have been considered. Let / chromosome limbs be broken at b 
points: (1) in how many different ways can the resulting broken ends re- 
join regardless of whether the final configuration contains polycentric or 
acentric sections? (2) In how many different ways can the same broken 
ends rejoin under such conditions that the final configuration contains no 
polycentric or acentric section? The answer to the first question is known 
to be 

1 X 3 X 5 X . . . X (2fe -- 1) = (1) 

b\ 2 

The answer to the second question is: 

{h - 1)!2*'“'V (2) 

Assuming tliat all recombinations arising from b breaks in I limbs are equally 
probable, the average chance of survival of such a recombination is given 
by the ratio of (2) to (1 ), that is : 

Z6l(6-l)!2“-'_ I l/2b\ AV 

(2i)i i?/\i’)KV ® 

Using Stirling’s formula, when i > > 1, this formula becomes approxi- 
mately : 



For example, when b » 32, / = 6, the quantity (3') is 0.03. In other 
words, about 3 per cent of recombinations involving 32 breaks distributed 
smong all chromosomes of D. melanogasler should survive. 

This calculation does not apply straightforwardly to the evaluation of the 
probability of observing a rearrangement such as that described by Kauf- 
maim,' for several reasons. First, it is not true that all recombinations 
arising from b breaks in I limbs are equally probable, because the actual 
distribution of breaks into "contacts” is known to affect the probability of 
recombination. One t^ould therefore calculate the numbers of viable and 
unviable recombixuitions for the special class of rearrangement considered; 
for instance, for the “10 + 10 +• 4 -t- 2 +• 2 -H 2” rearrangements. General 
formulae for this purpose are not available. Second, the calculation per- 
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formed above does not exclude the possibility that some broken ends may 
rejoin in the original order. Finally, recombinations involving acentric 
sections (deficiencies) may occasionally survive 'When these sections are 
sufficiently short; this actually happened in the case described by Kauf- 
mann.* 

We think, however, that the results obtained from (3) or (3') would not 
be greatly affected even if all objections could be taken into account quan- 
titatively, and that therefore these formulae may offer a fair indication of 
the chance of survival of complex rearrangements. 

» Cf. Muller, H, J., Cold Spring Harbor Symposia, 0, 151-167 (1&41). 

» C/. Kaufraann, B. P., Ibid., 9, 83-92 (1941). 

» Cf. Fano. U., Ibid., 9, 113-120 (1941). 

* Sax, K,, Proc. Nat Acad. Sci„ 28, 229-333 (1943). 

* Kaufmann, B. P., Ibid., 20, »-12(1943), 

• Carlaon, J. G., Ibid., 2*7, 42-47 (1941), 

’ Fano, U., and Demerec, M., Genetics, 26, 161 (1941). Ponlecorvo, O., Jour. Ge- 
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THE EFFECT OF CENTRIFUGING UPON THE PRODUCTION OF 
X-RA Y IND UCED CHROMOSOMAL ABERRA TIONS 

By Karl Sax 

ARNOtD ARSORBTUM, HaRVA&O UmVBRSITY 
' Communicated November 17, 1942 

Previous investigations^ have shown that differential sensitivity to x- 
rays of Tradescantia microiqiores seems to be related to factors which 
change the spatial and structural relations of the chromosomes and alter 
their capacity for movement. If such mechanical factors are involved, any 
treatment which would tend to increase the stress or movement of the chro- 
mosomes during or immediately following irradiation should increase the 
incidence of chromosomal aberrations. This hypothesis has been tested by 
subjecting Tradescantia microspores to centrifugal forces during and iolr 
lowing x-ray treatment. 

The types of aberrations produced by x-rays and the relation between 
dosage and aberration frequency have hwi described in an earEer paper.^ 
Irradiation at prophase produces cfaormatid farecdcs in which one or both 
sister chromatids may be affected. The aberratiems are of two general 
types: simple deletions or 1-hit aberrations, and Ittsion <x epdiangei be- 
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tween chromatids of different chromosomes, and since these involve two 
breaks they are classed as 2-hit aberrations. When the cells were irradiated 
during the resting stage the aberrations observed at the following meta- 
phase include dicentric and ring chromosomes, minute deletions, and oc- 
casional simple terminal deletions. Of these only the rings and dicentrics 
have been included in the present investigation. Frophase stages are 
much more sensitive than is the resting stage as measured by the incidence 
of chromosomal aberrations. 

An International clinical centrifuge was used for most of the experiments 
and was operated at 2080 r. p. m. Tradescantia inflorescences were wrapped 
in moist paper and placed at the bottom of the cups. Irradiation while 
centrifuging the buds presented some difficulty. The aluminum cover and 
bronze cups of the centrifuge reduced the radiation intensity to 6 roentgens 
per minute* The dosage could not be measured directly and had to be 
estimated by the time of exposure, but the relative doses for the centrifuged 
and control series were checked by placing the dosimeter on the floor to one 
side of the centrifuge. Dosimeter readings were obtained for exposures 
made before centrifuging. The dosimeter, built by Dr. Cloud of M. L T., 
was designed so that the dosage in roentgen units was registered in the con- 
trol room. 

When raying and centrifuging simultaneously the centrifuge was run 
continuously in some experiments and in others it was turned on and off 
alternately every half minute. During the off periods the revolution was 
sufficient to keep the cups horizontal, although a difference of one or two 
centimeters would have had little effect on the dosage, since the distance 
from the x-ray tube to the centrifuge was about 50 cm. In the control 
experiments the inflorescences were placed in the cups and rayed with- 
out centrifuging, but with the cups at the operating level, or the centrifuge 
was operated just fast enough to keep the cups horizontal — about 400 
r* p. m* 

When centrifuging followed irradiation, the inflorescences were rayed at 
70 roentgens per minute. Centrifuging was started about five minutes 
after raying and continued for 30 minutes. Both intermittent and continu- 
ous centrifuging were used. 

A control experiment showed that centrifuging alone had no effect on the 
frequency of chromosomal aberrations. Microspores which had been cen- 
trifuged for 20 minutes at prophase showed only O.l per cent of chromatid 
aberrations, which is approximately the normal frequency for untreated 
TfOdescmHa microspores* 

The eflects of centrifuging Tradescantia microspores during or after ir- 
radiation are shown in table L The data presented in part A of the table 
are combined from ei^it different experiments, covering a period of several 
months^ and invcflving the analysis of 68,238 cfatomosomes* Resting cells 
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which were irradiated while being centrifuged have twice as many aberra- 
tions as those which were irradiated only* Irradiation of resting cells fol- 
lowed by centrifuging was no more effective than irradiation alone* There 
was no effect of either continuous or alternating centrifuging following ir- 
radiation. 

The effect of centrifuging at the time of irradiation is shown for cells 
treated at prophase in part B of table 1. These data are derived from five 
different experiments involving 28,110 chromosomes. There is a very 
definite and significant increase of chromatid aberrations when the cells are 
centrifuged during irradiation, but no significant increase when the cells 
were centrifuged fallowing irradiation* 

Chromosomal aberration frequencies are increased both in the resting 
stage and at prophase when irradiation is accompanied by centrifuging 
the microspores. Centrifuging following irradiation has little or no effect 
on the incidence of either chromosome or chromatid aberrations. Centri- 
fuging following irradiation might be expected to increase aberration fre- 
quency since fractional dosage experiments and the effect of varying x-ray 
intensity have shown that the production of aberrations may continue for 
20-40 minutes after irradiation. There is some increase in chromatid 
aberrations resulting from centrifuging after raying, but the differences are 
not statistically significant. The absence of a significant effect when centri- 
fuging follows irradiation may be due hi part to the delay of about five 
minutes in shifting the material to the centrifuge, and in part to a rapid de- 
cline of potential fusions after irradiation. Although potential fusions per- 
sist in some cases for 20 to 40 minutes, in some experiments all fusions were 
completed in less than 20 minutes after the cessation of raying. 

It has long been known that various cell constituents can be rearranged 
by centrifuging. Usually the nuclei occupy centrifugal positions, and 
occasionally nucleoli can be separated from the nucleus. More recently 
Kostoff ’ found that the chromosomes of a cell can be shifted by centrifugal 
forces and in some species the chromosomes may be broken by centrifuging 
at 2500-3500 r. p. m. Even in the resting stage it is probable that centrifu- 
gal forces would cause some stress on the chromosomes, either indirectly 
by the movement of the denser nudeoli, or directly by differential move- 
ment of the diromonemata due to spatial rdations. At prophase there 
should be considerable opporttmity for induced chromosome movement 
since at this stage the dwmosomes are partially <^ntracted and do not 
completdy fill the nucleus. 

Any stress imposed upon the chromosomes during irradiation would be 
expected to increase the frequency of chromosomal aberrations. Most of 
the breaks produced by x-rays undergo restitution and no permanent ef- 
fect is produced. Only when broken ends of diromosomes get out of align- 
ment do illegitimate fusions occur which result in chromatid and chromo* 
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some aberrations. Stresses induced in the chromosomes at the time of 
breakage would separate the broken ends and promote illegitimate associa^ 
tions. Presumably this is the mechanism involved in the centrifuging of 
cells during irradiation. 

Summary — Tradescantia microspores which were centrifuged during ir- 
radiation with x-rays were found to have a higher frequency of chromosomal 
aberrations than microspores which were irradiated only. The effect of 
centrifuging is attributed to the stresses imposed upon the chromosomes 
which cause the broken ends to separate and facilitate illegitimate unions 
of broken chromosomes. Thus chromosome movement appears to be an 
important secondary factor in the production of chromosomal aberrations 
by x-rays. 


TABLE 1 

Effect of Centrifuging X-rayed Microsporbs 
A . Rayed during resting stage. 63,238 chromosomes 


DO SB 

METHOD 

PBH CUNT CHROMOSOME 

BRSAICS 

It. U. 

USED* 

CONTMOL 

CBMTRIFUOBIl 

DXPP. 

sfe 120 r. 

C, D 

2.2 

4.4 

2.2 sfe 0.24 

320 r. 

C, F 

15.1 

16.81 

0.6 * 0.9 

320 r. 

A, F 

16.5 

16.9/ 

B. 

Rayed at prophaae. 130-160 r. 28,110 chromosomes 

PER CENT CQROMATID RREAKS 

KBTHOD 

1-HIT 

2-HtT 

I-HIT 

DIPP. 

USED* 

CONT. CKNT. 

CONT. cunt. 

2-bit 

A -h C, D 

4.fi 7. a 

8.9 12.1 

3.0 * 0.4 

3,2 ^ 0.9 

A, F 

5.4 0.6 

0.7 8,0 

1.2 * 1.0 

1.3 •*» 1.4 


* C — continuous centrifuging. A — alternating centrifuging. D — centrifuged during 
irradiation. F' — centrifuged following irradiation. 

This work was supported, in part, by a grant from the Inteniational 
Cancer Research Foundation. 

1 Sax, K., and Swanson, C. P., Amer. Jour. BoL, 28, 62 (1941). 

• Sax, K., Symposia on Quant. Biol., 9, 93 (1941). 

« Kostoff, D., Cytologia, 8, 420 (1938). 



22 


GENETICS: WOOLLE Y. LAW AND LITTLE Pvac. N. A. S. 


INCREASE IN MAMMARY CARCINOMA INCIDENCE 
FOLLOWING INOCULA I IONS OF WHOLE BLOOD* 

By George W. Woolley, L. W. Law and C. C. Little 

Roscoe B. Jackson Memorial Laboratory, Bar Harbor 
Communicated November 19, 1942 

I'his is a report of au investigation of the possible r61e of blood in in- 
fluencing the incidence of mammary carcinoma in mice. It is part of some 
work started in 1 94 1 to try to open up new leads in and to further the study 
of a non-mendelian (though transferable from generation to generation 
maternally) influence affecting the incidence of mammary carcinoma. 

In this particular experiment we have been able to conclude observations 
on the first group of mice. The last animals have just died at days of 
age. Since the earlier tabulations the results have become increasingly 
significant. The probability that the results are due to chance alone shows 
odds of 1 to 10,390, that a random sample would give as great or greater 
deviation. 

The recipient and control mice were of the second inbred generation fol* 
lowing the foster nursing of inbred “high tumor” Jackson Laboratory C3H 
mice on “low tumor” inbred C57 black mice. 


C3H Strain with High Pcn^cntage 
of Mammary Carcinoma 


Foster nursed 
on "low tumor" 
C67 black strain 


Inoculated with 
"high tumor" C3H 
blood 


C3H Strain with Low Percentage 
of Mammary Carcinoma 

FI GURU 1 


Plan of experiment showing method of securing "low tumor" C3H strain and the set- 
up for attempting to return it to "high tumor" strain. 


At weaning time a male and four litter-mate females were placed in each 
compartment of a mouse box. Breeding was allowed to proceed normally 
and the young of each litter were removed by the time they were four 
weeks of age. Two females of each group of foiu- litter-mates were injected 
subcutaneously with 0.5 cc of whole blood diluted with an equal part of 
distilled water. The recipients were 1 to 3 months of age. Norm^ males 
and females of the Jackson Laboratory C3H high tumor strain were used 
as donors. Most of the donors were young, non-lactating females, a few 
were breeding females and the balance were young males. The donors were 
killed with massive doses of nembutal and the blood secured from the thor- 
acic cavity with a syringe, diluted with warm distilled water and injected 
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as quickly as possible. The blood of each animal was used individually and 
not pooled. Following injection into subcutaneous tissue of the back, the 
blood was spread under the skin with slight pressure. There were 118 mice 
in the experimental group and 111 in the control group at the time that the 
first tumor appeared. Animals dying before this age are not included. 

Results . — In the control group of 1 1 1 females, 11 carcinomas of the mam- 
mary glands have appeared at an average age of 351.3 days; 100 mice have 
died tumor free at an average age of 508.7 days. 

In the experimental group of 1 1 8 mice, 3G had mammary carcinoma at an 
average age of 354.0 days; 82 died tumor free at an average age of 460.5 days. 

All of the tumors were examined histologically and were found to be 
adenocarcinomas. There were several mammary gland infections which 
might grossly have been mistaken for mammary gland tumors. 'I'hese ap- 
peared in both the control and the experimental groups. 

There were more than three times as many tumors in the experimental as 
in the control group. The percentage difference between the two groups 
was 20.0 with a standard error of the difference of 5,34. An atialysis of the 
difference gives the difference over the standard error of 3.9. The P value 
was 0.00009G. The odds are only 1 to 10,390 that a random sample would 
give as great or greater deviation. From analysis of the data it was ascer- 
tained that there was no litter-mate correlation and thus it was justifiable 
to use the whole number for comparisoti. 



No. OF 



AVRRAUt. 

NO, 



ANIMALS 


% ‘‘P 

AO If AT 

oYiNt;, 



AT TtTMOR 

NO, tlF 

arfkaramck 

ruMOK 

AGR dying. 

MICR 

AOK 

TUM(.H(S 

TV) MORS 

OF TUMOR 

FKITK 

tumor frrk 

Experimental 

118 

35 

30.31 

35*1 . 0 

82 

400.5 

Control 

in 

11 

9.91 

351.3 

100 

508.7 




20.60 

^ 5.3*1 D/<r * 

3.9 P 

* 0.000090 


Discussion . — In testing for the significance the question arises whether 
both groups should be considered from the same date although the first 
tumor appeared a little later in one group than in the other. The first tumor 
in the control group appeared at 204 days and in the experimental group at 
144 days. The data were examined by starting the control and experi- 
mental tabulations at the time of the earliest tumor of either group, that is, 
at 144 days, and again by starting each tabulation when the first tumor of 
that group appeared. The results remained significant with either method 
of calculation. 

It is evident that the factor need not come only from breeding or from 
lactating females, as is shown from the age and sex of the animals used as 
donors. About four-fifths of the experimental mice received blood from 
males or immature females. Blood from the immature, non -lactating fe- 
males, as well as from males, increased the incidence of breast carcinoma. 
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The blood injection did not return the incidence of mammary carcinoma 
to the high level of tumor incidence occurring in the Jackson Laboratory 
C3H strain itself. Instead of the 30% tumor incidence there should have 
been an incidence of 80% or more had this been so. It might be useful to 
hypothesize that that age of donor or recipient had something to do with 
this result. Another possibility is that the amount of blood injected was 
not sufficient to return the animals to the former high level of incidence. 
In line with this idea, Bittner, using fostered A strain mice, found that 
with the feeding of 0.0 cc. of milk 3 out of 10 developed mammary tumors, 
wliile with 1,7 cc. of milk, 8 out of 10 developed tumors. If the blood con- 
tained the influence in a quantity approximately equal to that in the milk, 
the 0.5 cc. of whole blood would not be expected to return the tumor inci- 
dence to the normal high level. There is some further evidence for inter- 
pretation of the data on a quantitative basis. Andervont has shown that 
high tumor young, suckling their own mothers for 1 7 hours or less, have a 
significantly lower mammary tumor incidence following foster nursing by 
low tumor females than young which have suckled for 24 to 48 hours. 
Twenty-eight mice suckling less than 17 hours had a tumor incidence of 
25% while 23 sucking 24 to 48 hours had an incidence of 69.6%. 

Other Tumors . — The second most frequent tumor to appear has been 
lymphoid leukemia which has now appeared in 25 animals. Fifteen of these 
were in the control group and at an average age of 585.4 days. Ten were in 
the treated group at an average age of 543.5 days. The general incidence, 
10.1%, is a higher percentage of lymphatic tumors than has usually been 
recorded for the C3H strain. Appearing at the average age of 568.6 days it 
is evident that normally many animals which might have produced them 
were probably eliminated by the earlier appearing mammary gland tumors. 
Their appearance seems to have no relation to this experimental procedure 
except the fact that in general the mammary gland tumor incidence was 
fairly low thus leaving more than a normal proportion of animals to reach 
the upper age groups. 

Summary . — Jackson Laboratory C3H mice which have had their tumor 
incidence lowered by foster nursing were injected at 1- 3 months of age with 
0.5 cc. of whole blood from nonnal high tumor C3H lactating females, 
young females and males. Significant diflferences are present between tlie 
inoculated mice and their litter-mate controls. 

• This work has been aided by a grant from The Commonwealth Fund and by grants 
from the National Cancer Institute. 
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DETERMINATION OF THE SUBGROUPS OF SMALL INDEX 

By G. a. Miller 

Dk^artmunt ok Mathrmatics, University op Illinois 
Com niunicat eel November 20, 1942 

It is often less difficult to determine all the subgroups of a given group 
G which arc of a small index, or of a relatively large order, than to deter- 
mine all those of a small order contained in the group, in view of tlie fact 
that the number of the latter is often much larger than the number of the 
former.^ In particular, the number of the subgroups of index 2 contained 
in G is always of the form 2” ~ 1 and each of these subgroups involves all 
the operators of odd order found in G as well as the commutator subgroup 
of G. When G is the symmetric group of degree « it is well known that it 
contains one and only one subgroup of index 2 for every value of n while 
when G is the alternating group of this degree it never contains any such 
subgroup. The operators of odd order contained in any group either 
generate the entire group or they generate an invariant subgroup with 
respect to which the order of the quotient group is a power of 2. 

A group cannot contain as many subgroups of index 2 as it has operators 
and when it has just one less such subgroup it is of order 2*", abelian, and 
of type 1 . All other groups of order g contain less than g — \ subgroups 
of index 2 and at most g/2 — 1 such subgroups. If G contains this latter 
number of subgroups of index 2 then their cross-cut is of order 2 and G 
involves operators of order 4 each of whose squares generates this cross-ait. 
All its cyclic subgroups of order 4 are invariant since they involve the com- 
mutator subgroup. If G contains an invariant operator of order 4 then 
exactly half of its operators arc of this order since the products of this 
operator into its other operators of the same order are cither of order 2 or 
they are the identity, while the products of this operator into the remain- 
ing operators of the group are all of order 4. If G contains no invariant 
operator of order 4 then it contains a subgroup of index 2 composed of its 
operators which are commutative with one of its operators of this order. 
Hence there results the following theorem: If a group of order g contains as 
many as gl2 — 1 subgroups of index 2 its order is of the form 2"*, and if it 
involves operators of order 4 then at least one-fourth and at most three-fourths 
of its operators are of this order and all these operators have a common square. 

The number of the subgroups of index « in G is always ~~ 1, where k 
is the order of the cross-cut of all these subgroups. A necessary and 
sufficient condition that the order of G is a power of 2 is that fe is a power 
of 2. The largest number of subgroups of index 2 in a group whose order 
is not a power of 2 is therefore g/3 — 1. For instance, two of the five 
groups of order 12 separately contain three subgroups of order 6. One of 
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these )^oups is abelian and the other is dihedral. A necessary and suffi* 
cient condition that a group contains at least one subgroup of index 2 is 
that it is not generated by the operators of odd order contained in it since 
these operators generate an invariant subgroup with respect to which the 
order of the quotient group is a power of 2, as was noted above. 

A subgroup of prime index p contained in G is not neceSvSariJy invariant 
when p is odd and the number of such invariant subgroups in G cannot 
exceed (p^ — l)/(p “* 1), when is the highest power of p which divides 
the order of G. This results directly from the fact that the cross-cut of 
such invariant subgroups involves the pth power of every operator of G as 
well as the commutator subgroup of G. If a subgroup of index p is non- 
invariant under G it belongs to set of p conjugate subgroups which are 
transformed under G according to a transitive permutation group of degree 
p and hence G contains an invariant subgroup which corresponds to the 
identity of this permutation group. In particular, the only. symmetric or 
alternating groups which contain a subgroup of index 2 are those of degrees 
3 and 4. 

Suppose tliat the group G contains both an invariant and a non-invariant 
subgroup of the same prime index p. It was noted above that it will then 
contain at least one set of p conjugate subgroups which are transformed 
under it according to a transitive permutation group of degree p with 
which G is isomorphic. The invariant subgroup of index p which ivS 
supposed to be contained in G cannot be simply isomorphic with an in- 
variant proper subgroup of the given transformation group since such a 
proper subgroup would involve all the pennutations of order p contained 
in this transformation group and hence it could not be of index p under G 
since the order of this transformation group cannot be divisible by p*. It 
therefore results that the given invariant proper subgroup corresponds to 
all the operators of this transformation group and hence it also contains p 
conjugate subgroups, p being an odd prime number, and that the order of 
G is divisible by p-. Hence there results the following theorem r If a group 
contains an invariant subgroup oj odd prime index p and also p conjugate 
subgroups of this index, then the order of the group is divisible by the sqmre of 
p and this invariant subgroup also contains a set of p conjugate stAgroups, 

When G contains a non -invariant subgroup of index p and also an in- 
variant subgroup of a different prime index g, then p must exceed g. In 
fact, if p were less than g, then G would be isomorphic with a non-regular 
permutation group of degree p and every invariant subgroup of such a 
permutation group must involve all its operators of order p and hence it 
corresponds to a cyclic quotient group whose order divides ^ ~ 1. The 
invariant subgroup of index g in <? could therefore not correspond to an 
invariant proper subgroup of this group. It therefore results that p must 
exceed g and that g must divide jS) — 1. That is, when a group contains an 
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invariant subgroup of prime index and> a nonAnvarianl subgroup of a different 
prime indext then the former of these primes must divide the latter diminished 
by unity. 

If the index of a subgroup of G is composite, its smallest possible value 
is 4. If G contains invariant subgroups of index 4 the total number of 
these subgroups has a cross-cut with respect to which the quotient group is 
abelian and involves no operator whose order exceeds 4. Hence the num- 
ber of its invariant subgroups of index 4 is equal to the number of sub- 
groups of index 4 in such an abelian group whose order is a power of 2. 
The given cross-cut itivolves the commutator subgroup of G since a group 
of order 4 is necessarily abelian and the order of the quotient group which 
corresponds to this cross-cut is a divisor of a vSylow subgroup of G whose 
order is a power of 2 . The only symmetric or alternating group which 
contains a subgroup of index 4 is of degree 4. It is well known that the 
smallest index of a subgroup of a symmetric or alternating group increases 
indefinitely as the degree of this group iticreases indefinitely. The fact 
that tliis index could not be less than the degree when this degree exceeds 
4 results directly from the fact that the symmetric or the alternating group 
whose degree exceeds 4 cannot contain an invariant proper .subgroup whose 
index exceeds 2 and tliis is only possible in the former case. 

When G contains a non -invariant subgroup of prime index p it also con- 
tains a set of p conjugate subgroups since this subgroup cannot be trans- 
formed into itself by any operators of G except those which appear in it 
but when G contains a non-invariant subgroup of composite index k it is 
possible for every value of k to construct a group which does not contain 
k conjugate subgroups of this index. In fact, this is true of every im- 
primitive group in which the subgroup composed of all the permutations 
which omit one letter is regular on a number, greater than unity, of letters 
which divide k. In particular, the octic group contains non-invariant 
subgroups of index 4 btit it does not cotitain a set of four conjugate sub- 
groups of order 2. It is not possible for a group to have both an invariant 
subgroup of index 4 and also a complete set of four conjugate subgroups of 
this index unless the invariant subgroup also contains four conjugate sub- 
groups of index 4 and hence is isomorphic either with the alteniating group 
of degree 4 or with the symmetric group of this degree. 

It was observed very early in the development of permutation groups 
that the symmetic group, as well as the alternating group, of degree 6 
contains transitive subgroups of index 6. It may be noted in this con- 
nection that whenever a symmetric or an alternating group of degree n 
contains more than one set of conjugate subgroups of index n then all of 
these sets except one must be composed of transitive subgroups of degree n. 
This results directly from the fact that if such subgroups were intransitive 
then the corresponding 83 mmetric or alternating group would involve 
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more than one invariant proper subgroup. This is known not to be the 
case when the degree of the group exceeds 4, and the theorem is known to 
be true as regards the groups whose degrees are less than 5. Similar con- 
siderations as regards the symmetric or the alternating group of a prime 
degree exhibit the fact that such a group cannot contain more than one set 
of conjugate subgroups of index n but this fact is included in a more general 
theorem which will be proved in the following paragraph. 

When a transitive unique permutation group of degree «, in which the sub- 
groups composed of all the permutations which omit one letter are of degree n — 
ly contains other subgroups of index n which involve no invariant proper sub- 
group of the entire group then this permutation group admits outer auto- 
morphisms and vice versa. This theorem results directly from the fact 
that this permutation group can be represented as a transitive group of 
degree n in which such other subgroups are the subgroups composed of all 
the permutations which omit one letter and hence the group admits an 
automorphism iti which one of these second set of subgroups corresponds 
to one of the original subgroups which are composed of all the permutations 
which omit one letter. From this theorem it results directly that no 
alternating or symmetric group of degree n, when n is not 6, contains more 
than one set of conjugate subgroups of index n since the group of auto- 
morphisms of these groups is known to be the corresponding symmetric 
group. The connection between automorphisms and the existence of 
subgroups should be emphasized in this connection. From this theorem 
it follows directly that the simple group of order 168 admits outer auto- 
morphisms, as has also been proved otherwise. 

In the Theory of Group Characters by D. E. Littlewood, page 147 (1940), it is stated 
that “the easiest subgroups to find are those with large orders, and these present most 
difficulty by other methods.’* The present article implies that this is not always the 
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EXISTENCE OF PERIODIC SOLUTIONS FOR CERTAIN DIFFER- 
ENTIAL EQUATIONS 

By S. Lekschktz 

Department of Mathematics, Princeton University 
Coiimiuiiicatcd December 17, 1942, 

1. In the present Note we prove the existence of periodic solutions for 
the equation 

+ fix) == e{t), (1) 

where e{t) has the period T, and g, / are restricted as stated below. As 
we shall see, the prot)f is essentially elementary. The type of equation 
under discussion generalizes the equation for the response of an electrical 
series circuit witii resistance R, capacity C (both constant) and an inductor 
with current-flux saturation curve i ™ h{<p). Mere (1) is the differential 
equation of the flux with 

/ = 

The function h{x) may be satisfactorily represented by an odd polynomial 
such that xh{x) > 0. This particular case sulTices to indicate the impor- 
tance of the periodic solutions of (1). 

Theorem 1. The following are sufjicienl conditions in order that (7) 
possess a periodic solution of period T: 

I, The derivatives e\t), f (x), g*(x) exist for all values of their variables. 

IL e{t) has the period T. 

III. witk\x\. 

X 

IV. There exist B > 0 such that 

lg(*) -&/(*)! ^ 

If we set for convenience 

m . f(.). - G(«), 

X X 

then III, IV may be replaced by: 

nr. Fix) -♦ + CD with jx]. (Hencet by IV, C(x) has the same prop^ 
erty.) 

IV'. l6’(*) - &/''(*)! s B. 
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2. Remark 1, Condition I is merely designed to guarantee the existence 

dx 

and uniqueness of a solution with any given initial values of x and It 

would be possible to replace I by a weaker but less easily described condi- 
tion. 

Remark 2. The restrictions I, IV are manifestly fulfilled by the 
equation of the series circuit, but not, for instance, by van der Pol's equa- 
tion, or generally by tlie relaxation equation* with or without periodic dis- 
turbance. 

Remark 3. Che valley has proved the existence of periodic solutions for 
equations (1) with f, g still less restricted than ours. His argument rests 
likewise upon an analogue of Lemma 1 applied to the phase space (x, v) 
with ellipses replaced by the curves 

2u — 2k{x)y k — Jo*f(x)dx. 

However we understand that the proof based on elliptic ovals given below 
is far simpler tlian his, 

3. Method. If we set 


+ gix) = y, (2) 

then the solution of (1) is equivalent to that of the system consisting of (2) 
and of 


+ fix) =* (3) 

# 

and our theorem will follow if we can show that the system possesses a 
solution (Xy y) periodic and of period T. 

Consider now any point P(x, y). According to the classical existence 
theorems there is a unique solution or trajectory V (ac(/), y{t)) such that 
x{0) = xo. y(0) ™ yo- If Q is the point (x(r), yiT)) then P Q defines a 
mapping 5 of the plane xy into itself and Theorem 1 will follow if we can 
prove that S has a fixed point. For, owing to the periodicity of ^(0, the 
trajectory T is likewise uniquely defined by xiT) » y{T) «= yq. Hence 
if r returns to P at time T, it is necessarily periodic. 

By Brouwer's fixed point theorem then our theorem will follow from 

Lemma I . There is a closed two-cell mapped into itself by S, 

We will prove in fact the more precise 

Lemma 2. There is a region bounded by an ellipse which is mapped into 
itself by S. 
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4. Consider the definite quadratic form 

2w “ ax' — 2:ry + ah > 1, a > 0. (4) 

Along a trajectory we have 

du 

== == {(IX — y){y — xG) + {by — x){e - xF). (5) 

Let r, 6 be polar coordinates for the plane xy. We first show that Lemma 
2 is a consequence of 

Lemma 3, When r is above a certain value then u' < 0. 

In fact assume Lemma to hold for r > Tq. Since the distance of the 
ellipse (4) from the origin + co with u, we may choose u such that it 
exceeds Tq, and then Lemma 2 will follow from Lemma 3. Thus everything 
reduces to proving the latter. The proof will be divided into two parts* 

/ \ r - < ^ TT 3ir 

(a) We first take an a between 0 and - and assume 0 or 6 ^ 

till nf u 

at, If|x| is sufficiently large both G and Fare positive, and hence in view of 
ab > 1, for |*rj large enough 

aG - F> 7 ((; - bF) > - r- 
b b 

I 

Hence there is a positive C such that whatever x we have 

aG - F> -C 

and therefore 

^ < { C cos® 0 + (a + ^) I sin ^ 1 1 cos ^ I — sin® B\ — - (fe sin ^ — cos B), 


The bracket is a continuous function of B whose value is — 1 for 0 

Therefore for ] cos sufficiently small, i.e., ch(X)sing a sufficiently small, the 
bracket will be as near “• 1 as we please. Since e is bounded we may choose 

— ^ 

Ti such that for r > ri the term — {b cos B — sin B) is arbitrarily small in 

r 

absolute value. Hence we may choose a, n such that li' < 0 under the 
conditions considered. 

IT 3ir 

{b) The point (x, y) is such that ^ » and 6 > a, where a is the 

angle just selected. Evidently 

e{b sin B cos B) 

^ r cos® B 
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is bounded under the conditions here considered. Now 

“-= -(aG - F 1 ) cosH + ifl + G - bF) sin 6 cose - (7) 


is a quadratic form in sin cos 0 whose discriminant 

4(aG — -f €) “ (fl + G — hpy > 4(a6 — 1)F + const, —>-(-00 with \x\. 

Therefore the fonn in (7) is definite negative, and so tp < 0 if 0isas stated, 
and if f > where rs is chosen large enough. 

We conclude then that Lemma 3 holds for r > max. (n, r*) and so 
Theorem 1 is proved. 

5. Generalization, Elliptic or other algebraic ovals may be utilized in 
many other cases to prove the existence of periodic solutions. Thus con- 
sider the system 


dxi 

(it 


Xiixu ,..,Xn^t) + Yi{xu . . 



where Xf, Yf are polynomials in the Xy with degree Xt < degree Yi and 
the coefficients of Xi are bounded periodic functions of period T. If 
there exists a positive definite quadratic form 

2u = Za-ijXiXj 

such that along a trajectory 

— 2>ai^XiYj < 0 

for = Xxi^ sufficiently large, then the system (8) possesses a periodic 
solution. 

6. I^et us observe finally that instead of ' < 0 for r sufficiently large we 
could merely ask that its sign by constant. For if u increases with / , it de- 
creases with — ^ and since the transformation t--^ --t does not affect peri- 
odic solutions, « increasing with t y/ould be acceptable throughout, 

^ See the recent paper by Norman Levinson and O. K. Smith, Duke Math. Jour., 9, 
382"403 (1942), where a number of earlier references, notably to van der Pol, von K&r- 
m4n and Li^nard arc given. 
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ON THE EUCLIDEAN CONNECTIONS IN A FINSLER SPACE 

By Shiino-shbn Chbrn 

Tsing Hua University and Academia Sinica 
Communicaled November 2, 1942 

The generalization of the parallelism of Levi-Civita in a Riemann space 
to a Finsler space has been regarded as one of the most important problems 
of Finslerian Geometry. For its solution different suggestions were made 
by J. L. Synge, ^ J. H. Taylor, L. Berwald* and E. Cartan.^ In this note 
we shall study the problem by employing a different method -the method 
of equivalence. We shall prove that in a general Finsler space an infinite 
number of Euclidean connections can be defined, in which the connections 
defined by other authors are included as particular cases. 

Let x** be the coorditiatcs of an ^ dimensional Finsler space, whose 
fundamental integral is 



where F\s positively homogeneous of the first order in tlie last n arguments; 

F{x\ \y') = XF(x\ y% y = ^, \ > 0. (2) 

at 

It is well known that the Pfaffian form 


CO 




is invariant (under a general point transformation). We adjoin to the 
coordinates x* of the space n{n — 1) auxiliary variables subjected to the 
conditions 


and put 



(4) 

(5) 


T ■ 

Then in the space of all the variables x*, y\ vX we have n linearly inde- 
pendent invariant Pfaffian forms, namely, 

<J » ( 6 ) 


t 

where «" « <*>. It is from the Pfaffian forms w* that we shall develop our 
invariant theory of Finsler spaces, from which the Euclidean connections 
in the space are derived as consequences. 
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We introduce the elements ul of the inverse matrix of (ri), so that we 
have 

uH = = **• (7) 

The elements m* do not depend on the auxiliary variables, since a com- 
parison of equations (4), (5), (7) gives 


u 


k 

ft 




If we form the exterior derivative of we see that we can write 

{o>y - iwx”], (9) 


where 




d^F 


u 


d^dy 


W J _L ^ A n . 

F \dx’ / 


Wo«s TTa' * 




/9oi 


( 10 ) 


the n(n — l)/2 quantities being arbitrary, 

Wc shall suppose that the fundamental integral (1) leads to a ‘‘regular 
problem” of the calculus of variations. As is well known, this amounts 
to assuming that the matrix 

( — -) 

is of rank «— 1, or, in our notation, that the Pfaffian forms w*, wj. are 
linearly independent. 

If we form the exterior derivative of we vsee that the following in- 
variant conditions can be imposed: 

(w“)'=ia“'’.!V""].inod. (11) 

where is Kronecker's symbol. The conditions (11) are equivalent to 

; * / „ i>^F \ , 

V ww ■ “■ 




(12) 


under which the variables are not all independent. By carrying out 
the calculation of (w")', we get 


(«“)' - S-'KV] - i«V]. 


(13) 


Otf. 


tiidu*0 — 


where 
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the quantities being symmetric in ff, y and being introduced to get the 
most general expression for 

Since the variables wj, are connected by the relations (12), the Pfaffian 
forms are not linearly independent. In fact, we find that they satisfy 
the relations 

a 

<»>a^ 4“ ^ 0, mod, w*, 

where the quantities 5^0 are used to raise and lower indices, thus 

t ^ac ^y-t CtC, (1*^) 

Our fundamental result is that we can, by a proper choice of H 0 y, arrive 
at the conditions 





and that under these conditions the quantities and hence the 

PfaflSan forms co„*, arc completely determined. These Pfaffian forms 
are therefore invariant Pfaffian forms. The quantities Hafty constitute the 
first set of invariants of the Finsler space. Their vanishing signifies that 
the Finsler space is a Riemann space. 

The expressions for the exterior derivatives of ojJ* will lead to further 
invariants of the space. To find them we write the equations (9), (13), 
(16) in the condensed form 


(c.0' - I 

o)ij + <^ji = } 



with the understanding that is zero when any one of its indices is n. 
Putting 

SV. “ (w**)' («/«/! I (18) 


we find, by simply applying the “theorem of Poincard” that the exterior 
derivative of the exterior derivative of a Pfaffian form is zero, that 11/^! are 
of the form 

Q*.* *= *+“ (19) 

where 

Rk*it + Rk\s * 0 ( 20 ) 

For a function F in our variables its differential dF is a linear combina- 
tion of «*, ui/, the coefficients of the linear combination being the ' 'co- 
variant derivatives," The invariants Hnkt Rk%h and their covariant 
derivatives form a complete system of invariants in the sense that they are 
sufficient to determine a Finsler space up to a point transformation. 

Now we shall enter into the geometrical interpretation of our results. 
For this purpose we put 
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( 21 ) 

and impose the conditions 



70a + yjia — 

( 22 ) 

in order to have 

”1” — 9* 

( 23 ) 

We also put 

J - ff 

TT — ” Cl) . 

( 24 ) 


The Pfaffian forms of which the latter have not yet been completety 

determined, will then be employed to define the Euclidean connection in 
the space. 

* » 

To each set of variables j:*, y*, r" we attach a Euclidean space of n di- 
mensions with the frame of reference M€\ ... where M is a point and 


Cl, are n mutually perpendicular unit vectors through Af. The 

equations 


dAT 

dci — 




then determine the infinitesimal displacement between two neighboring 
Euclidean spaces or a Euclidean connection. The property of the Euclidean 
connection depends on the expressions for the following exterior quadratic 
differential forms 


And we find 


11* ^ [jr%*\ ) 

II, = (t,*)' - 


n 


i 



u* ~ 7riu.v”i. ) 

7/VK"]- ) 






Due to a reason which we shall give later, it is important to impose the 

^4 p 

condition that IT*, 11/ be exterior quadratic differential forms in «*, 

This gives 


dyl" + 7/.%" 




— 0, mod- < 0 *, w. 



Summing up, the conditions on are (22), (28). We shall satisfy 
(22) by supposing 


7 tNar ytifa \ 

ypffet 7r#wt f 


( 29 ) 
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Then (28) is reduced to the following more syininetrical form : 

+ 7ppa^<r ^ 0. Ulod. <aj‘, (30) 

It is important to note that 7^,^ have naturally to be invariants. An 
example of such a set of invariants is furnished by We can easily 

verify that the condition (30) for is equivalent to saying that y^^^ is 
of the form 

= G„^uyiu^, (31) 

where functions of x”*, y”* only. 

To each set of invariants y^^^ satisfying the conditions (29), (30) we have 

t * 

the set of Pfaflian forms tt*, 7(1. With the.se Pfafilan fonns the equations 
(25) define a Euclidean connection, which gives the infinitesimal displace- 
ment between the Euclidean spaces attached to two neighboring sets of 

» * t j 

variables y’, r*. Owing to the property that 11 , 11/ are exterior quad- 

« I- * * 

ratic differential forms in co\ it follows that 1I‘, 11/ are zero, when 7 ^, 
are given as functions of a parameter /.* 

- Ad. y*’ - /(/). (32) 

Hence along a one-parameter family of contact elements (jc*, y*) the system 
of equations (25) is completely integrable and the Euclidean spaces at- 
tached can be developed in one and the same Phiclidean space. This is 

essentially the generalization of the well-known theorem of Fermi to a 

Finsler space. From this fact we see that wc can regard the Finsler space 
as formed by the {2n — 1) -parameter family of its contact elements and 
define a Euclidean connection in the space, with a “tangent Euclidean 
space" attached to each contact element. There are as many Euclidean 
connections in the space as there are invariants satisfying our conditions. 
If we take 

7ptf« “ ““VaWpira. (33) 

we get the Euclidean connection defined by Cartan. 

In conclusion, we remark that each of our Euclidean connections has 
the property that the equivalence of the ICuclidean connection is a necessary 
and sufficient condition for the equivalence of the Finsler spaces (under 
point transformations). 

‘ Sytige, J, L., Trans. Amer. Malh. Sac.. 27, 61-t57 (1925). 

» Taylor, J. H., Ibid.. 27, 246-264 (1925). 

* Berwald, L., AtU Congr. Mai.. Bologna, 4 , 263-270 (1928). 

* Cartan, E., L$s espaces de Finsler, Paris, 1934. 

* It is agreed, throughout this paper, that a Latin index runs from 1 to n and a Greek 
index from 1 to n — 1 . 
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A GENERALIZATION OF HIE PROJECTIVE GEOMETRY OF 

LINEAR SPACES 

By ShiinG“Shen Chern 
Tsino Hua University and Academia Sinica 
Communicated November 2, 1942 

The projective geometry in a space of n dimensions may be briefly 
described as the geometry of the paints and the straight lines in the space. 
For w > 2 the straight lines can he replaced by the linear spaces of a fixed 
dimension r, 1 g r g n — 1. We have, in fact, the theorem that a one-to- 
one point transformation in the space, which carries the linear spaces of 
dimension r into themselves, is a projective transformation. The number 
of parameters on which the linear spaces of dimension r depend is equal 
to N ^ (r + 1)(« — r). The geometry in a space of n dimensions in 
which there is given a family of r-dimensional varieties depending on N 
parameters is therefore in a certain sense a generalization of projective 
geometry. In this note we shall show that in such a space a projective 
connection can be defined. The geometry of paths^ is a particular case 
of this geometry for r « 1 , while the case r =*= « — 1 has been studied by 
M, Hachtroudi*'* 

Let ocS . . . , x** be the coordinates in the space and let the family of 
varieties be defined by a completely integrable Pfaffian system of the 
form* 

dx‘ - = 0 , \ 

where rif arc functions of x“, pj,. Before defining the projective con- 
nection in question, we shall develop the invariant theory of the family of 
varieties under non-singular point transformations 



The left-hand members of (1) are not invariant Pfaffian forms. To derive 
invariants or invariant Pfaffian forms of the family of varieties the follow- 
ing device will be repeatedly applied: We adjoin to the variables x", 

Pa the new variables uj, u% uf, uij. Then the Pfaffian forms 

w“ » u-^x^ + ufidx^ - 
=. u}{dx^ - pj^% 


( 3 ) 
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are invariant (in the space of all the variables). The ntimber of the new 
variables can sometimes be reduced by invariant conditions. In fact, 
we shall suppose 

(cj*)' ^ mod, (j)\ (4) 

which are equivalent to the conditions 

I'f being defined by the relations 

= 82- (6) 

Suppose the conditions (4) or (5) be satisfied. Then we can write, by 
introducing the new Pfaffian forms the exterior derivatives of 

CO®, CO* in the forms 

Uy « + [o>x)..r 

The fact that the exterior derivatives of (co“) (co*) ' arc zero gives 


K^y - ~ ddWl - lU' 
[(v7 - + m' 





The first equation shows that the expression (d) ' + — Wjull con- 

tains d or d in each of its terms. Since the system 





is equivalent to (1) and is hence completely integrable, we see that we can 
put 


(«i)' = ~U4i + [<pH] + (10) 


where <p*j are new Pfalhan fonns and where 





Let us see whether Q^yj are invariants. For this purpose notice that the 
Pfaffian forms *pj in (7) are determined up to the transformation 

3= -b a^CO^ “1" ~ 

f I i h i i 

^ (pj ^ , Ujk == 

where the a*s sure arbitraiy. When are replaced, respectively, by 

ipj*, the equation (10) retains its form, while Qjfy are replaced by 
related to as follows: 

Q^yj = Qj^J - 
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This shows that are not invariants. We can, however, modify them 
such that the conditions 

Qi^j - 0 (13) 

are satisfied. Under these conditions Qayj are invariants. 

If we carry out the calculation of the expression for we see that, 
by a proper choice of the conditions 

Q^j = 0 (14) 

can be fulfilled. 'J'his determines ujj in terms of x“, x*, uj, and 
parameters or new variables which we denote by When r = 1 or r = 
n ~ 1, the conditions (13) and (14) signify that all Q*yj vanish. 

'I'he conditions (13) and (14) have an effect on the expressions for 
(<P$)\ I'o fitid these expresvsions we apply exterior differentiation to 

(10), which gives 

/ t k\ y 

^ 0, mod. cx)", 





where 


7r„«. - dQfyj - +• 


From (8) we get respectively 


hi 


(<Pj) 

(^S)' 


W%<pI\ + [v’Wl 


, mod. «*, 
[0(," to'’'] , mod. w*. 


where Bgy are newly introduced Pfaffian forms. Substituting these ex- 
pressions into the last equation, we shall get 

+ ^y^aj + — 0, mod. U>®, W*, wj,. 

The conditions (13) and (14) have as consequences 

^ayj ®= 0, = 0, 

SO that the above equation gives, respectively, 

{n — f)0^y + "I" tnod. w*, (J, 

. 1 




I i_ 


n 


mod. w*, 


where is an abbreviatioti of It follows that the exterior derivatives 
of ojJ,, <pfi are of the forms 


1 


(co^)' — 4 


(15) 
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n — r 




1 


n 




i?^[a,V] + R^y^jWy]^ mod, a)^ 


where 





+ QiS,W^^^] + Q^jWiuT]. (17) 


It is to be noticed that the PfafTian forms tp% introduced above 

are not invariant, because they are not completely determined by the equa- 
tions (7), (15), These Pfaffian forms are determined up to a transforma- 
tion which can easily be written down. By investigating the effect of this 
transformation on the coefficients in (15), (16), it is not difficult to show 
that we can choose the such that we have 

Qcif = 0, = 0, R^yj = 0, - 0. (18) 

Under these conditions the Pfaffian forms in question are determined up 
to the transformation 


+ “Z-f+l 

+ ">*• «“* “ 

W — T -J- i 

H 

» — f + 1 


* 

fPa 


n — r 


+ + “TqrY 


> 1 . 


J 



where the a’s are arbitrary, 

We now take v^, at to be new variables and adjoin them to the set of 
variables p*a, uj, mJ, m“. All these n(n + 2) variables then form the 

set which we shall de^ with and by invariance we shall mean the invariance 
under a general transformation in these variables. It is in this sense that 
the Pfaffian forms are invariant. In order to find a set of linearly 

independent invariant Pfaffian forms, whose number is equal to the 
number of variables, we form the exterior derivatives of tpp> From 
(8), (10) we see that we can set 


(vj)' — [^*<9*1 — — 

(< 9 ?) ' ~ Wy < p }\ + ^ r ^*’^**1 ~ 

Rty,Wu>^ - = [^fA, 


( 20 ) 
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where are newly introduced Pfaffian forms, of which the former 

ones are subjected to the conditions 

= 0. (21) 

We form the equation obtained by exterior differentiation of (15), A 
complete analysis of that equation will give the following two consequences : 

~~ *“ ^ mod. w**, o}\ £ 0 ^; (22) 

n — T 

<Pa' !»»>'?] + 

+ Cr„3^[a,V] (23) 

« _ 

where = O^j, On the other hand, by exterior differentiation of the second 
equation of (20), we can get 

+ !>p;j ~(r+ l)6pj + (« + ^ 0, mod. J, u>\ (24) 

From (22) and (24) we then find 

ga 1 o mod. J, «i. (25) 

« “ r + 1 n + I 


dij ^ — — (ije* + Si0j), mod. w', 0 >l (20) 

ti — r “T 1 

In this way we have introduced the Pfaffian forms d*, which involve dai^ 
and are linearly independent from w“, w , toj^, The total 

number of linearly independent Pfaffian forms is now equal to the number 
of variables. But of these forms yet invariant. To 

derive invariant Pfaffian forms from them, fiuther conditions are necessary. 
We put, according to (25), (26), 

w-ri n-“r-hi 

It is then easy to show that under the conditions 

= 0, Sij, n= 0, « 0. /?§■» + J?gs, - 0 (28) 

the Pfaffian forms are completely determined. The uniqueness of 

Bit depends on the expression for (<p^y> Wc find 
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n 


r -f 1 




n + 




1 


(<?^ + [ A*J 


n 


r + 1 


(R^kWiA + R%jM) + 


2 . 2(«+ J) 

R^%[<^-^w‘>\ + ;?i7ja.yi + Ti%,\jA + 7}£ [«'«*] + ixwtA- m 

The conditions 


TiU = 0 (30) 

detemine B)t completely. 

From the complete determination of follows their invariance. 

We have therefore a set of linearly independent invariant Pfaffian forms 
whose number is equal to the number of variables, A necessary and 
sufficient condition for two families of varieties to be equivalent is that a 
transformation in all our variables exists, which carries one set of Pfaffian 
forms to the other. Hence the problem of equivalence is solved. 

If the given family of varieties is the family of linear spaces, our Pfaffian 
forms are those which define the infinitesimal transformation between two 
neighboring projective frames. In the general case they define a pro- 
jective connection. The actual calculation of the components of the 
projective connection in terms of the coordinates of the space offers no 
essential difficulty. 

* Eisenhart, L. P., Non-Riemannian Geometry, New York, 1927. 

* Hachtroudi, M., Les espaces d'Hements d connexion projective normale, Paris, 1937. 

* We agree that Greek indices run from 1 to r and that Latin indices run from r -h 1 
to n 


THE EPIDEMIC CUR VE, II 
By Edwin B. Wilson and Mary H. Burke 
Harvard School of Public Health 
Communicated December 1, 1942 

In a previous note‘ we discussed comparatively the formulations by 
Soper and by Frost of the progress of an epidemic in the absence of re- 
cruitment of susceptibles and came to a relationship between the initial 
susceptiblcs *5®, the residual susceptibles Sr and the number m which on 
Soper's formulation was the number of susceptibles for a steady state 
(when there was recnutment). To discuss periodicity Soper made certain 
approximations which carried his equations over from algebraic form to 
expressions in terms of the calculus (differential equations). He introduced 
a variable u ^ log (g/A), where s is rate of cases and A is rate of recruits. 
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This transfonnatioti cannot be used if 4 = 0. We wish now to compare 
the results of Soper's approximation for the case where A ^ 0 with the 
results we obtained previously. 

If r be the incubation period and u « log z, Soper's differential equations 
become 


Then 


du S 

1 4* r “ and 5= for « = maximum. 
dt m 


dS . , d^u A — e 

™ _ g K- 

dt dt^ m 


The first integral is 


UuV _ 2 
V dt) m 


{Au — <?“) + const. 


and if the constant is determined when dti/dt — 0 and « = mo» / 

Jmr /*" __ 

~^'2 Jm V^T« «o) - (e“ - o 


(1) 


0, 



— z)dt = * 



du 

y/A{u - -“o' 


the integral having the negative sign so that S <m when / > 0 and the posi- 
tive sign with S > m when t < 0. 

Now if ^ == 0, the integrations may be performed in finite form and in 
terms of z become 

s « sech* 't/I?!!. I 
' "2wr 


5 


m 


V2wz^t tanh 



The epidemic curve begins at i » and runs to ^ » instead of 

being of finite duration, but actually since the number of cases cannot be 
fractional the curve would be limited for practical purposes to a finite 
interval of time. The curve of the case rate is S 3 rmmetrical with respect 
to its maximum whereas the curves figured stepwise from generation to 
generation were found to be asymmetrical with the decreasing more abrupt 
than the increasing portion. This is one difference due to the approxi- 
mations introduced. Another difference is found in the relation between 
•So, Sb and m; for, setting t » 


00 
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and 


*So »= w 


+ 5^ — wx — ^2fnZfnT 


5o + 5 k 2m instead of 


Se 

So 



From the second equation we found in tabular form relationships between 
6o/m and Sb/ So with no restriction on So/m, (This was for Frost's formu- 
lation as modified by Wilson through the introduction of the law of small 
numbers; it was impossible to obtain such a relation for Soper’s original 
finite stepwise formulation.) On Soper’s formulation in differential equa- 
tions, we see that since 0, So ^ 2m and further that m ^ 2s,„r. 

When therefore we have A > 0, as is necessary for periodicity, we caimot 
expect the stepwise calculations to give the same result as the theory based 
on Soper’s differential equations. For discussing the periodicity {A > 0) 
we will do well to return to Soper’s notation, u “ log {z/A). Then 


/ 



(in 


lio 


e 


U 



The expression w — Wo — e" + e"" has one root tU) and another root «i (at 
minimum) which may be written approximately*^ as 


— «L ~ C € 


<C - e-C) 


C - e 


t4n 


«0. 


Thus the period is 


T 


V 2 ntT r'*" 


As the integrand becomes infinite for u »> uo and u ui we form the 
function 


1 




/{„) « “ \/(« - «oo - o 

which remains finite and may be integrated by Simpson’s or similar rules, 
giving* 



Soper considers a normal intensity for an epidemic to be where « 4 
or z^/A » 4, so that the case rate at maximum is four times the rate of 
recruitment. In many of our epidemics of measles the ratio Zm/A seems 
larger than 4, For example in Hedrich’s epidemic^ of 1930-1931 in 
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Baltimore s«/i4 as estimated (allowance being made for the incompleteness 
of reporting) was about 10. In Providence® for the 1934"*] 935 epidemic 
the maximum number of reported cases in one month was 1953 whereas 
the recruits were about 350 which gives a ratio of 5.6 but there probably 
was only about 50% reporting making the true ratio about 11. In Provi- 
dence in January, 1932, there were 2799 cases reported which gives a ratio 
of 8.0 and if this be doubled we find 16. A computation of the periods 

for e'“ = 4, 6, 10 shows 7.15, 8.00, 9.75 times V^JA- H wetakewT/.! => 
130 which makes m equal to 5 years of births we find that the periods in 
the three respective cases would be 3.1, 3.5, 4.3 years. 

We can make a stepwise calculation from Soper's finite formulas for the 
case So “ 36,000, A — 500 per incubation period and m *= 29,000; the 
results are: 


TtMK 

CASKS 

TIMR 

CASKS 

TIHU 

CASR9 

TlHie 

CA3Jt8 

1 

600 

15 

1106 

29 

62 

• 43 

68 

2 

621 

16 

882 

30 

56 

44 

66 

3 

768 

17 

692 

31 

61 

45 

74 

4 

043 

18 

538 

32 

47 

46 

85 

5 

1144 

10 

418 

33 

44 

47 

09 

6 

1302 

20 

326 

34 

42 

48 

116 

7 

1681 

21 

256 

35 

41 

49 

138 

8 

1776 

22 

203 

36 

41 

50 

166 

9 

1017 

23 

163 

37 

41 

51 

201 

10 

1070 

24 

133 

38 

42 

52 

246 

11 

1036 

25 

110 

39 

44 

53 

303 

12 

1801 

26 

93 

40 

46 

54 

376 

13 

1596 

27 

80 

41 

49 

56 

468 

14 

1362 

28 

70 

42 

53 




It) this case c**" ~ 3.95 and mr/A =» 58 so that the computed period would 

be 7.15\/58 « 54.5 incubation periods or a little over two years. However 
this makes the value of nt only a trifle over two years' births. 

There is, however, another point in the theory which is worth mentioning. 
The maximum Uo less the minimum ui is iiq Ui and this is the natural 
logarithm of the ratio of cases at maximum to cases at minimum which 
for e*"* “ 4, 6, 10, respectively, gives 3.92, 5.98, 10.00 of which the anti- 
logarithms are 50, 395, 22,000. The value 50 checks tolerably well with 
the arithmetical calculation just given. Such a value as 22,000 would 
of course be impossible except in a very large area because the cases at 
maximum would have to be 22,000 per incubation period in order for 1 
to remain at minimum. In fact the difficulty we have in applying Soper's 
or Frost’s methods to many instances which we actually find in pronounced 
epidemics is that the cases become fractional and remain so for a long time 
around minimum—which means that the epidemic would in fact terminate.® 
To be sure of having one case left in Providence we could not have 
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greater than 6, nor greater than 7 in Baltimore; whereas when allowance 
is made for incomplete reporting the values of are generally greater 
than those values, 

1 These Proceedings, 28, 3fJ 1-367 (1942). 

* The equation « — may be solved numerically for ut but the ap- 

proximation given is geneTally sufficiently good. 

* For the case 4, «o » 1.386, —2.535, the total interval is «o “ Uj «• 3.921 

and the values of /(«) at intervals of 0.03921 from Uo to inclusive, are “0.5^1, —0.43, 
“0.39, “0.37, “0.35, “0.3:1, -0.32, “0.31, “0.30, -0.29, -0.29. The integral of 

/(u) by Simpson’s Rule is — 1.37 and the value of T is 7.16 limes \/ mr/A. 

*Amer. Jour, Hygiene, 17, 6i;i-636 (1933). 

* See the Report of the Superintendent of Health of the City of Providence for the 
year 1940. For convenience the table is reproduced below: 


MEASLES CASKS BY MONTH,S IN PROVIOKNCE 1917 lt»40 


VKAIt 

Mn. 

rnB. 

MAK. 

APR. 

MAV 

JUNB 

JULY 

AUO. 

ajtn. 

oci . 

NOV. 

UKC. 

TOTAL 

1917 

33 

47 

62 

109 

119 

36 

13 

7 

2 

1 

8 

55 

492 

1918 

55 

98 

373 

1232 

1299 

780 

261 

23 

8 

6 

5 

3 

4143 

1919 

1 

4 

4 

4 

5 

4 

3 

3 

1 

2 

1 

3 

35 

1920 

125 

127 

136 

279 

404 

288 

146 

38 

45 

53 

190 

191 

2022 

1021 

329 

585 

665 

390 

266 

60 

28 

10 

1 

2 

7 

26 

2408 

1922 

89 

4 

3 

26 

25 

22 

23 

19 

7 

10 

131 

662 

1017 

1923 

680 

1228 

1470 

687 

383 

117 

29 

6 

3 

10 

7 

7 

41527 

1924 

5 

0 

3 

11 

16 

30 

15 

2 

2 

1 

5 

2 

08 

192A 

13 

11 

6 

15 

18 

30 

.58 

50 

13 

81 

417 

1224 

1936 

1926 

2057 

1360 

648 

348 

190 

105 

48 

8 

1 

0 

0 

4 

4776 

1927 

5 

2 

1 

1 

0 

m 

2 

6 

2 

0 

0 

7 

23 

60 

1028 

45 

112 

422 

1081 

883 

800 

508 

77 

18 

36 

30 

61 

4079 

1929 

84 

189 

261 

309 

276 

111 

38 

4 

8 

2 

0 

0 

1367 

1930 

2 

0 

1 

4 

23 

46 

22 

8 

1 

0 

2 

0 

100 

1931 

1 

2 

49 

158 

456 

358 

179 

99 

22 

191 

337 

1648 

3400 

1932 

2709 

2037 

574 

199 

81 

11 

2 

0 

0 

0 

0 

0 

5703 

1933 

0 

0 

0 

3 

3 

6 

5 

2 

4 

0 

1 

1 

26 

1934 

4 

11 

21 

18 

29 

106 

44 

25 

8 

5 

1 

7 

279 

1035 

13 

67 

343 

1351 

1953 

1279 

241 

17 

4 

1 

0 

48 

6307 

1930 

119 

74 

92 

76 

S3 

17 

n 

4 

0 

0 

9 

77 

502 

1937 

422 

811 

1184 

711 

472 

129 

31 

4 

0 

2 

3 

3 

3772 

1988 

2 

5 

4 

2 

0 

0 

0 

3 

1 

0 

0 

3 

20 

1039 

83 

35 

40 

118 

317 

286 

157 

64 

20 

89 

267 

446 

1872 

1040 

5G0 

496 

530 

402 

543 

372 

121 

20 

1 

0 

1 

1 


Total 

7485 

7300 

6890 

7684 

7852 

4934 

1989 

^ I 

165 

.507 

1435 

4385 

51221 


Epidemical culmitiate In May, 1918, March, 1921, March, 1923, January, 1920, April, 1928. January, 
1982, May, 193fi, March, 1937, March (i*), 1940. In this period of 262 months there are 9 major peaks, 
but we must not count both ends. The avrrajte time between peaks is 33 os 7,9 months, not 2 years. 
For the mean we write 33 * 2.8 months. In Glasgow we estimate 40 months between peaks from 
1888 to 1927, inclusive, based on Soper's data (/. Roy> Statist. Soc. London, 98, 34-61 (1929)). How 
many peaks one counts depends on the interpretation one gives to the qualifying adjective major and 
what allowance one makes for seasonal interruption of an epidemic. 


• In that case measles would recur only when reintroduced after a lapse of time suffi- 
cient to build up a sufficient number of susceptibles, the notion of periodicity based on 
the continuous operation implied in the differential equations or the stepwise calculation 
would have to be abandoned, aud we should properly speak of recurrences rather than 
of periods. 
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The difficulty of discussing the ratio of cases at maximum and miohnum, and the 
matter of continuity versus dying out and reintroduction of measles on the basis of re* 
ported cases is great. A fairly good estimate of the fraction of total cases which are re- 
ported is easy to make, and if it can be assumed that this ratio is more or less constant 
the arguments here advanced are sound. There are unpublished data for Newton, Mass., 
collected by Dr. Harold D. Chope for his doctoral thesis (which is partly published in 
Virus and Rickettsial Diseases, Harvard University Press, 1040, pp. 283-i308, under the 
title "A Study of Factors ^fhat Influence Reporting of Measles*') which throw some 
doubt on the propriety of assuming a constant ratio. 


MKASLKS 

CASES 

REPORTED AND 

NOT 

REPORTED FOR 

1936 

AND 1934 BY 

MONTHS 


JAN. 

FBB. 

KAK, 

APK. 

UAV 

JUNB 

jutv 

AVO. DBC. 

TOTAL 

Rep. 

18 

69 

204 

295 

181 

75 

4 

3 

839 

Not 

14 

28 

61 

66 

53 

38 

36 

24 

320 

% 

56 

68 

67 

82 

77 

66 

10 

11 

72 

Rep. 

25 

59 

49 

69 

66 

63 

17 

4 

341 

Not 

26 

36 

t-TX 

66 

31 

20 

37 

40 

293 

% 

50 

62 

48 

00 

64 

72 

32 

9 

64 


The percentage of cases reported diflesred between the two years, being less in the 
lighter year and varied seasonally, being less in the lighter months — -indeed very low 
in the .summer and autumn. The reporting by years is also interesting; 



1928 

1929 

1930 

1931 

103:, 

1933 

1934 

1935 

1930 

1937 

1938 

Rep, 

5 

0 

71 

17 

173 

63 

341 

42 

839 

56 

42 

Not 

69 

57 

123 

120 

213 

269 

293 

377 

320 

64 

35 

Total 

64 

67 

194 

137 

386 

332 

684 

419 

1159 

119 

77 

% 

a 

0 

35 

12 

46 

19 

54 

10 

72 

46 

55 


The great irregularity bctweeti the years (though apparently with an upward trend) in 
reporting may be noted. I'he two-year periodicity which might be detected in the re- 
ported cases in 1930, 1932, 1934, 1936 largely disappears when one looks at the total 
cases. 

What the annual or seasonal variations in percentages reported in Providence may 
be we do not know; if the variations were very great they would affect the details of 
some of the calculations in the text, but apparently they would not destroy the general 
conclusions. It would improve the statistical discussion of the epidemiology of infectious 
<lii>eases if there were more detailed studies of the factor of reporting. 
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POSSIBLE GROUPS OF AUTOMORPHISMS 

By G. a. MtLLEK 

Departmknt or Mathematics, ITniversity ok Illinois 
C otnniunicated December 24, 1942 

The identity and the j^oup of order 2 are obviously the only groups 
whose group of automorphisms is the identity since every non-abelian 
group has a non-cyclic group for its group of inner automorphisms and 
every abelian group whose ord(‘r exceeds 2 admits outer proper automor- 
phisms. If a group has the group of order 2 for its group of automor- 
phisms it must be abelian and hence its automorphism of order 2 must re- 
sult from the automorphism in which every operator correspotids to its 
inverse since the group of automorphisms of every non-cyclic abelian 
group is known to be non-abelian. ‘ Hence there are three and only three 
groups which have the group of order 2 for their group of automorphisms, 
viz., the group of order 3, and the cyclic groups of orders 4 and 6, respec- 
tively. The last of these groups is the direct product of two groups and 
illustrates the elementary theorem that a necessary and sufficient condi- 
tion that the direct product of two proper groups (groups which differ from 
the identity) has the same group of automorphisms as one of these groups 
is that this one involves no subgroup of index 2 and that the other is of 
order 2. 

We proceed to prove that there is no group which has a cyclic group of 
odd prime power order as its group of automorphisms/-’ The group of order 
3 is obviously the group of lowest order which comes under this theorem and 
it is the group of lowest order which is not the group of automorphisms of 
some group. It is well known that the group of automorphisms of the 
group of prime order p is the cyclic group of order — 1 and this could not 
be a cyclic group of odd prime power order but it may be a cyclic group 
whose order is a power of 2. It was noted above that the group of auto- 
morphisms of a non-cyclic abelian group is non-abelian and hence such a 
group could also not have for its group of automorphisms a cyclic group 
of odd prime power order. Finally, a non-abelian group could not have a 
cyclic group as its group of automorphisms since its group of inner iso- 
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morphisms i$ not cyclic and every subgroup of a cyclic group is itself cyclic. 
This completes a proof of the theorem that no group has for Us group of 
automorphisms a cyclic group of odd prime power order and that the only 
groups which have cyclic groups of order 2^ as their group of automorphisms 
are those of order 2^ 1 whenever this is a prime number. 

If the group of inner automorphisms of a given group G does not coin- 
cide with the group of automorphisms of G then the former is an invariant 
subgroup of the latter. From this well-known theorem it results directly 
that when a simple group of composite order is the group of automorphisms 
of G then it is either also the group of inner automorphisms of G and hence 
it is isomorphic with G with rsepect to the central of G or G is abelian. In 
the latter case all of the operators of G besides the identity are of order 2 
since the automorphism of an abelian group in which every operator corre- 
sponds to its inverse is an invariant operator of order 2 in its group of auto- 
morphisms whenever the abelian group contains operators whose order ex- 
ceeds 2. When it involves no such operators this automorphism is the 
identity. It therefore results that whenever the group of automorphisms 
of an abelian group is a simple group of composite order then this abelian 
group is of order 2”* and of type 1"*, and it is known that every such group 
has a simple group of c()mpo.site order for its group of automorphisms 
whenever m > 2. 

Suppose that the group of automorphisms of G is a prime power group 
and that G involves Sylow subgroups whose orders are powers of at least 
two distinct prime numbers. At least one of these prime numbers cannot 
divide the order of the group of automorphisms of G and the operators of G 
whose orders are powers of this prime number must appear in the central 
of G since otherwise the group of automorphisms of G would not have an 
order which is a power of a single prime number. Hence it results that 
when the group of automorphisms of C is a prime power group then all the 
Sylow subgroups of G except possibly one appear in the central of G and if 
one of these Sylow subgroups does not appear in the central of G its order 
is divisible by the prime number which divides the order of the group of 
automorphisms of G. In all cases G is the direct product of its Sylow sub- 
groups and all the Sylow subgroups of G which appear in its central are of 
prime order. Hence there results the following theorem: When the group 
of atUomorphisms of a given group G is a prime power group then G is ^ di- 
rect product of its Sylow subgroups and all of these Sylow subgroups except 
possibly one are of prime order. If G involves a Sylow subgroup which is not 
of prime order then the order of its group of automorphisms divides the order 
of the group of automorphisms of G. 

From the theorem just noted it results that when the order of the central 
of such a G is divisible by an odd prime number then this number must be 
of the form 2* + 1 and the order of the group of automorphisms of G mu9t 
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be a power of 2 since the group of automorphisms of an abelian group is the 
direct product of the groups of automorphisms of its Sylow subgroups. 
The number of such odd prime numbers which may be the orders of groups 
appearing in the central of G hjis evidently no upper limit. When such a G 
contains a Sylow subgroup whose order is divisible by the square of an odd 
prime niunber then this subgroup must be non-abelian and the order of G is 
not divisible by a power of any other prime number except that it may 
possibly be divisible by 2, but when G contains a vSylow subgroup whose 
order is a power of 2 then this subgroup need not be non-abelian. As an 
instance of such a group we may cite the direct product of a cyclic group 
whose order is a power of 2 and a group of prime orders of the form 2^+1. 

One of the most interesting facts relating to possible groups of automor- 
phisms is that the symmetric group of degree n is its own group of automor- 
phisms except when n is either 2 or 6. In the former case the group of auto- 
morphisms is the identity, as was noted above, while in the latter case the 
group of automorphisms has an order which is twice the order of the cor- 
responding symmetric group. It may be of some interest to prove here that 
whenever the degree of the symmetric group is different from 2 and G then 
the group of automorphisms of the direct product of the symmetric group 
and the group of order 2 is also its own grouj) of automorphisms. To prove 
this fact it may first be noted that such a direct product has obviously the 
corresponding symnietric group as a subgroup of its group of automor- 
phisms. As this group contains one and only one subgroup of index 2 it is 
possible to obtain an automorphism of the given direct product by letting 
the operators of the alternating group contained in this symmetric group 
correspond to themselves while the remaining operators correspond to 
themselves multiplied by the invariant operatoroL order 2 in the given 
direct product. /G ^ 

The automorphism obtained in this way is cle^ly an invariant auto- 
morphism of order 2 under the group of automorphisms. As this group 
contains two invariant subgroups which have only the identity in common 
it is the direct product of these two subgroups. A necessary and sufficient 
condition that the group of inner automorphisms of a group is also its 
group of automorphisms is that the group admits no outer isomorphisms. 
Hence the statement on page 152 of the Survey of Modem Algebra by Birk- 
hoff and MacLane (1941) that the group of symmetries of the square ad- 
mits no outer automorphisms implies that the abelian group of inner auto- 
morphisms of the octic group is its group of automorphisms. If this were 
true we would have here a very simple answer to the question on page 233 
of Hilton’s Introduction to the Theory of Groups of Finite Order (1908) which 
is as follows: Can a non-abelian group have an abelian group of automor- 
phisms? This question was answered in the affirmative by the present 
writer on page 124 of volume 43 (1914) of the Messenger of Mathematics. 
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It may be added that what is tiow commonly called the group of auto- 
morphisms used to be called group of isomorphisms which is a somewhat 
shorter but less suggestive term. On the contrary the recently proposed 
term hyvalue in place of the much older and more widely used term coef- 
ficient seems to be more justifiable because it is both shorter and more sug- 
gestive than the term which it aims to replace. See W. Krull Elementare 
Algebra^ page 5 (1939). It is evident that automorphisms are very closely 
related to conjugate operations. The outer automorphisms correspond to 
conjugate elements under operators which transform a group into itself 
but do not themselves appear in the group. The concept of conjugate ele- 
ments is very fundamental in the theory of groups. In fact A. L. Cauchy 
and some of his followers used the tenn system of conjugate substitutions 
instead of the term group. 

* Miller, G, A., Transactions of the American Mathematical Society » Vol. 1, p. 396 
(1900). 

* On page 38, Vol. 10 (1942) of the Indian Mathematics Student it is stated incorrectly 
that "every group can be considered as a group of automorphisms.” 


FIXED ELEMENTS AND PERIODIC TYPES FOR 
HOMEOMORPIIISMS ON S. L. C. CONTINUA 

By G. E. Schweigert 

DKfARTMKNT OF MATHEMATICS, UNIVERSITY OF MISSOURI 

Communicated January 14, 1943 

We denote by 5 a semi-locally-connected continuum;^ the only type of 
space used. On 5 only onto-homeomorphisms T(S) =* 5 are considered. 
This note lends support to the thesis that, since the cyclic element theory* 
tends to view 5 as a one-dimensional structure, an orderly approach to 
the behavior of these onto-homeomorphisms on 5 can be made through 
this theory. And that, furthermore, convergence properties* together with 
fixed element conditions^ may be brought to bear with advantage be- 
fore the many periodic types for T are distinguished. Reserving the de- 
tails for publication elsewhere we summarize here a fixed element theorem 
and some characterizations intended to support these views. 

If 5 is a dendrite (tree) and x is an end-point of S fixed under T then let 
p ^ ap be an end-point and denote the unique arc from an: to ^ by Aix^ p). 
Now 7\p) is an end-point and there is a point q 9 ^ x such that A(x, q) 
A{Xt p) ■/!(*, Tip)). If r(g) » q fails to hold the proper subset relation 
A (x, g) c T{A (x, y)) arises from one position for We ignore the other 
possibility ; it is met by the same argument using the inverse of T. Now 
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the sum A (x, g) + T{A (x, g)) + . . . of nested arcs has an arc 4 as its do- 
sure and consequently A has two distinct end-points each fixed under T. 
These methods suitably altered yield the following theorem stated for 
T{S) S but with applications in T{S) c S. 

Thborbm (A). If N 9^ S is an invariant node then there exists in S another 
invariant cyclic dement N, 

If B is invariant under T*, that is, T^{B) = B, it is sometimes said for 
brevity that the set B is T^-invariani. If k is the least positive integer 
giving this equality then the sum of the distinct images of B under itera- 
tion of T is the orbit of B and k is the period of B. In the next theorem 
the oribit of a cut point indicates something of the behavior of T in general. 
If ^ is a cut point of S which is not fixed under T then some component 
jR of 5 — contains a cyclic element fixed^ under T. Hence if H « JR 
and if 5 * i? then H and K are continua such that S ^ H + K^H*K = 
Py and 

Theorem (B). If T^{K) 'K^O and k is the least positive integer giving 
this intersection then either T^{p) — pt or the T^-orbit P of p is infinite and 
the least {T^ -invariant) A~sel A which contains P is a cyclic chain having two 
fixed points as end-points. 

Certain precise consequences can also be stated when this theorem 
fails to apply, The results so far combine to throw new light on certain 
properties introduced by Ayres and Whyburn;® among other things these 
properties are now freed from pointwise almost periodicity requirements. 

(al) If Cl and C% are invariant cyclic elements then every cyclic ele- 
ment in the cyclic chain C(Ci, Cj) is invariant. 

(a2) The sum of all invariant cyclic elements of 5 is a non-empty A -set. 

(a3) For every pair of distinct cyclic elements E\ and £* such that 
r(Ei) « JEa, the cyclic chain C(JEi, Fa) contains one and only one invariant 
cyclic element. 

(wl) If X' is an invariant A-sel in S and N^aX is an invariant node of 
X, then there exists a fixed cut point of X. 

(w2) Let // and K be any two continua of S such that 5 ** + If 

and p » H^K is a cut point of 5. If H and if each meets its image under 
T then T[p) ^ p. 

PxaST CUARACTBRIZATION THEOREM. If T(S) “ 5* hos OHC of thCSt five 

properties it has all of them. 

By assuming that these properties hold for both T{S) « 5 and r*(5) « 
5, that is, in general for all powers from T to T*, the action of T becomes 
more dearly defined. We give next a view of this type of situation. If L 
is the set of all end-points in S and each cyclic element at SinS ^ L has a 
finite period then T is said to be dementwise periodic on 5 L. This 
term is due to Ayres; we introduce a kind of dual concept. If ^4 is an 
invariant true A-set and each component J? of 5 — A has a finite period 
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then T is said to be componentwise periodic at A; componentwise periodic 
on S provided this local property holds for every A, We say an ^-set 
A is bordered or unbordered according as it is possible or not possible to select 
a point pm A and a tiue cyclic element E such that p = A*E, The inte- 
rior of a set X is written Int X. 

Second Characterization Theorem. In order that T{S) — S be ele- 
mentwise periodic on S — L it is necessary and sufficient that one of the 
following conditions be satisfied: 

{a) If M is any set in S ^ L having the property that M contains each 
cyclic element of S which intersects M then T{M) ^ ^'I implies^ 2\M) = Af. 

(6) T is componentwise periodic^ and for every positive integer n, has 
one of the five properties of Ayres and Whyburn. 

{c) T is componentwise periodic ^ and each unbordered -invariant A-set 
A in S admits a contracting^ T” -approximation which preserves interiority 
at A— that is, for every A -sec C with the property A c Int C there is a third 

-invariant A-set B such that AGint B cz C, 

Elementwise periodicity on all of S, or on the complement of the set 
of all nodes of 5, may be characterized directly from the conditions above. 
The contracting ^^-approximations are directed toward proving the 
continuity of orbit decompositions; a type which gives rise to interior 
(open) transformations. Certain methods for establishing the continu- 
ity of decompositions by means of these approximations are illustrated 
using for brevity a strongly restricted space, lliis gives the essentials of a 
proof for the theorem* which states that a period function d^ned for the 
points of S relative to T{S) = 5 and bounded on each cychc element yields 
a continuous orbit decomposition. However, the presence of disjoint closed 
invariant sets rather than point-orbits in the Ulustration points the way to 
generalizations in this direction. 

In the absence of any statement to the contrary page numbers refer to the Colloquium 
Publication, Analytic Topology, by O. T. Whyburn, New York, 1942. See also the 
references in this book, 

I P. 19. 

* Pp. 64-98 for terminology and results used freely below, 

» P. 69. 

* P. 242. Theorem of Ayres, fund. Math., 16, 332 (1932). 

• Pp. 247-249. 

• Compare Theorem (1.2), p. 240. 

^ For an "expanding" approximation, see Theorem (4.7), p. 249. Omitting the 
p. a. p. assumption this too is a characterization. 

« Abstract in BtUL Am. Math, Soc., 45, 82 (1939). Also see Theorem (6.1), p. 261 
and Theorem (6.42), p. 268. 
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ATROPINESTERASE, A GENETICALLY DETERMINED ENZYME 

IN THE RABBIT 

By Paul B. vSawin* and David GlickI 

Brown University, Providence, R. I., and the Laboratories op Newark 

Beth Israel Hospital. Newark, N. J. 

Communicated January 12, 1943 

Introduction. — Hereditary differences in enzyme activity are well known 
among both plants and animals, particularly in so far as they have to do 
with irregularities in pigment formation.*®* ** In animals such differences 
are not restricted to pigment formation but have to do with many other 
physiological activities such as the xanthophyllase activity which deter- 
mines the presence or absence of yellow color of body fat in the rabbit,*' “ 
the amylase activity in the digestive juices of silkworm larvae^ and the 
uricase activity which determines the amount of nitrogen excreted as uric 
acid in the dog,* In man alkaptonuria, steatorrhea, hematoporphyria, 
pentosuria and cystinuria are other biochemical differences which are sus- 
pected to have a similar background. 

Recently interest has been revived in the observation, first reported by 
P'leischmann* and subsequently confirmed by others in various parts of the 
world, that the blood of certain rabbits can destroy atropine while that of 
others cannot. Studies of some properties of the enzyme in the serums of 
tliose rabbits capable of hydrolyzing atropine have been carried out by 
Click, ^ and Click and Glaubach* have invCvStigated the distribution of the 
atropinesterase among certain tissues in these animals. The possibility 
that atropinesterase in rabbit serum is an inherited factor was recognized 
by Levy and Michel^ but no supporting data have been forthcoming. 
The present cooperative investigation is an attempt to determine the ge- 
netic properties of the enzyme. 

Methods. — Blood samples of sufficient volume to provide 0.5 cc. of serum 
have been obtained from animals at three months of age or older of the 
proper matings in the laboratory at Brown, centrifuged to remove the cells 
and placed in the mail for examination within three days at Newark. The 
enzyme activity was determined by the manometric method employing the 
Warburg apparatus in the manner previously described.** * The activity 
was expressed as atropinesterase units per 100 mg. of serum. The unit is 
defined as the amount of enzyme required to liberate 1 c. mm. COs in 300 
minutes at 30^ in a total volume of 4 ml. in the bicarbonate-Ringer medium 
containing a concentration of substrate (0.25% atropine sulphate) suf- 
ficient to achieve the maximum rate of hydrolysis. 

Data and Discussion. — ^Preliminary examination of five unrelated families 
showed that about 56 per cent of the 181 rabbits examined possessed the 
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atropinestcrase. This is a considerably higher proportion than previously 
obtained by other investigators and suggests the existence of racial dif- 
ferences# a fact that becomes more apparent when this population is sepa- 
rated into its constituent parts. Two of the families — a New Zealand 
White race which has been closely bred for more than 10 generations# and 
the A race of Castle, a small-sized multiple-recessive strain — ^appear to 
lack the enzyme entirely. The other three families possess it in a high pro- 
portion of the individuals. Family V, a pure chinchilla race, also closely 
bred for 12 generations, and family X, a more heterogeneous race origi- 
nated by hybridization of the small race with other genetic stocks, produce 
both enzyme-possessing and non-enzyme-possessing offspring. In the first 
family, among 50 individuals tested the proportion was equal; in the 
second, 75 per cent of 87 animals examined were atropinesterase-producing. 
Only 14 individuals have been examined in family lie, of which three did 
not possess the enzyme. Of these families, III, V and X at least, show sig- 
nificant genetic differences. No entire family was found which does not 
produce some individuals lacking the enz)rme. 

The evidence as to the hereditary nature of these differences is as fol- 
lows. In a total of G9 offspring obtained from parents lacking the enzyme, 
none have shown any trace of the enzyme. Parents possessing the enzyme, 
on the other hand, may or may not transmit the character to their offspring. 
If those which do possess it are paired with mates which do not, one of two 
alternatives follows. Either the offspring all possess the enzyme or they 
are about equally divided between those which possess it and those which 
do not. This indicates homozygosity in the first case and heterozygosity 
in the second case, of the parent possessing the character. Thirty-seven 
individuals have been obtained from the first type of mating, all of which 
were positive. In a population of 173 individuals obtained from the second 
type of mating, 88 possessed the enzyme in their blood and 86 did not, 
which is a close approximation to the equality expected from a roonohybrid 
backcross. From known hybrids mated with each other, 68 young pos- 
sessed the enzyme and 30 lacked it.* This departure from the expected 
3 : 1 ratio is not significant since it is less than twice the probable error. 

From these results it appears that the ability to produce the enzyme is 
dominant over its absence. Dominance is probably not complete, however, 
since animals known to be heterozygous show a lower mean value of en- 
zyme production than those which arc homozygous. For 25 animals 
known to be heterozygous the mean value was 107 with a range of 62-174. 
For 4 animals known to be homozygous the mean value was 271 with a 
range of 232-348. 

It is also interesting to note that the enz 3 rme is not present at birth but 
first manifests itself at one to two months of age. Forty-five animals have 
been bled from the heart at birth and at monthly intervals two or three 
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times thereafter. Thirty-nine of these possessed at least one homoz 3 ^ous 
parent and hence could be expected to have the enz 3 mie in their blood at 
three months of age. Six were from a heterozygous male and a non-enzyme 
mother. None of those examined at birth had demonstrable activity in 
their blood. Twelve out of 16 of the individuals of the first group, ex- 
amined at the end of the first month, possessed the enzyme in substantial 
amounts and two others had a trace. All of them were active at subse- 
queiit examinations. Of the second group none possessed the enzyme at 
the end of the first month but one of them did show it at later examinations. 

Similar quantitative differences and also differences in the age of produc- 
tion of the enzyme are apparent in the amylase of the digestive juice of the 
silkworm/ and in several enz 3 mies of the pig.® 

Through information supplied by Dr. C. I. Wright of the Nationaljn- 
stitute of Health, Bethesda, Md., who had previously discovered the enzy- 

TABLB i 

Evidbncb for Genetic Linkage bbtwebn Obnbs As and E 
Backcross progeny from double heterozygote X double recessive 



NOH-CItOflSOTICES 

CHOSSOVftltS 

POPUI.ATfON 


E As 

e as 

E as 

e As 


Coupling 

id"' 

12" 


'T' 

80 


E as 

e As 

E As 

0 as 


Repulsion 

4 


1 


12 

Totals 

31 


11 


42 


The deviation from equality, 10, is 4.5 times the P.B., 2.19, and so clearly significant. 
The indicated crossover percentage is 26.2 * 6.2. 


matic hydrolysis of certain morphine derivatives,^* there is reason to believe 
that the enzyme which hydrolyzes atropine may be identical with that 
which hydrolyzes monoacetylmorphine. Nineteen serums from our labora- 
tory and 8 from his own have been examined by Dr. Wright. Bach sample 
was examined for the hydrolysis of both substrates under the same condi- 
tions. All of the 17 individual bloods which hydrolyzed the one compound 
also hydrolyzed the other, whereas those of 10 individuals hydrolyzed 
neither. According to Dr. Wright, the order of activity is the same when 
the serums are arranged as to enzyme concentration for either *'monoace- 
tylmorphinease’’ or *'atropinesterase.’’ The initial rate of hydrolysis of the 
former is somewhat greater than for the latter but the time required for 
complete hydrolysis is approximately the same, due to the difference in the 
order of the two reactions. 

For the gene responsible for atropinesterase production we shall use the 
symbol As and for its recessive allele, as. This gene apparently is borne 
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on the same chromosome of the rabbit as is the gene E for the extension of 
black pigment in the coat, for in matings between a double recessive in- 
dividual and an Fi double heterozygote, crossover recombinations are 
significantly fewer than non-crossovers, the two classes being 11 and 31, 
respectively (table 1), whereas equality would be expected if no linkage 
existed. Tentatively the genes As and E are regarded as members of a 
sixth linkage group of the rabbit. vSegregation of both of these pairs of 
genes in this population is entirely regular when they are considered sepa- 
rately. 

We regret that due to the national emergency, which has made it im- 
possible for one of us to continue the work, a more accurate determination 
of the actual strength of this linkage association cannot be obtained at this 
time. In comparison, however, similar data have been obtained from 
crosses involving combinations of .4 5 and the agouti gene A and the color 
gene C. Nine and 8 offspring, respectively, have been obtained from these 
matings and the offspring are as equally divided between crossover and 
non-crossover combinations as possible. 

Considering the population as a whole there is an obvious tendency for 
females to manifest greater enzyme activity than males, although no sig- 
nificant difference in the distribution of the character to the two sexes is 
manifest. Close scrutiny of the individual matings, however, reveals that 
in the backcross matings X asas) this tendency is quite pronounced, 
the average male and female titers being 98 and 129, respectively, and there 
is a statistically significant tendency for females to possess the character 
more often than males. A similar situation occurs in the although less 
pronounced. The full meaning of this observation is not apparent. It 
seems probable, however, that possession of atropinesterase is not in itself 
a sex-linked character since in the same backcross population sufficient 
numbers have been obtained to indicate that it makes no difference whether 
the As gene is derived from the mother or the father. It seems more proba- 
ble that this peculiarity is the result of a difference in the genetic milieu of 
the two sexes, perhaps acting secondarily through the medium of the sex 
hormones. It is interesting to compare these results with the similar be- 
havior of cholinesterase in rats and mice in which age and also sex are im- 
portant factors.^ 

Concliisi<m ^ — Rabbits which have in their blood serum an enzyme capable 
of hydrolyzing atropine (and monoacetylmorphine) inherit that peculiarity 
in a gene {As) borne in the same chromosome as the gene (£) for the exten- 
sion of black pigment in the coat. The gene (i4r) is incompletely dominant, 
homozygotes producing the enzyme more effectively than heterozygotes. 
The enzyme is not present at birth but appears first at about one month 
of age, and tends to occur in greater concentration in females and to be 
demonstrable in a higher percentage of them than in males. 
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NOl^E ON THE TIME^NTENSITV FACTOR IN RADIOBIOLOGY 

By U. Fano and L. D. Marinelli 

Carnegie Institution op Washington, Department of Genetics, Colo Spring 
Harbor, N. Y., and Memorial Hospital, New York, N. Y. 

Communicated January 16, 1943 

In many radiobiological reactions the effect of a given dosage of radia- 
tion is found to depend on tlie “time-intensity factor/' that is, to be a 
direct function of the intensity (“intensity effect") and to be lower when 
the treatment is intermittent than when it is continuous, the intensity re- 
maining the same (“fractionation effect"). This phenomenon has been 
generally attributed to recovery of the biological material from the action 
of the radiation. The intensity effects have been determined by comparing 
the results of continuous irradiation with constant dose and different inten- 
sities. They have been the object of most experimental and theoretical 
investigations in this field, although they do not seem to supply, per se, cru- 
cial information on the course of recovery. In a recent study of the 
intensity effect on x-ray induced chromosomal aberrations in Tradescantia 
microspores,^ one of us (L. D. M.) came to the conclusion, to be amplified 
and generalized in this note, that fractionation experiments, consisting of 
two high-intensity irradiations separated by a variable intermission, 
should be better suited to the investigation of the time-intensity factor. 
This is because in fractionation experiments radiation can usually be de- 
livered in a short time, during which recovery is negligible, and recovery 
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tnay be allowed to take place mainly during the intermission. The ap- 
plication of more than two separate irradiations seems to constitute an 
unnecessary complication. The basis for this conclusion was an analysis 
of the assumed "two-hit"' mechanism of production of chromosomal re- 
arrangements. 

It has been postulated by Sax* that chromosomal breaks ai^ produced by 
x-rays in Tradescantia microspores at a rate proportional to the dosage, 
and that an observable rearrangement occurs when two or more breaks 
are available at the same time in the same microspore. The dependence 
on the time-intensity factor has been attributed to recovery (or "restitu- 
tion") of single breaks which otherwise would have contributed to the 
formation of rearrangements. Since previous experiments had not suc- 
ceeded in yielding definite information on the process of restitu- 
tion, the following experimental design was suggested as the most ef- 
ficient. Mtcrospores should be subjected to an x-ray dose Pi, followed by 
an intermission of duration t and then by a second dose P2, each dose 
being delivered within a short time, during which restitution of single 
breaks is negligible.^ In the same study a mathematical formula was de- 
rived that permits one to gather substantial information from data ac- 
cessible through an experiment of this type, The derivation of this for- 
mula was based, however, on very special assumptions, and the wider 
scope^ of its application was not immediately realized. It is the purpose 
of this note to derive first an analogous formula starting from less special 
assumptions, and then to proceed to discuss how the same formula, as 
well as related ones, can be applied to a broader class of phenomena. 

I, The fraction of microspores, /(Pi)i in which an observable rearrange- 
ment is induced by a single dosage Pi, delivered within a sufficiently short 
time, is a function of the dosage only, and can be determined experi- 
mentally, The fraction of microspores in which an observable rearrange- 
ment is induced by a fractionated treatment such as that described above 
is a function of both dosages and of the intermission, F(Pi, /, P2), that can 
also be determined experimentally. We shall discuss the dependence of F 
on the various factors involved, on the basis of the previously postulated 
mechanism. 

After the first dose there will be a fraction /(Pi) of the microspores in 
which two or more breaks have been produced within a short time so that a 
rearrangement will certainly result. There will also be another fraction, 
which we indicate by g(Pi), wherein only one break has been produced. 
During the intermission, some of the single breaks will undergo restitution. 
By the time the second dose is given, only a fraction of the initial number 
of single breaks is left; if this fraction depends on the duration I of the 
intermission we may indicate it by Experimental determination of 
this fraction r{t) is the actual object of the inyestigation considered here. 
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At the start of the second irradiation there will be three groups of micron- 
spores: (1) a fraction /(A) which will show rearrangements; (2) a 
fraction g(Z)i)r(0 in which one single break is still present, and (3) the re- 
maining fraction i * /(A) — ^(A)^'(O iw which no break exists. The ef- 
fect of the second dose Pi on this complex population can then be com- 
puted as follows. No effect of the first dose is present in group (3), so 
that a completely new rearrangement requiring two or more breaJ^ will be 
produced in a fraction /(Ps) of it. In group (2) it is sufficient to produce 
one or more new breaks to have a rearrangement: The second dose (Pj) 
will produce in this group one break in a fraction ^(Pi) and two or more 
breaks in a fraction /(Pa), The total fraction of rearrangements out of 
group (2) is, therefore, ^(Pi) + f{Di). The entire group (1) will be scored 
anyway as showing a rearrangement, so that it will not show any apparent 
effect from the second dose. The final scoring of rearrangements will thus 
include a fraction /(Pi) of all microspores, contributed by group (1), a 
fraction g(Pi)r(0 [^(P®) +/(Pa)] contributed by group (2), a fraction 
[1 — /(Pi) ""g(Pi)^(0] /(A) contributed by group (3). Therefore the total 
effect of the fractional treatment on the whole microspore population can 
be written as; 

F(Pi, A) « /(Pi) + g(Pi)r(0 [g(A) +/(A)] + 

(l-/(Pi)-g(A)r(/)]/(P,) 

« /(A) + /(A) - /(A)/(Pi) + £(A)r(/)g(A) (1) 

It is seen now that this quantity F(Pi, /, P*) consists of two parts. One 
part, that we call 

^{Du A) * /(A) + /(A) ~ /(A)/(A) (2) 

depends only on the dosages Pi and P« and on the experimentally deter- 
minable fimction /. The other part g(Di)r{t)g{Di) is proportional to the 
unknown fimction r(t) through the unknown quantities g(Pi). g(P*), 
On account of the definition of r(0» r(0) « 1; the function r{t) can now 
be calculated in terms of experimentaUy determinable quantities: 

u) tML ^ g(A)r(0g(A) /^(Pi, A) - <p(Du A) 

“ r(0) g(Pi)r(0)g(Pa)| “ P(Pi, 0, P,) - ^(A, Pa) ^ ^ 

The analogous formula previously derived^ was based on Swann-Del 
Rosario’s assumption* that r(0 = This new formula does not make 

use of any such assumption, yet it serves to test directly not only whether 
r(t) ass but also whether r{t) » 1 for / < t, r(t) « 0 for / > t (r being 
the lifetime of a chromosome break), as suggested by Lea^ or is a still dif- 
ferent function. 

In the case of complete restitution of single breaks which may, but 
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need not, occur when t is very large, we should have r(t ») «= 0, and hence 
F(Pu A) — <p{F>u Dt). This indicates that the quantity ip(Pu A) 
defined by formula (2) is the total effect of a fractionated treatment under 
the specific condition that at the start of the second dose all microspores 
carry either a rearrangement or no break at all. 

Whenever the total effect F of a fractionation experiment exceeds tp, it is 
because at the start of the second dose some microspores carry one single 
break, that is, show an intermediate, not directly observable, effect of the 
first dose. This effect, however, becomes experimentally detectable as a 
sort of “sensitization,” because the effect of the second dose on these broken 
microspores is greater than it would be on microspores carrying no break. 
The difference between F and ^ may then be taken as a new function 5 
measuring the effect of sensitization : 

SiDu t. A) - F(Du t, Dt) - D^) - 

F(Z?x, /, A) - /(A) - /(A) + (4) 

(the latter equality derives from (2)). Comparing (4) with (1) it follows 
that; 


S(Du A) - gmr{t)gm. (40 

Furthermore, comparing (4) or (40 with (3), it follows that (3) can be 
written as: 


S(Du t, A) 
5(A, 0, A) 



showing that the recovery function r{t) measures the decline of the sensi- 
tization effect 5. 

It is recovery from this partial, not directly observable, effect of sensi- 
tization that we are dealing with, and not recovery from the final observ- 
able effect. The latter may be either non-existent (according to the na- 
ture of the biological material or the criterion chosen as effect) or may be 
studied and evaluated directly.* 

III. It is possible to extend this discussion to a broader class of radio- 
biologic phenomena, whose mechanism need not be similar to the one 
postulated for Tradescantia microspores. In fact the definition and the 
experimental determination of the observable effects indicated by F(Di, t, 
A) and/(/)i) or /(A) are perfectly general and in no way dependent on the 
particular mechanism that is postulated. Whenever a biological effect of 
radiation is measured as the frequency of occurrence of an observable 
event, in sufficiently stable biological material, it should be possible to 
determine the effect of sensitization 5 experimentally, through formula (4). 
For a graphical representation of the quantity S in the special case of / » 0, 
see figure 1, 
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The interpretation of this quantity remains the same as given above, 
with exceptions to be considered later. The decline of the effect of sensi- 
tization St as the intermis- 
sion t increases, may be 
taken as an index of re- 
covery. This index is iden- 
tical with r(t) (formula 
(3')) when the theory de- 
veloped above for Trades - 
cantia can be applied. In 
general, however, it may 
depend also on Di and A 
because; (1) the course of 
recovery may depend on 
the degree of sensitization 
achieved by the first irra- 
diation with dose Di] and 
(2) the nature of the ob- 
served results may be such 
that the effect of sensitiza- 
tion as determined by this 
method may depend on the 
magnitude of Z>j. Accord- 
ingly one may replace r(t) 
by a general index: 



Graphical representation of the effect of sensitiza- 
tion as derived from dose-effect relationships. 

Dose-effect curve f(Di) for a single high-intensity 
irradiation, — . 

Same curve in a different scale (1 — f(Di) : 1) refer- 
ring to a second irradiation, . 

When there is an intermission, the total effect 
F{Di, Di) falls short oif{Di + Dt) and consequently 
the effect of sensitization S(Du L Dt) falls short of 
5(Z?i. 0. Dt), 


R = 


S(Du tt A) 

S{D,t 0, A) 


( 3 *^) 


which can be studied under different conditions. 

The experimental determination of the effect of sensitization S for dif- 
ferent values of Du t and D% permits us to reverse the procedure developed 
for Tradescantia and to test whether or not the mechanism of sensitiza- 
tion and recovery has the same characteristics as the one postulated for 
Tradescantia. Various analytical or graphical procedures may serve to 
determine whetlier or not a function of several variables, such as 5 in for- 
mula (4')» is actually the product of several functions, each of them depend- 
ing on a single variable. First, the index R may be plotted as a fimction 
of / for a number of different values of A and Ai and it may be verified 
whether or not all curves so obtained coincide; if they do, jR is a function 
of the interval t only, which may be called again r(f), and S is then the prod- 
uct of its own value at ^ 0 and of this separate function r(/), namely, 

S{Du t, Di) = SiDi, 0, Di)r{t), The next step is to check whether S{Du 
0, Di) itself is the product of two separate functions g(i5i) and g(A). 
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When t — 0, the two doses are equivalent to a single doseDi + D*; there- 
fore: 

F{Du 0, A) - /(A + A) 


and 


5(D„ 0. A) - m + A) - /(A) “ /(A) + /(A)/(A). 

Thus S{Du 0, I> 2 ) depends only on the dose-efifect curve for short irradia- 
tions and is symmetrical with respect to A and A- The quantity 5(A# 
0, X>s) may now be plotted as a function of A for a number of different 
values of and it may be checked whether or not all curves so obtained 
differ only by a change of scale in the ordinates. If they do, S{Di, 0, D$) 
is actually the product of two separate functions g(Di) and ^(Ps), and also 
the curve representing g(Pi) itself differs from any one of these curves 
only by a proper choice of the scale in the ordinates (such as to fulfill the 
equation S(Pi, 0, Pi) « 2*(Pi)). 

The theory for Tradescantia leading to formula (4') was derived on the 
assumption that the production of chromosomal rearrangements takes 
place according to a "two-hit” mechanism. Conversely, it can be proved 
mathematically® that the function 5CPi, 0, P*) is a product of g(Pi) and 
g(A) when, and only when, the dose-action curve /(Pi) fulfills conditions 
slightly more general than those postulated for a "two-hit curve” by Blau 
and Altenburger.^ 

When the effect of sensitization 5 cannot be represented by formula 
(4')t it may be possible to postulate a more complex mechanism of sensi- 
tization and recovery and to describe its mathematical consequences by 
the methods used above for Tradescantia. The effect of sensitization 5 
should then be represented by a sum of terms, each of which has the form 
indicated in (40* Experiments aimed at gathering information about the 
mechanism of sensitization and recovery should therefore determine first 
the function 5(Pi, D%) and next try to break it up into such a sum of 

terms. 

IV. Cases must be considered, in which the function S can still be 
defined and determined experimentally through formula (4'), but its inter- 
pretation as an effect of "sensitization” is not straightforward. For in- 
stance, there might be some secondary effect of radiation resulting in 
partial inhibition of — or resistance to — ^the main observable effect. This 
secondary effect, although started by the first dose, could become increas- 
ingly intense as subsequent phenomena develop dtiring the intermission, 
so as to act by itself as a time-intetirity factor. In such a case the func- 
tion S would not measure the "sensitization” proper, but the difference 
between the sensitization effect and the opposite "inhibition” effect. If 
the latter effect becomes more important than the former, the function 5 
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becomes negative, which would not be expected to occur on the basis of our 
earlier considerations. 

Another difficulty arises from the possibility that the treated material is 
initially variable in its sensitivity to radiation. If so, the first dose would 
induce a final, observable, effect preferentially in the most sensitive or* 
ganisms, while the second dose would act on a population already selected 
for higher resistance to radiation. This situation results in an apparent 
reduction of the effect of sensitization. An effect of this type is important 
whenever the variability of the material significantly affects the shape of 
the dose-effect curve for short treatments. This might be the case in ex- 
periments like those of MacComb and Quimby,* on the production of ery- 
thema in human skin : the percentage of patients showing pigmentation 
plotted against the dosage of a short treatment yields a threshold-t 3 rpe 
curve, in which, however, the threshold is not ideally sharp. It seems a 
reasonable interpretation that the threshold would actually be very sharp 
except for individual variability. In the discussion of the time-intensity 
factor, one may try to eliminate the effect of variability, by estimating 
what the experimental results would be in absence of variability. This is 
frequently done in the case of threshold-type curves, by discussing the ideal 
case of a perfectly sharp threshold instead of the observed one. When the 
threshold is ideally sharp, the observable quantities, i.e,,/(A)»/(-^^ 2 ), F{Di, 
/, Z?a), can be only zero or unity, and hence the same holds for the derived 
quantities <p{Du A) and S{Du t, A)- The purpose of experimental in- 
vestigation should then be to determine all the possible ways of giving a 
thre^old treatment. Each threshold treatment consists of a set of values 
Du ti A lying on the boundary at which the effect of sensitization jumps 
from zero to one. Such an investigation was actually carried out by Mac- 
Comb and Quimby, except that these authors kept the two doses equal 
(Pi ** Pa) and thus did not determine the whole range of threshold treat- 
ments but only a cross-section of it. For instance, in order to test Lea’s 
theory® on the elimination of poisonous substances for the case of skin 
erythema, Pi should rather be kept constant, and then it may be deter- 
mined how large the second dose Pa must be, as a function of the dura- 
tion t of the intermission, in order to achieve a threshold reaction. 

Sumfmry, — X-ray treatments consisting of two irradiations, delivered 
within a sufficiently short time and separated by variable time intervals, 
seem to be most suitable for the investigation of those recovery processes 
that express themselves through the time-intensity factor. From experi- 
mental data thus obtained, an index of recovery R can be calculated, which 
should prove useful in studsdng the course of recovery. Experimental 
tests axe suggested for determining the complexity of the process. The dis- 
cussion leads to a more comprehensive point of view with reference to 
various radiobiological theories previously proposed. 
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SOME INTERRELATIONSHIPS OF PYRIDOXINE, ALANINE 
AND GLYCINE IN THEIR EFFECT ON CERTAIN LACTIC 

ACID BACTERIA 

By Esmond E. Snkll and Beverly M. Guirard 

Clayton Foundation for Rrsearcu and the Biochemical Institute. University 

OF Texas 

Communicated January 11, 1943 

Various investigators^* ® have shown that pyridoxine (vitamin B«) 
under certain conditions is a necessary growth factor for certain species of 
lactic acid bacteria. One such organism is Streptococcus lactis R. In a de- 
tailed study of the requirement of this organism for pyridoxine, Snell, et 
showed that there existed in natural products a substance which could be 
derived from pyridoxine by metabolic processes, which far surpasses pyri- 
doxine in its physiological activity for this organism. To distinguish this 
substance from synthetic pyridoxine it was tentatively called *‘pseudo- 
pyridoxine.” It was later shown* that if heat sterilization were avoided, 
pyridoxine was almost without growth-promoting activity for this organ- 
ism. It became highly active on autoclaving with the basal culture medium. 
The degree of activity increased as the period of heating was increased* 
The effect was traced to interaction during autoclaving between pyridoxine 
and the amino acids of the medium; presumably ^^pseudopyridoxine** 
or a substance of similarly high activity for the test organism was formed 
in small amounts. 

While investigating the effect of individual amino acids in promoting 
the above “activation” of pyridoxine during heating, it was found that 
large amounts of alanine completely replaced pyridoxine as a growth factor 
for this organism. Glycine, on the other hand, inhibited growth. This 
inhibitory effect of glycine was removed, within limits, by additional 
amoimts of pyridoxine, but not by additional amounts of any of the other 
vitamins. It was similarly removed — even more effectively— by alanine, 
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but not by other amino acids. Details of these findings are presented 
below. 

ExperimeniaL — ^The basal medium used, and the conditions of testing, 
were exactly similar to those previously described.* The test organism 
was in all cases Streptococcus lactis R. Table 1 shows the comparative 
effects of pyridoxine, dl-alanitiG and glycine on growth. The maximum 
growth effect of pyridoxine is reached under these conditions at a concen- 
tration of 3 7 per 10 cc. of medium, ^iZ-Alanine promotes growth to the 
same level when 1 to 3 mg. is added per 10 cc. This comparatively low 
activity of alanine suggests that its activity might be due to contamination 
with a substance possessing pyridoxine activity. That this is not the case 
is shown by the following considerations. Syntlietic rfZ-alanine obtained 
from three different sources had exactly the same activity. This activity 
was unchanged after solution in water, treatment with an equal weight of 
activated charcoal, evaporation and recrysballization. Finally, the ac- 
tivity of (//-alanine was destroyed by nitrous acid treatment; pyridoxine 
is unaffected by such treatment.** Separate experiments showed that dl~ 
alanine would support continued heavy growth of the organism through 
repeated subcultures in the complete absence of pyridoxine. Under the 
conditions described, therefore, alanine in high concentration completely 
replaces pyridoxine in its growth effect on this organism. 

TABLE 1 

The Effect of Pyridoxine, Alanine and Glycine on Growth of Streptococcus 



lactis R. 



Amount Addbd 

Galvanombtbb 

SUBSTANCB TBiTBD 

7 PBR 10 cc. 

Rbadino* 



20 

Pyridoxine hydrochloride 

0.2 

30 


0.6 

44 


1.0 

65 


3.0 

68 


10.0 

68 

d/-Alanine 

100 

21 


300 

32 


600 

53 


1000 

68 


3000 

73 

Glycine 

1000 

8.8 


6000 

2.8 


* Distilled water reads zero; a reading of 100 is complete opacity. 

Addition of glycine to the basal medium suppressed growth below that 
which occurred in the control tubes. Slight growth in such unsupplemented 
tubes occurs because of carry-over with the inoculum of small amounts of 
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substances which have pyridoxine activity, or the incomplete removal of 
such substances from the hydrolyzed casein of the basal medium* When 
extreme care is taken in preparing the basal medium, and small, washed 
inocula are used, no growth occurs in the unsupplcmented medium, and 
addition of glycine to such a medium results in no apparent change. The 
inhibitory effect of glycine is more clearly seen when maximum growth of 
the organism is permitted by the addition of pyridoxine or of alanine. Re- 
sults of such an experiment are shown in table 2 . From 1 7 to 3 7 of pyri- 
doxine hydrochloride was sufficient to permit growth to proceed to a maxi- 
mum. No greater growth was attained when as much as 300 7 of the vita- 
min was added. In the presence of only 1 7 of the vitamin addition of 2 
mg. of glycine suppressed growth to approximately the level reached in 
the control tubes. As the amount of p 3 rridoxine is increased, the amount 
of glycine required to suppress growth to the level of the control tubes in- 
creases: thus with 3 7 pyridoxine hydrochloride, 5 mg. of glycine is re- 
quired; with 10 7 pyridoxine nearly 10 mg. of glycine is required; with 30 
7 of pyridoxine, 30 mg. of glycine is required for inhibition. The inhibitory 
effect of glycine is thus overcome to a very considerable extent by the pres- 
ence of p3Tidoxine in large amounts. More than 30 mg. of glycine is ap- 
parently irreversibly toxic for this organism under these conditions. Just 
as alanine replaces pyridoxine in its growth effect for this organism, so it 

TABLE 2 


Inhibitory Bffbct of GLvaNB on Growth of Stre^ococcus lacHs and its Rbvbrsal 

BY Pyridoxins and Alaninb 


AOOinONI TO CULTUiUt Mbdzuu 
OL vcmB Fviudoxjkb 

C4LVAH0- 

AoDlTtOBB TO COLTVBB MBDXOM 
Oavcsnb, J1>Alaninb. 

Oalvano- 

KO. rSK 

■YOBOCfitLOK- 

KBTBX 

KO. BBR 

MO. PBB 

KBTBB 

10 CC 

IDB, Y rsR 10 CC. 

Rbaoino* 

10 cc. 

10 cc. 

Rbadino* 

0 

0 

19 

0 

0 

16 

0 

1 

58 

0 

1 

69 

0 

3 

64 

0 

8 

73 

0 

10 

63 

0 

10 

73 

0 

30 

60 

0 

30 

73 

0 

800 

58 

1 

1 

65 

: 

1 

36 

3 

1 

41 

2 

1 

21 

10 

1 

10 

2 

3 

50 

1 

10 

73 

5 

8 

21 

3 

10 

72 

10 

3 

3 

10 

10 

71 

2 

10 

60 

30 

10 

66 

6 

10 

43 

100 

10 

12 

10 

10 

15 

100 

30 

12 

5 

30 

58 

« A « 

* * 

« « 

10 

30 

38 


« * 

4 • 

30 

30 

18 

« » i 

* « 

4 A 

30 

300 

14 

* « • 

A A 

A A 


* Aft in table I 
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also reverses the inhibitory effect of glycine. In this experiment, 1 to 3 
mg. of alanine permitted maximum growth to occur. With 1 mg. of i/- 
alanine present, about 10 mg. of glycine was required to reduce growth to a 
level below that reached in the control tube. With 10 mg. of d/^alanine, 
100 mg. of glycine was required to produce the same effect. Although pyri- 
doxine on the weight basis is much more active than alanine in effecting 
reversal of glycine inhibition, alanine reverses this inhibition when the gly- 
cine concentration is higher. When 100 mg. of glycine is used, the inhibi- 
tion is not reversed by additional amounts of alanine. 

The specificity of these responses is shown in table 3. Of the water- 
soluble vitamins tested, only pyridoxine was effective in promoting growth 
on this medium and reversing growth inliibition produced by glycine. 
Similarly, each of the amino acids so far obtained from casein hydrolyzates 
was tested. Only those fairly closely related to alanine are listed in the 
table. Of these, only alanine was effective in duplicating tlie growth effect 
of pyridoxine, and in reversing growth inhibition produced by glycine. 
Each of the other amino acids was completely ineffective in this respect. 
Serine and threonine show slight inhibitory effects in the same direction as 
does glycine. 

The effectiveness of various compounds related in structure to glycine 
in producing inhibition of growth was further tested. These results are 
given in table 4. jS-Alanine, d/-serine and di-threonine inhibited growth, 
but their effectiveness was considerably less than that of glycine. In each 
case the growth inhibition was prevented by simultaneous addition to the 
medium of additional amounts of pyridoxine or of alanine. As with glycine 
(table 2), this inhibition was reversible only within a limited range of con- 
centrations, above which inhibition of growth by these compounds was 
not reversed by additional amounts of pyridoxine or of alanine. 

The fact that added alanine replaces pyridoxine for 5. lactis, but growth 
does not occur on the basal me^um without pyridoxine or alanine, sug- 
gests that this organism is incapable of synthesizing alanine. This seemed 
rather unusual, since lactic acid is the chief product produced by the organ- 
ism during growth. The amino acid requirements of the test organism 
were therefore determined. The hydrolyzed casein of the basal medium was 
replaced with a mixture of all of t)ie amino acids listed as occurring in casein^ 
with the exception of j8-hydroxyglutamic acid. The neutralized mixture was 
added to the medium at such a level that each 10 cc. of medium contained 
1 mg. of each amino add. Ten milligrams of glutamic add and 3 y of py- 
ridoxine hydrochloride were added per tube. The effect of omitting in- 
dividual amino adds from the mixture was then determined. Results are 
shown in table 5. Alanine, glydne, threonine and serine are among those 
amino adds which are essential for the growth of this organism. While 
alanine in high concentration replaces pyridoxine, the addition of excess 
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TAnhB 8 


Specificity of Pyridoxine and d/*ALANiNK in Promoting Growth and Rbvbrsino 

Inhibition op Growth by GLYaNB 

Oalvanohustba Rbadtng* 


SUBSTANCB TBSTBD 

Auovnt Addku, 
y PAX 10 CC. 

XjNftwppLa- 

MSKTSO 

3 T PVXlDOiaNB 
hvdkocbloridb 
AND 4 KG. OX.V- 
CIHB AGDBO PBB 
10 GC. 

t T t t i t t ^ 

• ■ « T 

10 

37 

Pyridoxine hydrochloride 

3 

58 

42 

Pyridoxine hydrochloride 

100 

55 

65 

Thiamin chloride 

100 

10 

37 

Riboflavin 

too 

10 

38 

Nicotinic acid 

100 

10 

38 

Pautotheuic. acid 

100 

10 

36 

Biotin 

2 

10 

38 

p-Aminoben'Aoic acid 

100 

11 

37 

Folic acidt 

2 

10 

36 

dl- Alanine 

1000 

68 

48 

d/-Alanine 

5000 

60 

67 

d/-a* Aminoisobutyric acid 

6000 

10 

37 

d/-Norvaline 

6000 

10 

37 

d/' Valine 

5000 

0 

37 

d/‘Serine 

6000 

6 

31 

d/-Threonine 

6000 

6 

31 


* As in table 1, 
t Potency 10,000.** 


TABLE 4 


Growth Inhibition by Compounds Related in Structure to Glycine* 


COKPOUNG TBSTBO 

Ikhiiiition 

Amovnt 

R80UtXSD,t 

KO. PVR 

10 CC. 

iNsnmoN Rbvbbsbo by 

PVBIDOXINB 

VYGRO* 

CBLOBIDB il-ALANXNB 

Glycine 


2 


+ 

/J“Alanirte 


30 

+ 

4* 

d/'Serine 

+ 

16 

"f 

4“ 

dl-Threouine 

4- 

16 


+ 

d^Alanine 

— 

(100) 

« * 

* • 

Lactic acid 

— 

(30) 

« « 


Creatine 

— 

(30) 

r 4 


Choline chloride 

— 

(30) 

4 * 


Benzoyl glycine 

— 

(30) 

+ . 


Olycollic acid 

— 

(30) 

* * 



* All compounds were tested for their inhibitory properties by adding increasing 
amounts to the basal medium to which 0.5 y of pyridoxine hydrochloride per 10 cc, was 
added. This amount of pyridoxine is sufficient to produce about one^half 
growth of 5. laclts R. under the test conditions. 

t The amount of compound necessary to reduce growth to the level in the control tube 
(without pyridoxine) is given. Where the compound was not inhibitory, the highest 
level tested is given in parentheses. 
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pyndoxine does not permit growth in the absence of alanine. Glycine, 
threonine and serine (table 4) become inhibitory only when added in 
amounts considerably higher than those which arc present in the hydrolyzed 
casein of the base medium. 


Amino 

TABLB 5 

Aao Rkquirbmknt of Streptococcus lactis R. 


Amino Acid 

Galvanomhtjbr 

Amino Acid 

CiALVANOMltTBK 

Omxttad 

Rkaoxno* 

Omittbd 

Kbading* 

None 

51 

d-Glutamic acid 

0 

Glycine 

18 

d/-Serine 

0 

Alanine 

0 

(//-Threonine 

0 

ii/-AIaninet 

0 

/-Arginine 

0 

li/- Valine 

48 

/-Histidine 

49 

(//-Leucine 

5 

/-Lysine 

2 

(//-Isoleucine 

50 

/-Prolinc 

49 

/-Phenylalanine 

51 

/-Hydroxyprolinc 

51 

/-Tyrosine 

42 

(//-Methionine 

49 

/-Aspartic acid 

U) 

/-Tryptophane 

0 

* As in Table 1. 


/-Cystine 

20 

t 3.0 mg. pyridoxine hydrochloride (neutralized) added . 



The extent to which these results apply to other lactic acid bacteria has 
not been extensively investigated. 5. laclis 125 responds in exactly the 
same manner to additions of pyridoxine, alanine and glycine as does 5. 
UxcHs R. Pyridoxine is also required for growth of Lactobacillus caset^' *; 
for this organism alanine does not replace pyridoxine. L. casei is likewise 
very resistant to glycine inhibition. 

Discussion , — The inhibition of growth of 5. lactis by glycine, serine, 
threonine or |8-alanine and its removal by alanine is most easily explained 
as an example of metabolic interference of structurally similar compounds 
in the sense postulated by Woods* and Fildes.® Alanine is an essential 
amino acid, the presence of which is required for growth of this organism ; 
the presence of large amounts of structurally similar amino acids blocks 
utilization of alanine. Addition of increased amounts of alanine while 
maintaining the concentration of the inhibiting substance constant again 
makes alanine available, by simple mass action. The fact that glycine, 
serine and threonine are themselves likewise essential for growth need not 
alter this conception; if they interfere with alanine utilization, growth is 
nevertheless prevented. Mcllwain'<> has shown that such interference 
may exist between amino acids and their sulfonic add analogs, while ex- 
istence of such interference between the sulfonamides and />-aminobenzoic 
add* or between pantothenic acid and pantoyl-taurine^^' ** is on firm experi- 
mental grounds. Similar cases of interference between amino acids have 
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be^n previously noted* Thus Gladstone,^* investigating the amino add 
nutrition of Bacillus anthracis, found that valine or leudne added singly 
to a mixture of amino acids able to support growth without them com- 
pletely prevented growth. The **toxic** effect of valine could be counter- 
acted by addition of leucine, and vice versa. Similar interrelationships 
were found between valine and threonine, valine and a-aminobutyric acid, 
and threonine and serine. 

The action of pyridoxine in alleviating toxicity due to glycine is not 
easily explained on this basis. Apparently, glycine blocks utilization of 
pyridoxine in some manner; additional amounts of pyridoxine counteract 
this effect. Indeed, counteraction of glycine inhibition by alanine and p3T:i- 
doxine may be due to the same mechanism, since these compounds replace 
one another iti their growth effect, presumably by permitting formation of 
the same physiologically active compound by the test organism. Some- 

I 

what analogous cases are known: methionine^^ and the purine bases 
can under certain circumstances reverse growth inhibitions produced by 
the sulfonamides, a result produced most effectively by p-aminobenzoic 
acid. In the absence of the sulfonamides, each of the above compounds 
may promote growth in the same manner.** 

Various cases in which glycine*^' **' ** and serine** were toxic when ad- 
ministered to animals have been reported. It would be of considerable 
interest to see if the toxicity of these compounds could be alleviated in these 
cases by additional amounts of pyridoxine or of alanine. 

The complete replacement of pyridoxine for 5. lactis by alanine deserves 
special comment. All experience to date has indicated that the B vitamins 
occur universally in all forms of living matter.** ** When an organism 
grows without added supplies, it does so because it is able to synthesize 
those supplies. According to this view, presence of sufficient quantities of 
alanine permits the synthesis by 5. lactis of pyridoxine, or of the active 
substance derived from pyridoxine.* * In the absence of such concentra- 
tions of alanine, pyridoxine itself or its metabolites are necessary for 
growth. The mechanism by which alanine replaces pyridoxine is unknown, 
but it seems quite probable that it may serve as a direct precursor for pyri- 
doxine in the following manner: 


CHtOH 


H 


O-^V^CHiOH 

CHr-C \cH 
Pyridoxine 



Alanine 

1 


Organisms which are able to utilize alanine in place of pyridoxine would be 
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able to synthesize the remaining portion of the molecule and couple it with 
alanine. 

Summary* — Alanine in sufficient concentration completely replaces py- 
ridoxine for Streptococcus lactis. No other amino acid tested does this. 
Glycine inhibits growth; threonine, serine and /8-alanine are inhibitory at 
higher levels. Inhibition by each of these substances is counteracted by 
addition of more pyridoxine to the medium. No other vitamin has this 
action. Such inhibition is also counteracted by alanine, but by no other 
amino acid. Possible explanations for these facts are discussed. Alanine 
may serve as a direct precursor of pyridoxine for Streptococcus lactis* 
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STRAIN SPECIFICITY AND PRODUCTION OF ANTIBIOTIC 

SUBSTANCES'^ 

Bv Selman a. Waksman and Albert Schatz 

New Jersey Aoricitltural Experiment Station, Rutgers University, New 

Brunswick, N. J. 

Communicated January 16, 1943 

It has been definitely established^ that the capacity of various micro- 
organisms to produce antibiotic substances is widely distributed in nature. 
These substances are largely bacteriostatic and to a less extent bacteri- 
cidal ; some are also fungistatic and fungicidal. The antagonistic proper- 
ties of an organism are not characteristic of a particular group or even 
species, but only of certain strains of given species. This was found to 
hold true, for example, for Pseudomonas aerMgtnora, the first important 
antagonistic organism to receive attention. Some strains of this organism 
are able to produce the antibacterial egent pyocyanase, others form both 
pyocyanase and pyocyanin, whereas still others either are inactive or have 
only limited activity. This is also true of the spore-forming bacteria that 
possess antagonistic properties, only some of the strains being capable of 
inhibiting the growth of different bacteria. Much* even suggested separa- 
tion of the antagonistic strains of Bacillus mycoides into a special group, 
to be recognized as lysogenic strains. The antibacterial strains of spore- 
forming bacteria were shown** to be characterized by specific physiological 
properties, such as production of HsS on peptone media, failure to hy- 
drolyze starch, and gram-negative nature of the cultures when 18 to 24 hours 
old; the inactive strains did not form HsS, were able to hydrolyze starch, 
and were gram-positive in the 24 to 48-hour broth cultures. 

The phenomenon of specificity is characteristic not only of bacteria 
but also of fungi. This is of particular interest in connection with the im- 
portant organism Penicillium notatim, which produces the antibacterial 
agent penicillin. Some of the strains of this fungus produce penicillin 
abundantly, whereas others have only limited activity. The strain speci- 
ficity of this organism applies not only to the quantitative production of 
penicillin, but also to qualitative differences. Some of the strains produce 
largely this important substance and very little of a second factor, which 
is also active against certain gram negative bacteria, such as Escherichia 
coU, and which has, therefore, been designated as the £. coli factor,® pena- 
tin® or notatin,^ whereas other strains show a reverse ratio in the produc- 
tion of these two active substances, especially under certain conditions of 
culture.® 

In a survey of the distribution of antagonistic microdrganisms in nature, 
164 strains of different fungi were isolated from soils, composts and dust.® 



VoL. 20, 1943 BACTERIOLOGY: WAKSMAN AND SCHATZ 


75 


Two species, Aspergillus fumimtus and ^4. clavatus, were selected for further 
tudy; the first was represented by 16 isolations and the second by 15 
strains. Although morphologically the same, the various strains differed 
greatly in their capacity to produce the specific antibacterial substances 
fumigacin and clavacin. The differences appeared to be quantitative 
rather than qualitative in nature ; although the amount of the active sub- 
stance produced on the same medium and under the same conditions varied, 
the natpre of the substance was apparently the same for all strains of the 
particular organism . 


TABLE 1 

Growth akd Product! ok op Clavacin by A. clavatus 129 
Shallow Layers (250-Ml. Portions) in PLiter Flasks, at 28°C. 


AOB OF 
tn-TUKE, 

DAY* 

REACTION 

OF 

MBmUH, 

pH 

OLUCOBS CON' 
BUUBD, O. 
PEE LITBtt 

NO|-N IN MEDIUM, 
MG. PER LITER 
I,EFT CON- 

StlMBD 

ACTIVITY OF 
CULT UR K, 

E. Coli UNIT* 

CLAVACIN ISOLATED 

ACTIVITY OF 
YIELD, G. MATERIAL," 

PER LITER E. Coli UNITS 

0 

4.6 

■ * 

61.2 

0 

p * * 

* • 

* 4 * * V 

3 

4.9 

1.50 

28.4 

22.8 

30 

0.27 

120.000 

6 

6,1 

2.82 

7.S 

43.7 

60 

0.52 

100,000 

7 

6.0 

3.40 

4.4 

46.8 

100 

0.63 

200,000 

10 

6. 1 

3.86‘ 

3.0 

48.2 

100 

0.71 

200,000 

14 

5.6 

3.86 

2.9 

48.3 

75 

0.72 

10,000 

21 

6.9 

3.80 

* ^ 


30 

0.66 

600 

26 

6.6 

3.86 


, * 

10 

* - 


36 

0.6 

3.86 


1 * 

0 

0.62 

200 


• A unit of activity is the ratio of 10 to the amount of material required for 10 ml. of 
nutrient agar, in order to inhibit completely the growth of the test organisms. 

* Complete consumption of sugar. 


In order to throw further light upon the influence of strain specificity 
in connection with the production of antibiotic substances, the results of 
the following experiments with >1 . clamlus are reported here. Of the 15 
strains employed in these studies, 3 (Nos. 129, 130, 164) were isolated jn 
this laboratory from composts and 12 were received from Dr. Charles 
Thom, of Washington, who obtained them from different sources. A 
simple synthetic medium, usually designated as Czapek-Dox,® was used. 
The course of growth of one of the active strains of this organism, as mea- 
sured by sugar consumption and nitrogen assimilation, and the rate of pro- 
duction of the antibiotic substance were brought out in table 1. The 
highest antibacterial activity of the culture corresponded with the maxi- 
mum growth period, as indicated by the complete utilization of the sugar 
and maximum consumption of the nitrogen. One may, therefore, conclude 
that the formation of the antibacterial substance is not a result of autolysis 
of the fungus mycelium, since after the maximum growth of the fungus was 
attained, the activity was rapidly reduced. Whether the substance is 
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produced during the breakdown of the sugar or is synthesized in the cell 
material and excreted into the medium still remains to be determined. 

The active substance, clavadn, was isolated from a definite volume of 
culture medium at the various periods of growth, by the use of a method 
described elsewhere,^ The yield of the material thus isolated reached a 

TABLE 2 

PRODUCTIOK OP Clavacin BY 15 Straiks OP A, cUivatus 

IN- 


NO, OF 

CU»A- 

TION, 


ACTxvrrv of cutTimit 

R. coU B. subtilis 

YUELP, O. 

XSOLATBP CPAVACXN" 

ACTIVITY. UNITS FBR 1 0. 

aniAtN 

PAYS 

pH 

UNITS 

UNITS 

FBX LITBIt 

£. eoli 

B. 

120 

6 

6.5 

0 

0 

0.016 

26,000 

75,000 

120 

14 

8.4 

0 

0 

♦ * * 

T t t 1 

1 e ■ « 

121 

6 

4.2 

75 

75 

1.442 

1,000,000 

1,200,000 

121 

13 

6.7 

100 

300 

« 1 * 

14*1 

» P » 4 

122 

6 

4.6 

0 

0 

0.036 

<4,000 

<4,000 

122 

13 

8.0 

0 

0 


* k * ■ * 

4 I 4 4 

123 

5 

4.6 

20 

20 

0.467 

120,000 

120,000 

123 

13 

4.5 

75 

100 


f * * f 

4 t 1 ■ 

124 

5 

6.2 

0 

0 

0.016 

<8,000 

<8,000 

124 

13 

8.4 

0 

0 

« » * 

4 4 ► T 

Stas 

126 

5 

3,2 

0 

0 

0,248 

600 

10,000 

125 

13 

3,9 

0 

0 

• * * 

* • k 4 

* 1 1 4 

126 

6 

6 1 3 

0 

0 

0.039 

<20,000 

<20,000 

126 

13 

8.2 

0 

0 

• 4 a 

* • * * 

• a 4 P 

127 

6 

7.4 

0 

0 

0.007 

<8,000 

<8,000 

127 

13 

8.1 

0 

0 

4*4 

* * * • 

« S r tt 

128 

6 

6,7 

0 

0 

0.017 

7,000 

14,000 

128 

13 

8.0 

0 

0 

• • 4 

S * a 1 

* P 1 4 

129 

5 

3.6 

100 

100 . 

o.eso 

400,000 

3,000,000 

129 

7 

4.4 

150 

250 

* ♦ ♦ 

• ■IS 

< a t < 

129 

16 

6.8 

75 

100 

i * « 

a 4 4 * 

a s 4 # 

129T 

5 

6.6 

20 

10 

0.612 

80,000 

120,000 

129T 

15 

6.9 

75 

75 

* * f 

■ a 4 4 

* p ■ • 

130 

6 

4.8 

< 10 

< 10 

0.323 

500,000 

1,400.00 

130 

13 

4.7 

20 

30 

* * 4 

a 4 « s 

4 a ^ a 

130T 

6 

6.9 

< 10 

30 

0.050 

<4,000 

40,000 

130T 

16 

7.9 

<10 

< 10 


« 1 s • 

a * f * 

131 

5 

6.9 

< 10 

30 

0.035 

5,000 

25,000 

131 

16 

7.8 

< 10 

< 10 

• a • 

tail 

• • 4 * 

164 

5 

4.3 

30 

25 

0.430 

1,000,000 

2,000,000 

164 

7 

4.6 

90 

100 

1*4 

* * k * 

a * 4 4 


* Bight-day-old culture used for the extraction of the clavodn. 

maximum in 7-10 days, corresponding to the maximum activity of the 
culture itself. After the maximum was reached the }rield of extracted 
material remained constant, but its activity diminished rapidly, parallel 
to the reduction in the activity of the culture medium of the organism. 
This emphasizes the fact that the clavadn produced by the fungus under- 
goes in the cultwe some chemical change which results in the destruction of 
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its activity. The crude, isolated clavacin is also rather unstable, espe- 
cially under certain conditions as at an alkaline reaction or on complete 
drying* The nature of the chemical changes thus produced is a matter for 
further study. 

The production of clavacin by the 15 different strains of Aspergillus 
davatus is illustrated in table 2. These strains differed greatly in their 
metabolism, as measured, for example, by changes in the pH values of the 
medium; the reaction became alkaline in some cases, but in others it re- 
mained distinctly acid, in the same medium and under the same condi- 
tions of culture. There were other marked differences in the growth of 
the various strains, which need only be mentioned here, such as the in- 
tensity of the odor produced, the pigmentation (yellow to orange) of the 
cultures, and the abundance and rate of appearance of mycelium and of 
spores. The most significant difference, however, was in the antibacterial 
activity of the strains, some of which were highly active, whereas others 
had no activity at all. The three strains that were isolated from stable 
manure, namely, Nos. 129, 130, 164, produced a highly active substance; 
the actual yield of this substance differed, however, and the difference was 
suflScient to account for the variation in the activity of the culture medium* 
Only three of the cultures obtained from Dr. Thom, namely, Nos. 121, 123 
and 129T, gave a high activity and a fair yield of antibacterial substances. 
The clavacin isolated for the different active strains appeared to be the 
same, as shown by chemical properties and by its antibacterial spectrum 
or the specific action against different bacteria. There was only one ex- 
ception, that of strain No. ISOT; whereas all the other strains produced a 
substance which was 2-5 times as active against Bacillus subtilis as against 
Escherichia coU, this strain had little, if any, activity against E, coli as 
compared with a fair activity against B. subtilis. On further study, this 
strain was found to comprise two forms, which may explain the difference 
in the apparent activity of the antibacterial substance produced. 

It is interesting to note that, whereas the reaction of the medium of all 
the six active strains remained distinctly acid, the reaction of the inactive 
strains, with the exception of No. 126, changed to alkaline. When large 
volumes of the culture medium of all the strains were treated alike for the 
isolation of the clavacin, it was found that even some of the inactive 
strains yielded some active substance. A liter of medium was treated 
with Norit A, which was then extracted with ether and chloroform. Some 
of the inactive strains gave some clavacin, possessing fair activity, as, for 
example, No. 120; other strains, however, gave a good yield of material 
with only limited antibacterial activity, as No. 125. \\^ether this fact 
proves that even the inactive strains may produce davacin, which be- 
comes inactivated as a result of unfavorable changes in the medium (reao 
tion, for example), still remains to be determined. 
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These results warrant the conclusion that a single species of a fungus 
contains many strains that vary greatly in their capacity to produce anti- 
biotic or antibacterial substances. The variation is both quantitative 
and qualitative, though the active substance produced by the different 
strains is apparently the same, chemically and biologically. This tends 
to emphasize the danger of drawing conclusions regarding the antibac- 
terial activity of an organism based upon type cultures obtained from 


TABLE 3 

Bacteriostatic Activity of Three Clavacin Preparations 


On Basis of ] 

1 G. of Dry 

Material 


TEST OKOAHXSM 

MO* 121 

MO. 123 

KO. 129 

Bacillus subtilis 

300.000 

260,000 

275.000 

Bacillus megatherium 

160,000 

125,000 

140.000 

Bacillus mycoides 

100,000 

85,000 

100.000 

Bacillus cereus 

150,000 

125,000 

100,000 

Sarcina lutea 

300,000 

260,000 

275.000 

Staphylococcus aureus W2 

150,000 

126,000 

100.000 

Staphylococcus aureus D 

200,000 

166,000 

170.000 

Staphylococcus aureus H 

150,000 

83,000 

100.000 

Staphylococcus aureus W1 

160,000 

126,000 

130.000 

Salmonella schottmuelleri 

300,000 

250,000 

200.000 

Vibrio chdera^suis 

360,000 

300,000 

270.000 

Salmonella sp., Breslau strain 

250,000 

165,000 

265,000 

Aerobacter aerogenes 

76,000 

63,000 

80,000 

Escherichia coU 

175,000 

165,000 

230.000 

Shigella dysenteriae^ 

250,000 

* * • 

• * ♦ 

Shigella paradysenteria^ 

210,000 

* * • 

• * • 


* Mixed lot of clavacin. 


collections. Wilkins and Harris* recently reported, for example, on the 
basis of tests with one culture that A. clataius docs not produce any bac- 
teriostatic substance, whereas 40 per cent of aU the Aspergilli tested pro- 
duced such substances. Had other strains of these organisms been em- 
ployed, totally different results undoubtedly would have been obtained. 

It has been shown previously’ that davacin is almost as active against 
gram-negative bacteria as against gram-positive organisms. In order to 
establish whether this is true for preparations isolated from the different 
active strains of A . davatus, the results of a t)rpical experiment are presented 
in table 8. Three davacin preparations were obtained and found to be 
alike in their action against a number of gram-positive and gram-negative 
bacteria, with only minor variations. In all cases, Aerobader oirogenes 
was less sensitive to the action of davacin than was E. coU, and J3. mycaide^ 
and B. cereus were less sensitive than was B. subtUis, 

Summary,— A study was made of the production of the antibacterial 
substance clavacin by 15 different strains of the fungus Aspergillus daealus. 
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The formation of clavacin in the culture medium corresponded with 
the maximum growth, as measured by the complete consumption of the 
sugar in the medium and by maximum nitrogen utilization. 

After the maximum antibacterial activity had been reached in the me- 
dium, the activity of the clavacin was rapidly destroyed. This was found 
to be due not to the disappearance of the substance itself from the medium 
but to its inactivation. 

Only six of the fifteen strains of A. clavalus produced considerable 
amounts of clavacin. The remaining nine strains gave only traces of the 
active substance. 

The clavacin produced by the different active strains of A . clavatus was 
found to be the same biologically, as shown by its activity against differ- 
ent bacteria, and apparently the same chemically, as shown by solu- 
bility studies and chemical behavior. 

Attention is directed to too hasty generalizations concerning the abil- 
ity of certain fungus species to produce antibacterial substances, based 
upon the study of single strains of a given organism. 

• Journal Series Paper, New Jersey Agricultural Experiment Station, Rutgers Univer- 
sity, Department of Soil Microbiology. 

^ Coulthard, C. E., Short, W. K., Skrimshire, C. H. E., Birkinshaw, J. H., Michaelia, 
R., Sykes, G., Standfast, A. F. B., and Raistrick, H., Nature, 150, 634 645 (1942), 

» Kocholaty, W., Jour. Bad., 44, 143, 469-477 (1942). 

•Much, H., MUnch. Med. Wochemchr., 72, 347 (1925); Mtinch. Afed. Klinik, 20, 
344-34S (1924). 

• Stokes, J. L., and Woodward, C. R., Jour. Bact,, 43, 253-263 (1942). 

» Waksman, S. A„ Bacf. Rev., S, 231-291 (1941). 

• Waksman, S. A., and Homing, E. S,, Mycoiogia, 35> 47-65(1943). 

» Waksman, S. A., Homing, E. S., and vSpencer, E. L., Science, 96, 202-203 (1942); 
Jour. Bact. (in press). 

• Wilkins, W, H., and Harris, G. C. M., Brit. Jour. Exp. Path., 23, 106-169 (1942). 


THE DETERMINATION OF L.D.50 AND ITS SAMPLING ERROR 

IN BIO-^ASSAY 

Bv Edwin B. Wilson and Jane Worcester 
Harvard School op Public Hbalth 
Communicated January 14, 1943 

In the bio-assay problem we have two methods in the literature: (1) 
the probit method which has been actively promoted by C. I. Bliss, though 
suggested in its essentials by Gaddum, and (2) the 50% end-point method 
of Reed and Muench, which, again, was developed from earlier sugges- 
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tions.^ Both of these methods depend fundamentally on the assumption 
that the ptx)bability of an effect being realized in an infinite population to 
each of which a dose D has been administered is given by the probability 
integral 

^ 1 /** (« — 

^ ^ dx,x^ log D. ( 1 ) 

where ju « L.D.50 is the dose measured as the natural logarithm of D 
which affects just one-half of the population, and <r is a measure of the scat- 
ter of the effect, a sort of inverse of the homogeneity of the population 
with respect to the effect; and both methods depend further on an arith- 
metic-graphic treatment to smooth out statistical fluctuations, due to 
small numbers in the experimental samples. 

To examine a number of matters to which we desire to call attention it 
will be simpler to replace the probability-integral ( 1 ) by the growth curve 
which between wide limits does not depart seriously therefrom; indeed it 
is known that the value of P does not precisely follow ( 1 ), sometimes de- 
parting considerably from it, and it is by no means certain that the growth 
curve would not fit the observations as well as the probability integral 
curve. If D be the dose we may then write 

1 

^ ^ - *) V* " 1 “ V» tanh « 7) 

where x ** log D and tanh is the hyperbolic tangent. The constant 7 *» 
L.D.50; the constant a is a measure of the homogeneity of the reaction 
of the population. If Pi and Pj be the percentages of the population which 
respond to doses Di and D% oDi so that Xt ^ Xi + log a ^ xi + c we 
have 

1 1 
Pi ^ • P, ^ ^ 

^1 V • 

los p, " • 2 a (7 -- #i - c) 

where «■ 1 — P| and 


If, Qi , C«1 »» + *4 If fQi Oa"! 

- - 


If then we take Pj 


Of 


■10,3 


0.25 and P » 0.76 we ]]find 
1.099 1.099 


or c 


so that c which is the difference in the natuiial logarithnas'of^the two doses 
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which affect 76 and 25% of the population, respectively, is inversely pro- 
pcntional to a. 

In the experimental case *i and *, are known and Pi and P, arc observed; 
from them a and y may be computed. In many cases a is not desired, 
but only y « L.D.SO; we may then write 


7 


*1 + ig| , c log (Qi/Pi + log (ft/Pi) - „ „ _ ^ 
2 2 log (0,/Pi) - log (Qi/P,)’ * ’ 



The standard deviation of y may be obtained by the usual method of dif- 
ferentiation. 


2^ log (Qt/Pi) - log (Q./P,) pog (OiP.) - log (G/P.)l * 

As Pi and P% are subject to sampling variations of PQ/n, when n is the 
number of animals in each of the samples (ordinarily the same) to which 
the two doses are given, and as those sampling variations are independent 
(non-correlated), we may square, neglecting the product dPi hP^ and sub- 
stitute for (5P)^ the value PQfn, Then® 




« [log iQi /Pi) - log {Qt/Pt)] * 



Two biologicals which are standardized at the L.D.50 points will not 
stay standardized for otlier dosages unless the two values of a are the same. 
Thus if «! > cKsi, the first will be relatively stronger than the second above 
the L.D.60 point, and relatively weaker below it. The standard devia- 
tion of a is therefore for the purpose of determining whether the values of 
a are significantly different. By the process of differentiation, 


1 r 1 

tc\PxQx ^ ' 


^nc\PxQi PaGO 

If there be two values of a each determined by two doses upon n animals 

o 1 r 1 . 1 . 1 . 1 1 




1 r 1 

And^ ^PiQx 


PtQ% PxQx 


2 &V 


The standard deviation of the difference 7 — y' is 
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If the values of a and a' are different, the result is of less value than if they 
are the same, because standardization at the L.D,50 points does not en- 
sure standardization at other points.* 

In this analysis the standard errors of sampling have been obtained 
as usual by the process of differentiation as is the case with such formulas 
as (T log X ” cTx/x. It may, however, be observed that if x may be 0 with 
a finite probability, log x must have an infinite value with a finite proba- 
bility and its standard deviation, strictly considered, must be infinite. 
Thus such approximations are justifiable only if the probabilities of in- 
finite values are so small that we are willing to disregard them altogetlier. 
It is very difficult to discuss this matter in general but an illustration is 
extremely germane to an understanding of what happens when the num- 
bers n are not very large. Suppose we have two samples of » = 10. Then 
the values of y and of a and of their standard deviations may be computed 
for any values of ~ lOPi and ^2 — IOP 2 that may be observed on giving 
the two doses to the two samples. It will be observed from table 1 , as is 
clear from formulas (2)-{5), that many entries in the table are valueless 
so far as concerns bio-assay. For example, if 5 i = 0, Pi = 0 and r* is 
anything other than 10 or 0, formula (3) gives “ 7 ’' — 1.0, which means that 
7 - L.D.50 - Xi, although except when 52 ~ 6 there is no evidence that 7 
should be equal to and the standard error « in tliese cases only em- 

phasizes this fact. Again, the values of ‘* 7 ” and when in the diag- 
onal for which Sy = 52 are useless. Moreover, we are generally dealing 
with a biological for which we know on a priori grounds that negative 
values of “a” are without meaning. Nevertheless all these embarrassing 
cases may arise with finite probability from sampling fluctuations no 
matter what the true values of Pi and P 2 in the infinite population may be.^ 
In any particular problem of determination of L.D. 50 we should prob- 
ably know that for the biologicals used P 2 > Pi in the universe and would 
not be interested in the useless values computed for =» 0, 52 = 10 or 

Si ^ ^ 2 - While there would be definite values of “ 7 ” and of obtainable 

* 

from this universe if Pi and P 2 were known, we should actually obtain in 
any one run some one of the values entered in the table, and in the general 
case it is not necessary that the true universe values appear in the table. 
Moreover, as the fonnulas (2) and (3) when Pi = Si/n and Pt » ra/n are 
not linear in ri and s% it cannot be expected that the average of the values 
obtained when the experiment is run a large number of times are the 
values in the universe.* In like manner the values of and <r?*«** which 
we should have to use would be those entered in the table corresponding 
to the acceptable observed values of Si and ^2 and would be very variable, 
and moreover if the experiment were run many times the scatter of ** 7 '' 
and “a” computed from the different values of “ 7 ** and “a” that were 



VoL. 29. 1948 BACTERIOLOGY: WILSON AND WORCESTER 


88 


Cl t 'A 

r ' " "i 

^ Cl 



8 

8 

8 

Cl 

00 

© 

8 


‘ 

1-1 

© 

Cl 

8 

d 

r-t 

© 

00 

h- 

a gg ^ 

d 

8 



* 

O 

d 

* 

^4 

V 

fH 

» 

1 

CQ 

d 

8 

d 

CC 

* 

© 

1 

rH 

« 

« 

0 

# 

© 

0 

• 

rH 

d 

t 

rH 

4 

0 

e 

1 1 


41 

41 

41 

41 

4i 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

4t 

41 

M 

8 

8 

«5 

P 

sg 

00 

© 


8 

0 

8 


© 

.-1 

00 

cS 

»o 

d 


© 

© 

S 8 

8 


t-r 



1-H 


o 

Cl 

o 



rH 

d 


t 

© 

© 

rH 

0 

4 

rH 

d 

Cl 

rH 













1 

1 


1 


I 


1 


1 


1 

lO 

8 

8 


w 

o> 


© 

8 



8 

d 

8 

g 

a 

© 

T-t 

0 

SS 8 

8 

d 

o 


d 

1-^ 

rH 

d 

CO 

© 


© 

CO 

d 

rH 

* 

0 

d 

4 

rH 

d 

rH 

* 

© 

1 s 

'll 

41 

41 

4i 

■H 

41 

41 

41 

•H 

-H 

41 

41 

41 

41 

41 

41 

41 

41 

•H 

41 

41 

41 


8 8 

88 8 

© 

ec 

8 g 8g 

* 

#v* 

0 

8 


8^88888 

8 







fH 

rH 


rH 

0 



rH 

d 

! 

rH 

0 

1 

rH 

rH 

! 


d 

1 

rH 

1 


8 

8 

i: 

Cl 

gg 

oo 

i"- 

a 

Cl 

rH 

© 

Cl 

rH 

s 

8 

© 

8 

© 

© 

sg 

5S 

© 

d 

8 

8 

<0 

d 

d 

i-H 

d 

1-4 

d 

o 

rH 

d 

CO 

© 

d 

© 

d 

rH 

i 

rH 

d 

rH 

0 

1 R 

•H 

41 

41 

4f 

41 

4t 

41 

41 

41 

41 

■H 

41 

41 

41 

41 

41 

41 

41 

•ff 

•H 

4( 

■H 

(Cs 

8 8 

Oi 

CD 

g s 

P 

t’N. 

to 

cc 


o 

00 

8 


8 

0 

a :$ g 

© 

© 

■Mj* 

P 

0 

0 

6 




d 

Cl 

o 

rH 

d 

rH 


d 

rH 

1 

d 

1 


d 

0 

1 

rH 

d 

1 

tH 

rH 

1 

rH 

1 

In. 

db> 

8 


00 

cc 

© 

(N 


g s 

00 

© 

00 

a 

g 

8 8 

© 


00 

© 

'T 

0 

© 

© 

8 

8 

8 


d 

8 

d 

4 

d 

rH 

d 

d 

d 

* 

0 

* 

tH 

d 

d 

i 

© 

8 

0 

00 

* 

rH 

4 

w 

4 

rH 

© 

8 

1 R 

•H 

-H 

41 

4t 

41 

41 

4t 

41 

41 

-H 

•H 

41 

-H 

41 

41 

-N 

41 

41 

41 

41 

41 

41 

(C 5 

8 

8 


Cl 

?? 

o 

P 

© 

CO 

to 

Cl 

s ^ s s 

8 

0 

Mt* 

rH 

a 

© 

d 

© 

M 

8 8 


TH 


O 

cc 

d 

ci 


rH 

d 

1 

rH 

rH 

1 

0 

1 

0 

1 



d 

1 

ci 

rH 

1 

rH 

1 

CO 

bop 

8 


»D 

CC 

Cl 

cc 

o 

xr 

a 

t'N> 

lO 

o 

gg 

1-1 

© 

^4 

© 

00 

© 

d 

© 

a 

© 

0 


d 

rH 

8 

d 

cc 

8 


• 

O 

8 

* 

© 

• 

tH 

d 


o 

♦ 

rH 

f 

© 

% 

fH 

d 

« 

rH 

rH 

* 

rH 

06 

4 

8 

■ 

rH 

© 

« 

rH 

d 

8 

t U 


41 

41 

■H 

4t 

■H 

4! 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

41 

<s 

8 8 


o 

f: 

as g 

© 

8 

© 

cc 

g 

00 

© 

MJ< 

rH 

a 

8 

© 

53 

r-M 

© 

8 

8 




O 

CO 


Cl 

0 

1 

d 

© 

1 

tH 

rH 

1 

rH 

rH 

1 

0 

d 

1 

d 

1 



d 

I 


1 


8 



o> 

© 

cc 

Cl 

ec 

g 

8 

4 : 

a 

00 cc d 

iO d © 

d 

88 8 

d 

cc 


© 

M1< 

8 


Cft 

boi 

d 

8 

* 

o 

* 

rH 

* 

o 

* 

rH 

f 

© 

• 

rH 

0 

« 

rH 

d 

* 

rH 

♦ 

© 

* 

rH 

i 

rH 

rH 

© 

rH 

8 

• 

tH 

d 

8 

1 1 

•H 

41 

41 

41 

41 

4t 

■H 

41 

41 

41 

■H 

41 

41 

41 

41 

•H 

41 

■H 

41 

41 

41 

41 

*5:; 

8 

8 

o 

A cc 00 
2 c <N 80 


s 

© 

<0 

8 8 8 

10 

© 

© 

d 

© 

cc 


rH 

QO 

6 

© 

8 

8 






o 

cc 

d 

cc 

d 

Cl 

rH 

d 

rH 

rH 

ci 

rH 


6 



rH 






1 


1 


1 


1 


1 


1 


1 


1 



1 




8 


8 


8 


8 


8 


8 


8 


8 


s 




«*4iH 

/»-• 

8 

« 

O 

8 

• 

O 

8 

4 

o 

8 

d 

8 

d 

e 

H 

© 

8 

© 

8 

d 

$ 

4 

0 

8 

/v+ 

#v* 

1 1 

41 

41 

41 

41 

41 

41 

41 

41 

41 

4i 

4i 

41 * 

■H 

41 

41 

41 

41 

41 

-H 

41 

41 

41 



8 

8 8 

8 

e 

8 8 

8 

8 

8 

8 

8 

e 

8 

8 

8 

8 

8 

8 

rk-4 

/V* 






rH 


rH 


rH 


rH 


rH 


rH 


rH 


rH 







I 


1 


1 


1 


1 


1 


1 


1 


I 






h 

9 

m 

«h 

*4 

Ik 

*4 

*« 

ki 

Mi 

•* 

Mi 

*1 

#1 


ki 

r- 

Q 

mb 

Mi 

Mi 

9 

Mi 

V 

m 

* 

V 

IB 

* 

m*. 

9 

<■ 

MB 

BM 

% 

MB 

«M 

9 

Mi 

MB 

*M 

Ik 

w 

bb 

A 

9 

V 

Mi 

*M 

•* 

ki 

* 

9 

MB 


o 




Cl 

f * 


CO 

• 


* 


ID 

♦ 


© 

* 


• 


00 

00 

© 

M 


0 

0 


o 

O 

o 


o 


o 

CO 

0 


© 

10 

0 

© 

0 


0 

© 

© 

rH 

rH 


II 

H 

It 

« 

U 

II 

II 

II 

11 

II 

11 

11 

II 

II 

H 

11 

II 

11 

II 

fl 

II 

» 


eC 

■4 

*7 

< 

rm 

fC 

a 

<c 

H 

r« 

fti 

*?■ 

< 


«r 

fti 

bT 

Vl 

fC 

*0 

Ml 

a. 

*0 

iM 

a. 


cC 

m 



84 


BA CTEBIOLOG Y: WILSON AND WORCESTER P*oc. N. A. S. 


figured from the observations would not in general be the same as, and 
might be very different from, the values proper to the universe.® 

From such considerations it is clear that values of n considerably larger 
than 10 are necessary to establish that degree of stability in the results fig- 
ured from the observations which is desirable in any bio>assay. For all 
values of n the values of and “a’* are as given in the table when the 
margins are read for Pi and P 2 (rather than for Si and Si) but the standard 
deviations would have to be reduced by multiplying by lO/n. Further- 
more, when n is not 10 the observed values of P may differ from the values 
entered in the margins and it would be necessary to interpolate by double 
entry^ in the table in order to get the values of “ 7 " and * ‘ a. ' ’ The values of 
“ 7 ” and and of their standard errors are independent of the logarith- 
mic base, whether c or 10 , and the values of 7 and a may be obtained in 
either type by the formulas 


7 


"4" ^ I, ,, 

r - 7 ' 

2 2 


"a” 


a 


2c 



C 

2 ’ 






where xu Xi, c ^ Xi ^ Xi are expressed in logarithms to any base. If one 
wishes to return finally to the actual dosage, D, one has merely to write 
L.D.50 ~ or L.D.50 »* 10'*' according to the base used. 

* Oadduitii J. H., Med. Res, Council, Spec. Rep. Series, No. 183 (19.33), Bliss. C. I., 
Ann. Applied Biol., 22, 134-167 (1936). Keed. L. J,. and Muench, H., Amer. Jour. 
Hygiene, 27, 493-497 (1938). There is a review of the subject by J. O. Irwin, Suppl. 
Jour. Roy. Staiislical Soc. (London), 4, 1-60 (1937). 

* Thus, in particular, if we have Pi «« 0.30 for a given dose Di and F* * 0.76 for a 
dose Di twice as large, the value of c is log 2 • 0.693, Fi^i «* 0.21, PiQt » 0.1876, 
Qi/Pi -|V,. Qt/Pi - Vi, log (Vi) - 0.847. log (Vi) - -1.099 and 


t 


1 

(0.693)«0.21 

n 


oiir. 

fO.847 -h 1.099P 


0.821 

n 


y . ?L±*! _ 0.0448 * 

2 ^ n 

The term + ^ 2 ) is the mean logarithmic dose and the 50% end-point is short of it 
by the amoimt 0.0446. If n were 20, the standard error would be 0.126; so that we 
should expect in two-thirds of the runs the value of L.D.60 would lie between 0.081 
above and 0.171 below the mean logarithmic dose. 

* Suppose we have dilutions 1 with Pt * 0.76 and Vt with P| 0.30 of one biological 

and dilutions Vi with Pt* « 0.75 and Vi with Pt* 0.40 of a second. We take «i 0 , 
*• 0.693, xt w 0 , "i “ 0.693. The value of 7 is Vt (0.693) — 0.0446 as above with 
oy - 0.321/n. The value of 7 ' is —V* (0.693) — 0.169. The difference between the 
values is 0.693 0.046 + 0.159 ^ 0.807, Thus at the L.D.50 points the ratio of 
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strength is the antilogarithm of 0.807 base e, or 2.24. The values of a are « - 1.40 
and a «» 1.09. The standard errors, if 20, are ai - 0,203,0*1' - 0.247; that of the 
difference being »= 0.510 or a ~ 0.71 which is considerably larger than the differ- 
ence a ” ** 0.31 and indicates that, so far as the test goes, a and may be taken 

as the same. (If we were to take the ‘'best" value for a on the assumption that they 
were really the same we should then weight the two values according to the reciprocal of 
the squares of their standard errors, but these are so nearly alike that we could well take 
the simple mean 1.24.) The value of for n == 20 is 0.321/w + 0.554/« = 0.875/« 

= 0.0438; hence the difference may be written 0.807 ^ 0.209 and is distinctly sig- 
nificant. The relative intensity 2.24 may be given a factor or quotient of the anti- 
logarithm (base c) which is 1.23 or its reciprocal 0.81 or about 21% or 2.24 * 0.47. 

* If it be assumed that Pi 0.20 and Pa *« 0.80 in the universe the table of probabili* 
ties is (in part, the remainder to Ijc filled in by symmetry) : 



« 10 

Ji - 9 

Sf 8 

sj ™ 7 

5J 0 

sj 6 

j* *“ 4 

Aj “ 0 

0.0115 

n . 0288 

0.0324 

0.0216 

0.0095 

0 . 0028 

0 . 0006 

.V, * 1 

0.0288 

0.0721 

0.0811 

0.0540 

0.0230 

0.0071' 

0.(X)15 

51-2 

0.0324 

0 , 081 1 

0.0912 

0.0608 

0.0266 

0.0080 

0.0017 

5l - 3 

0.0210 

0 . 0540 

0 , 0608 

0.0405 

0.0177 

0.0053 

0.0011 

5i - 4 

0.0095 

0.0230 

0.0266 

0.0177 

0.0078 

0.0023 

0,00f^5 

5 ) — 6 

0.0028 

0.(K)71 

0.0080 

0.(M)53 

0.0023 

0.0007 

0.0(K)2 

5l = 6 

0.0006 

0.0015 

0.0017 

OJXJU 

0.0005 

0.0(X)2 

0.0000 

5,-7 

0.0001 

0.0002 

0.0002 

0.0002 

0.0(X)1 

0.(XX)0 

0.(KK)0 

5 i - 8, 

5i ** 9, 

,, - 10 

give for all 

52's the probability 0.0000 to four 

figures. 


In this case the troublesome margins for .vj ~ 0 and for 4*3 *10 have a total probability 
of 0.2033, the troublesome diagonal has an additional probability of 0.0020 and the total 
probability for Si > s% is 0,0005. 'J'his makes a grand total of 0.2058. Had wc assumed 
the F\ « 0.40 and P 3 ” 0.60 we should have had a smaller probability (0.0120) in the 
margins for 5i « 0 atid 52 « 10, but a larger value (0.2445) for the diagonal .si « s-i and 
below, making an even larger probability of 0.2505 for the cells which arc meaningless 
for the problem of assay. 

* To find the universe values of 7 and a from a large number of runs one would have to 
add the different 4i’s , the different .Va’s and the different n*s to obtain the probabilities 
Pt and Pa to be used in the formula. 

• Thus, if, for the universe, Pi » 0.20, P3 « 0.80, the value of a-y” would be 0,102 for 
» * 10 by formula (4), but the different values of “7" from the experiments would have 
the probabilities given in the table, ^ and the actual value of observed in the long run 
would be 0.215 if we reject the experiments which have unusable constellations (.vi, .vj); 
and the value of from the observed distribution of usable values would be 0.80 in- 
stead of the value 1.26 given by formula (6). 

^ If Pi' « Pj ^1 and PY « P3 + 9%£kPt, the interpolation formula is 
f{Pi\ P*0 « f(Pu P 2 ) -f [/(Pi + APi, P.) - f{Pu Pt)] + 

BtlfiPu Pt f APa) -/(Pi, Pa)!. 
For a table with such large differences as tabic 1, the interpolation could not be ex- 
pected to give a very accurate determination of /(P/, Pt) but might be adequate. 




PROCEEDINGS 

OF THE 

NATIONAL ACADEMY OF SCIENCES 

Volume 29 March 15-ApriI !5, 1943 Numbers 3-4 

Copyright JP43 by thg National Acadtmy of Scitncas 


GOmOLITHON AND NEOGONIOLITHON : TWO GENERA OF 

CRUSTACEOUS CORALLINE ALGAE 

By William Albkrt Setchell and Lucile Roush Mason 
Department of Botany, University of California 
Communicated February 23, 1943 

Foslie, in his earlier studies of the crustaceous Corallines, proposed a new 
genus Goniolithon (see Foslie, '‘vSyst. Surv. Lithoth.," 5 (1898), with scant 
description. He also described two subgenera, FMgoniolithon, apparently 
from his designation, the typical subgenus, and Clndolithon, the latter sub> 
genus to include the fruticulose species. I'he tyjx" and only sjxcies of 
Eugoniolithon was the Lithaikimnion papillosum Zanardini (as described 
by Hauck). This certainly is to be considered as the type of the genus 
Goniolithon of 1898. The only species referred to the subgenus Clado- 
lithon, which in a footnote Foslie describes as a doubtful subgenus, is the 
Lithophyllum byssoides (Lam’k) Foslie, at that time a heterogeneous mix* 
ture in the mind of Foslie, as will be indicated later. Taking G. papillosum 
(Zan.) Foslie as the type of Goniolithon^ the genus is a perfectly distinct 
entity, being made up of strictly monostromatic layers (without cover 
cells or perithallus of any kind) and belongs therefore to the subfamily 
Mastophoreae of the Corallinaceae Crustaceae, all of whose members have 
monostromatic (at times symmetrically di-polystromatic?) sterile frond 
structure, thus differing from all other Corallinaceae. The sterile fronds 
also have a way of obliquely and lamellately proliferating, and these pro* 
liferations produce superposed and distinct layers in Litholepis and Litho- 
porellat but are agglutinated into a solid frond in the original Goniolithon. 

Lateri in 1898 (“List of Species of the Lithoth.,“ p. 8) Foslie changes 
the name of the subgenus I. Eugoniolithon to subgenus I. Lepidomorphum, 
listing 4 species of which G. papillosum is first mentioned, while under sub- 
genus II. CladoUthon he mentions G. byssoides first of 18 species and G. 
moluccense second. In 1900, in his “Revised Systematical Survey of the 
M^lobesieae" (p. 15), Foslie rejects his earlier Goniolithon (of 1898) and 
proposes an entirely new Goniolithon distinguished by having the tetra- 
sporangia distributed over the floor of the conceptacle and (incidentally 
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because he makes no mention of their occurrence) with heterocysts scat- 
tered through the perithalhis. This new Goniolithon may be considered to 
have been founded on the Lithothamnium moluccmse Foslie, since Foslie 
stated that his G. hyssoides of 1S98 was intended to refer to his G. moluc- 
cense. At any rate, Foslie has proj)osed two distinct genera under Gonio- 
lithon f the original in 1898 with the type G. papillosum (Zan.) Foslie and 
the other partly visualized under the doubtful subgenus Cladolithon in 1898 
but only distinctly segregated about 1904 (“Siboga Exp.,” Mon, LXI, 45 
(190^1)) and finally properly delimited (by the exclusion of Hydrolithon) in 
1909 (**Algol. Notis.,” VI). 

Two facts stand out clearly: (1) that Foslie completely rejected his 
Goniolithon of early 1898; and (2) that Foslie gradually evolved a new 
Goniolithon, finally brought to full expression in 1909. The two genera are 
complete and fairly independent establishments, and no single species of 
Goniolithon No. 1 survived into Goniolithon No. 2. This condition might 
have been stabilized by an international botanical congress without change 
of name, were it not for the fact that the type of Goniolithon No. 1 {Gonio- 
lithon papillosum) is a generic type of its own, distinct not only from 
Goniolithon No. 2 but from all other genera. The proposal which seems 
most logical is to recognize Goniolithon No, 1, with type species G. papil- 
losum , and to rename Goniolithon No. 2, Neogoniolithmi nov. noni., with 
such a species as is most characteristic and well described, as G. Fosliei 
(Hey dr.) Foslie, for the type, I'he consequent changes are enumerated in 
the following paragraphs. 

Goniolithon Foslie (restr. to subfamily Mastophoreae) 

Fronds crustaceous to decidedly thick, composed of separate mono- 
stromatic layers arising from those immediately below by obliquely 
lamelliform proliferation and becoming cemented together; conceptacles 
simple (without thickening of frond tissue) in all types, opening by a simple 
pore. 

Foslie, ‘‘Systematical vSurvey of .the Lithothamnia,” 5 (1898), as to sub- 
genus I. Eugoniolithort (non aliorum, p.p. exceptorum). (!) means that 
the typt’ sj^ecimen has been examined by, at least, one of us (Setchell). 

Goniolithon papillosum (Zan.) Foslie (type!) 

Lithophyllum fxipillosum Zanardini, “Saggio,” 43 (1843) (1) {sine descr.) 
Hauck, “Meeresalgen, 272, pi. 2, fig. 4 (1886) (I). Lithophyllum papillosum 
Foslie in “Siboga Exp.,” Mem. 61: 63, fig. 23 {optimel) (1904); Mdobesia 
Cystosirae Hauck., loc. cit., 266, pi. 3, figs. 1, 2, 6 (1885) ; Adriatic Sea. 

Goniolithon alternans (Lemoine) comb. nov. 

Lithophyllum alternans Lemoine, Archiv, Mus. Paris, 4: 64-66, figs. 
22, 23, pi, fig. 3, pi. 3, fig. 9 (1929) (I); Galapagos Islands. 
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Goniolithon geometricum (Letnoiiie) comb. nov. 

Lithophyllum (Dermatolithon) ^eomeiricum Lenioine in Boergesen, 
“Rhodophyc. Canary Islands," 17, fig. 17, pi. I, fig. 4 (1920); Canary 
Islands. 


Goniolithon preprototypum (Lemoine) comb. nov. 

Lithophyllum preprototypum Lemoine, "Contrib. Etud. Corallin. fossil.," 
No. 3: 265, fig, 12 (1917); fossil on He de Martinique, W. I. 

Goniolithon protot3q)uni (Foslic) comb. nov. 

Lithophyllum proiofypum Foslie, “On Some Lithoth.," 18 (1807); Island 
of Santa Cruz, W. I, Possibly same as (L Udoteae Foslic (according to 
Lemoine) . 


Goniolithon tessellatum (Lemoine) comb. nov. 

Lithophyllum (Dermatolithofi) tessellatum^ Lemoine, Archiv. Mus. Paris 
4; 68“70, figs. 26, 27, pi. 1, figs. 3, 6, pi. 4, fig. 7 (1929) (I); Galapagos 
Islands. 


Goniolithon Udoteae Foslie 

Foslie, “New Melobesieae," 21 (1901); Island of Santa Cruz, W. I., see 
also G. prototypum (Foslie) . 

Goniolithon lapidea (Foslie) comb. nov. 

Mastophora {Lithostrata) lapidea Foslie, "Algol. Notis.,” II, 27 (1906); 
Lithoporella lapidea (Fovslie) Foslie, “Syst. Bcmerk," 59 (1909); Caspian 
Sea. 

Species of Goniolithon {verum!) are frequent in elevated limestones, prob- 
ably of the early Eocene period, in the Lau Islands between Fiji and 
Tonga in the Pacific Ocean. Studies are still in progress. 

Neogomolithon nom, nov. 

Fronds from crustaceous to decidedly fruticulose and branched; hypo* 
thallus (basal or medullary) coaxial; perithallus of erect filaments, arising 
from the hypothallus; epi thallus more or less distinct of flattened cells; 
heterocysts frequent or sparse, typically in short vertical rows; concepta- 
cles of all three types, opening by a single pore; tetrasporangia uniformly 
(always?) distributed over the floor of the tctrasporangial conceptacle. 
Type species, Lithotkamnium Fosliei Heydrich, Ber, deuisch, bat. GeselLf 
IS, 1897, p. 58, for the crustaceous species and Goniolithon frutescens Foslie, 
"Calcareous algae from Funafuti," 9 (1900), for the fruticulose or branched 
species. A considerable and widely distributed genus. 
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The following large number of incompletely known series of forms seem 
properly to be referred here. 

Species Crustaceae 

Neogoniolithon accretum (Foslie et Howe) comb. nov. 

Goniolithon accretum Foslie et Howe, “New American CoralL Algae," 
131, pi, 85, fig. 2, pL 91 (1906); Bahama Islands, W. I. (I). 

Neogoniolitbon Fosliei (Heydrich) comb. nov. 

Lithothamnium Fosliei Heydrich, Ber. deutsch, hot, GeselL, 15, 1897, 58 
(p.p.), 410; Maidive and Laccadive Archipelagoes (!). 

Neogoniolitbon Hariotii (Foslie) comb. nov. 

Goniolithon Hariotii Foslie, “Algol. Notis.," Ill, 13 (1907); Mangareva, 
in the Marquesas Archipelago (!). 

Neogoniolitbon megalocystum (Foslie) comb. nov. 

Goniolithon megalocystum Foslie, “Siboga Exp.," Mon. 61: 48, fig. 20, 
pi. 9, figs. 8, 9 (1904); East Indies. 

Neogoniolitbon misatdense (Foslie) comb. nov. 

Goniolithon misakiense Foslie, “New Lithoth.," 4 (1905); E. Japan. 

Neogoniolitbon myriocarpum (Foslie) comb. nov. 

LUhothamnium myriocarpum Foslie, “On Some Lithoth.," 19 (1897); 
**G 0 niolithon myriocarpon** Foslie, “Siboga Exp.," Mon. 61 : 45, pi. 9, figs. 6, 
7(1904): East Indies (!). 

Neogoniolitbon ortboblaatum (Heydrich) comb. nov. 

LUhothamnium orthoblastum Heydrich, Ber. deutsch, bot. GeselL, 19: 
403 (1901). Goniolithon orthoblastum M. A. Howe, “Calc. Alg. fr. Mur- 
ray Isl., Austral.," 291, pi. 97, fig. 2, pi. 98, figs. 1, 2 (1918); Papua (1). 

Neogoniolitbon pacificum (Foslie) comb. nov. 

Goniolithon pacificum Foslie, “Nye Kalkalger," 6 (1908); E. Japan. 

Neogoniolitbon solubile (Foslie et Howe) comb. nov. 

Goniolithon solubile Foslie et Howe, in Foslie, “Algol. Notis.,** IV, 21 
(1907): Island of Jamaica, W. I. (!). 

Neogoniolitbon versabile (Foslie) comb. nov. 

GoniolUhon versabile Foslie, “Algol. Notis.," Ill, 15 (1907); Japan. 
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Species Valde Verrucosae aut ramosae 

Neogoniolithon affine (Foslie et Howe) comb, nov. 

Gonioliihon affine Foslie et Howe, in Foslie, Algol. Notis./* IV, 22 (1907); 
Island of Culebra, W. I. An HydroUthont aff. G. Boergesenii Foslie? 

Neogoniolithon assitiun (Foslie) comb. nov. 

GonioHthon assitum Foslie, “Algol. Notis.," IV, 23 (1907); Red Sea. 
{A n Hydrolithon ? aut Porolithonf) 

Neogoniolithon brassica-florida (Harv.) comb. nov. 

Melobesia brassica-jlorida Harvey, “Nereis Australis," 110 (1849); Algoa 
Bay, S. E. Africa. 

Neogoniolithon flnitimum (Foslie) comb. nov. 

Gonioliihon finitimum Foslie, “Nye Kalkalger," 8 (1908); S. E. Australia. 

Neogoniolithon frutescens (Foslie) comb. nov. 

Gonioliihon fruiescens Foslie, “Calc. Algae Funafuti,” 9 (1900); “Siboga 
Exp.,” Mon. 61; 53, 54, fig. 22, pi. 10, figs. 7 -9 (1904); Indo-Pacific (!). 

Neogoniolithon laccadivicum (Foslie) comb. nov. 

GonioHthon lacxadivicuni Foslie, “Siboga Exp.,” Mon. 61: 51, pi. 9, figs. 
10-13 (1904); Indian Ocean (!). 

Neogoniolithon mamillare (Harv.) comb. nov. 

Melobesia mamillaris Harvey, “Nereis Australis,” 109, pi. 41 (1849); 
Brazil. 


Neogoniolithon mamillosum (Hauck.) comb. nov. 

Lithothamnium mamillosum Hauck., “Meeresalgen,” 23, pL 3, fig. 3. pi. 6. 
fig. 1 (1885); Adriatic Sea. 

Neogoniolithon Martellii (Sams.) comb. nov. 

Gonioliihon Mariellii Sams., “Sopra due Alghe Calc, foss.,” 241 (1914); 
Fossil, Albania. 

Neogoniolithon Rhizophorae (Foslie et Howe) comb. nov. 

GonioHthon Rhizophorae Foslie et Howe, “New Amer. Corail. Alg.,” 130 
(1906); Bahama Islands, W I. 
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Neogoniolithon strictum (Foslie) comb. nov. 

Goniolithon strictum Foslie, “New Melobes.,” 14, (1901); M. A. Howe, 
Jour* N, F. Bot* Garden^ 6, n. 64, with figure (1905); Florida and W. 

I. (!). 


Neogoniolithon spectabile (Foslie) comb. nov. 

Goniolithon spectabile Foslie, “New Melobes. 16 (1001); Bermuda 
Islands, G* strictum Foslie et G. intermedium Foslie valde affine? 

Neogoniolithon trichotomum (Ileydrich) comb. uov. 

Lithothamnium trichotomum Heydrich, “Litli. Mus. Pains/' 538 (1901); 
Gulf of California. G.frutescens Foslie valde affine? (1) 

The species transferred above seem reasonably to be referred to the 
second genus Goniolithon of Foslie, as renamed, of necessity, and by us, 
Neogoniolithon. Of the majority not mentioned here, renewed* study of the 
type material is necessary to determine whether they are true Neogonio- 
lithons or possibly to be referred to Ilydrolithon or even to Lithophyllum or 
PoroUthon* 


NEW OR LITTLE KNOWN CRUSTACROUS CORALLINES OF 

PA CIFIC NORTH A M ERICA 

By WinUAM Albert Setchell and Lucile Roush Mason 
Departmknt op Botanv, University of California 
Communicated Febniary 23, 1943 

Since 1895 and even from somewhat earlier, the senior author has been 
collecting and studying crustaceous Corallines, especially those from the 
Indo-Pacific area. Very early many of the specimens, particularly from 
the coasts of Pacific North America, were sent to M. Foslie at Trondhjem, 
Norway, the great autliority on the groups, and were named and published 
upon by him. There exists, therefore, in tlie Herbarium of the University 
of California many duplicate types and other authentic material for the 
study of Pacific North American species as well as of adjacent areas. 

The junior author prepared, as a Ph.D. thesis, a detailed account of the 
species of the coasts of Pacific North America, with illustrations, critical 
notes, as well as a general review of the subfamilies, of the genera, and 
species, ranging from Bering Straits to Panama. A copy of this thesis is 
deposited with the Library of the University of California, where it may be 
consulted. 
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The work has been continued by both authors and in the course of some 
years additional facts and modification of opinion have resulted. The 
following notes as to changes of nomenclature, of new species, and other 
such matters are detailed below, 

1 . Lithothamnium giganteum L. R. Mason sp. nov, 

Frons crusUicea, durisstma, usque ad 6-8 mm. crassa, protuberantibus 
robustissimis^ 10-15 mm. altis, 5-15 u lutiSt apicibus quant basibus UUioribuSt 
munita, colore obscure cinerea, magnihidane 5 cm. 7 cm. et ultra; hy pot hallo 
tenue, ad superficiem^ loiatn lapillorum mediocrium non caJcareorum, per 
super fictijn iotam inferanit arete adherent 1-2 usque ad 80 celluHs crasso^ 
cellulis 6-20 u longis^ G-S u laiisy elongatis cum substrata parallelis; peritkallo 
6-7 mm. eras so, crebre stratoso {stratis magnitudine formaque parvarum 
cellularum differentihus), cellulis i.sodiametricis, 5-6 u diam., aut verticaliter 
levitergue elongatis G-14 u (dHs et 5-S u latis; epitlmllo 1-3 stratorum cellu- 
larum, cellulis horizontaliter applanatis, 2-4 u alt., 5-7 u lat.; conceptaculis 
tetrasporangiiferis 440 -475 latis, 90-210 m altis, ports 50-60 apetlis; tetra- 
sporangiis 4-divisis; conceptaculis spermatangiiferis cystocarpiiferisque 
nondum visis. 

Si>ec. typ. La Jolla, California, No. 1514a; leg. N. L. Gardner. 

This is by far the coarsest TJthotlmmnium on the Pacific coast of North 
America, as yet discovered. In habit and size, it superficially resembles 
Lithothamnium crassiusculum (Foslie) cofnb. nov. (see next sj)ecie9) but is 
more massive, thicker, harder and with more regularly arranged branchlets 
(or warts) swollen above and narrowed to a stalk-like base. 

2. Lithothamnium crassiusculum (Foslie) L. R. Mason comb, nov, 

Lithothamnium rugosum f. crassiuscula Foslie, *‘New Melobesieae,” 4 
(1900) (p.pOl pacificum f. crassiuscula Foslie, “Algol, Notis.," II, 10 
(1906) (p.p*)l Foslie, “Mon. Lithoth.“ (ed. H. Printz), 44, pi. 4, fig. 18 
(1929). 

Foslie based his ''cra^siuscukT' on two specimens (Setchell 1149 and 
1496a, the first from White’s Point, near San Pedro, the second from San 
Pedro, California), referring it at first (1901) under Lithothamnium rugosum 
Foslie (1900), a Fuegian species, but latex under L. pacificum Foslie (1906). 
Careful study both on the shore and on type material has convinced us not 
only of the independence of both L. rugosum and L. pacificum of one 
another but also of the fact that the f . crassiuscula included two different 
species, of which we refer No. 1149 Setchell to the proposed LUhothamnium 
crassiusculum and No. 1496a Setchell to an entirely new species, LUho- 
thamnium aculeiferum, to be described below. The two species are very 
pnWee both in habit and in structure. L crassiusculum has coarse pro- 
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tuberances irregularly distributed but frequent, resembling superficially L* 
giganUsum in habit, while L. aculeiferum has irregularly and sparsely dis- 
tributed excrescences which are low and pointed. 

3. Lithothamnium aculeiferum L. R. Mason sp. nov. 

Frons Crustacea, 1-3 mm* crassa ad saxa arete per totam superficiem inferam 
adherente vulgo lapillos parvos ah undis circumjacHs prorsus circumdata, 
colore vivo roseo-purpureo siccitate purpureo-cinereo, excresceniihus numerosis 
angularibusgue, humilibus, 1-1 £ mm, alt,, hasi 1-2,5 mm, lat,, vulgo ad 
apicem acutam attenuatis; hypothallo aut tenuiter evolvato aut passim usque 
ad 150-200 m <^lt*t celluUs elongatis, 10-30 m long,, 6-10 ju alt,, parallelis, et in 
angulis rectis perithallum faciendum assurgentibu$,peritJtallo 1-2,5 mm,crasso, 
saepe per differentiam parvam cellularum magnitudinis stratoso, cellulis iso- 
diametricis, lente elongatis, aut ad superficiem superam paralleliter applanatis, 
ad angulos rotundatis, 5-8 ju lat,, 3-9 /* alt,; epithallo 1-3 cellulo-stratos, cel- 
lulis 5-7 fi lai,, 1-3 M alt,, applanatissimis, vulgo multo contusis; conceptaculis 
sporangiiferis convexis, 95-160 nail,, vulgo ad superficiem superam parallelis 
leviter applanatis, poris 15-40, uniguibusgue circum 20 fx diam,; tetraspo- 
rangiis 90-150 alt,, 60-75 u lat,, transverse 2-divi$is, conceptaculis cysto- 
carpiiferis convexis, 425-500 ^ diam,; conceptaculis spermatangiiferis non- 
dum visis. 

Lithothamnium rugosum f. crassiuscula Foslie, “New Melobesieae,” 4 
(1901) (p.p.)l L, pacifUum f. crassiuscula Foslie, “Algol. Notis.,“ II, 10 

(1906) (p.p,). 

The type specimen is No. 1496a, Setchell, collected near San Pedro, 
California, and especially that part of the collection preserved in the 
Herbariiun of the University of California. It has also been collected at 
Pacific Grove, California (Maurice B. Nichols, Nos. 126, 181, in Herb. 
Univ. Calif.), and at La Jolla, California (Maurice B. Nichols, No. 382, in 
Herb. Univ. Calif.). 

Foslie’s description of his f . crassiuscula seems to have been drawn from 
Setchell No, 1149, which differs from Setchell No. 1496a in habit, structure, 
number of pores of the tetrasporangial conceptacle, and number of divisions 
in the tetrasporangium. The name, promoted to specific rank, is retained 
for, and restored to, No. 1149 and its like, while No. 1496a (and its like) 
has been made the type of Lithothamnium actUeiferum, 

4. Lithothamnium validum Foslie nom, ddend* 

Foslie, “Algol. Notis.,“ II, 10 (1906); Setchdl and Gardner. Proc, 
Calif, Acad, Sd,, ser. 4, 19: 197 (1930) ; Liihoth, rugosum f. valida PosHe, 
“New Melobesieae," 4 (1900) (omnibus p.p*)* 
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A Study of a portion of the type material (Herb. Farlow, No. X, collected 
near San Diego, by H. Hemphill) indicates that this species of Foslie is a 
composite and therefore the binomial is to be rejected. The internal 
structure described is that of a Lilhoihamnium but the external structure is 
that of a LithophyUum, The latter, later described by Foslie as Litho^ 
phyllum intitans (“Algol. Notis.,*’ VI, 13 (1009)), is a species fairly readily 
recognized by its coarseness, covered by many short obtuse branchlets and 
the glossy (or glazed) surface of both the horizontal crust and the branch- 
lets. 


5. Melobesia mediocris (Foslie) comb. nov. 

IMhophyllum mediocris Foslie, “Algol. Notis.,“ III, 33 (1906); Litho- 
phyllum zostericolum f. mediocris Foslie, “Five New calcareous algae,'* 
5 (1900); Lithothamnium mediocris Foslie et Nichols, in Nichols, Univ. 
Calif. Pub. Boi., 3: 34T-348, pL 9 (1908); Melobesia atnplexifrons Far- 
low, Proc. Amer. Acad,^ 12: 239 (1877) (non Harv.). 


Since Melobesia, as restricted in accordance with the type species, M. 
metnbranacea (Esper) Laniouroux (“Nouv. Bull. Sci.,” p. 1. Soc. 
Philomat., V, 3: 180 (1812)) must take precedence of Epilithon Heydrich 
(“Melobesieae," 408 (1897)), it is necessary to make this new combina- 
tion for our Californian plant. It, together with Melobesia marginaki 
vSetchell et Foslie represents the genus on our coasts. 


(j. Lithophyllum neofarlowii nom. nov. 

Lithophyllum Farlowii Foslie, “New Melobesieae," 12 (Feb. 18, 1901) 
non L. Farlowii Heydrich, “Lithoth. Mus. Paris,” in Engler’s Bot. Jahrb., 
28: 532, pi. 1, fig. (> (Jan. 12, 1901). 

The proposing of the name Lithophyllum Farlowii, at almost the same 
time, by Foslie for a Californiati species and by Heydrich for a Galapagos 
species, was seemingly settled when Heydrich incorrectly assumed the 
priority of Foslie's name and rechristened the species from the Galapagos 
Islands L. claudescens Heydrich (Ber. deutsch. bot. GeselL, 19: 420 
(1901)). A careful examination of the exact dales (as shown above) 
indicates, however, that the L. Farlowii of Heydrich has prior claim, that 
the L. Farlowii Foslie must receive a new name and, further, that the 
L. claudescens Heydrich must be relegated to synonymy. 

7. Lithophyllum elegaus (Foslie) Foslie 

Harlot sent certain of the specimens collected by Diguet off La Paz, 
Mexico, to Foslie, retaining others for his own study. Foslie and Hariot 
each, independently, gave names to the specimens in their own possession. 
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Both authors published in 1 895, Hariot tn the Journal de Botanigue (voL 
9, pp, 100, 107) and Foslie in the journal of the Norwegian Society (“New 
or Critical Lithotharania,” in Det. KongL Norske Vidmsk, Selsk. Skrifter^ 
No. 2). The LitJwphyllum elegans Foslie and the Lilhophyllum margaritae 
Hariot undoubtedly are synonymous, but which was first published? 
Foslie claims {Det. KongL Norske Vulensk. Selsk. Skrifter 1901, No. 2, p. 20) 
that L, elegans has priority. 

8. Lithophyllum whidbeyense Foslie 

Lithophyllum. whidbeyense Foslie (“den. hot. Samling/' 5 (1906)) seems to 
be the same as L. vancouveriense Foslie (loc. cit.), judging from our studies 
of the types and of other collections from the same region. Since the 
description of L. whidbeyense precedes that of L. vancouveriense on the same 
page, that name seems to have a slight precedence. 

9, Heteroderma Nicholsii noni. nov. 

Dermatolithon pustulatum f. typica Foslie, “Algol. Notis.,“ VI, 46 (1909) 
(p.p.?), LUhothamnium pustulatum f. australis Foslie, “Remarks on 
Northern Litlioth.,” 117, 128 (1905) (p.p.?), M. B. Nichols, Univ, Calif, 
Pub, 3: 356, pi. 10, figs. 4, 5, pi. 13, figs. 21--24 (1905)!, is to be re- 
ferred to the genus Heteroderma as finally limited by Foslie (Syst. Be- 
merk., in “Algol. Notis.,“ VI, 56 (1909)). Heteroderma seems to be the 
best solution for referring the very considerable number of non-hetero- 
cysted species formerly referred to Melobesia. Since Melobesia Lamour. 
(1812) is to be restricted to species with soriform tetrasporangial con- 
ceptacles, the majority of the species referred to Melobesia seem to fit into 
Jleteroderma where P'oslie has placed them in his 1909 paper. The type 
species may be considered to be Heteroderma subtilissimum (Foslie) 
Foslie (loc. cit., 1909, p. 50) from Papua. The genus includes all oligo- 
stromatic and non-heterocysted species devoid of a palisade-like hypo- 
thallus {Dermatolithon), but with the tetrasporangial conceptacles open- 
ing by a single pore. The plants uchich both Nichols and Foslie referred 
to Dermatolithon, from La Jolla, California, are neither of the genus 
Dermatolithon nor of the species />. pustulatum. The hypothallus (see 
Nichols, loc. cit., pi. 13, figs. 21-24) is not made up of cells vertically 
elongated, and the tetrasporangia are regularly 4-parted. A new name 
is necessary and we dedicate the plant .so well described and illustrated 
by Maurice Barstow Nichols to him, in token of appreciation of his pioneer 
work among these forms. 

10. Dermatolithon ascripticium (Foslie) comb. nov. 

DermatoUihon pustulatum f. ascripticia Foslie, “Algol. Notis.,“ III, 34 
(1906); Lithophyllum pustulatum f. ascripticia Nichols, Vniv* Califs 
Pub, BoL, 3; 354, pi. 10, figs. 2, 3, pi. 11, fig. 10, pi. 12, figs. 18-20 (1909). 
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This Californian species seems to be independent of both Dermatoliikon 
macrocarpum and D, pustulatum; from the former it differs in having 4- 
parted tetrasporangia and from the latter in cell dimensions of tlie thallus. 
The type specimens were collected by Mr. Nichols at Santa Catalina 
Island, California, on Gelidium pyramidale N. L. Gardner. 

11. DermatoUthon saxicolum (Lemoine) comb. nov. 

Lithophylluni {DermatoUthon) saxicolum Lemoine, Arch. Mus. d*hist. 
nai.^ Paris y 4: 'IS, fig. 10 of p. 51 (1920). On stones from 9 meters, 
Cocos Island, Costa Rica. 

As described and figured, this species seems to be related to DermatoUthon 
dispar (Foslie) Foslie, but saxicolous rather than epiphytic. No specimens 
are available for examination. 

12. Hydrolithon Setchellii (Foslie) comb. nov. 

GoniolUhon Setchellii Foslie, “Rev. Syst. Survey Melobesieae,'* 16 (1900); 
Lithothamnium- Setchellii Foslie, “On vSome Lithoth.,“ 18 (1897). 

The present species seems to fit better into Hydrolithon than into the 
Neogoniolithon {Goniolithon of Foslie 1904, non GoniolUhon subg. Eugonio- 
lithon Foslie, 1898). The general habit and structure are in some ways 
intermediate. The heterocysts are sparse and single, and the hyj^otliallus 
varies from a single layer (in the main basal portions) to somewhat more 
complex (in the overlapping lobes). The perithallic cells are somewliat 
irregularly placed, but do not vary so much in size and arrangement as in 
Hydrolithon Reinholdii (Weber ct Foslie) Weber et Foslie. 

13. Litholepis fertilis (Lemoine) comb. nov. 

Melohesia {Litholepis) Jertilis Lemoine, Arch. Mus. d'hist. nat.y PariSy 4: 
49, fig. 12 on p. 51, pi. 1, fig. 5 (1899); Coiba Island, Panama. 

Mme. Lemoine compares tlie structure to that of L. mediterranea Foslie, 
but considers that it is to be distinguished from all other Litholepis sjxicies 
by the size of the (empty) conceptacles (275-500 y. diam.). 

Additional new combinations for species of the Pacific coast of North 
America are to be published elsewhere. 
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LINEAR PARTIAL DIFFERENTIAL EQUATIONS WITH 

ANALYTIC COEFFICIENTS 

By Fritz John 

Department of Mathematics, University of Kentucky 
Communicated January 22, 1943 

This paper contains some general results on linear partial differential 
equations with analytic coefficients; in particular it is concerned with 
questions of uniqueness of solutions of the Cauchy problem, and with the 
functional character of the solutions. 

J. The Cauchy Problem, — The general linear wth order equation for a 
function . . . , is given by 



Only real variables will be admitted. The and B shall be regular 

analytic functions of those real arguments, wherever considered.^ 

Equation (1) defines at each point P ~ (jci, . . Xn) the “characteristic'" 
directions, i.e., those having direction numbers ai, . . Un satisfying 

Qp(,oiif • • ■ , otfi) • • • , ^ 0 ( 2 } 

It 4- . . . 4' In ■* w 

The Cauchy problem consists in determining a solution of (1) for which 
on a hypersurface S in Xi . . ,:rn-space the “initial values," i.e., the values of 
u, bu/bNt . , (p/dN — normal derivative), are prescribed. 
The meth(>d of power scries as applied by Cauchy, Kowalewski and Weier- 
strass permits to prove the following general theorem : 

If S is the image of an open {n — 1) -dimensional full sphere under a non- 
singular analytic transformation, find no normal of S has a characteristic 
direction, and if the initial values are regular analytic on 5, then for every 
closed subset X of S there is a neighborhood oi X in Xi,. .a[:„-space, in which 
tliere exists and is uniquely determined a regular analytic solution of (1) 
taking the prescribed initial values on 2,® 

As soon as the restriction to analytic solutions or to analytic initial 
values is discarded, the behavior of the solutions of the Cauchy problem 
varies largely with the “type" to which equation (1) belongs; hardly any 
general results, applying to all types, are known,* One of the properties of 
differential equations, to be examined here, concerns the degree to which 
solutions behave arbitrarily on any manifold in space. A class F of func- 
tions defined in a set Rinxi., .x#-space may be called arbitrary, if the fol- 
lowing is true : If P is any closed subset of R, and P any point of R outside 
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R, then there arc two functions of F that have the same values in all 
points of Rt but not in P, In this sense the class of all analytic functions 
defined in an open set P. or defined on any analytic manifold in Xi:, .at*- 
space, is not arbitrary. On the other hand, the functions of class C”, 
where in is any non-negative integer, form an arbitrary class. Similarly 
arbitrariness can be defined for classes of {systems of functions. 

It is possible to obtain all solutions of class C” of (1) by solving certain 
Cauchy problems with analytic initial values for the adjoint equation of (1), 
and by using the completeness of the set of analytic functions. This idea 
was used originally by E. Holmgren^ for the proof of certain “local” 
uniqueness theorems. We shall make fuller use of that idea here, cliiefiy 
proving uniqueness theorems not restricted to sufficiently small neighbor- 
hoods; those only will enable us to make conclusic^ns about the functional 
behavior of the solutions of (1). 

2. The Fundamental Identify - As the main tool we derive an identity 
of the type of Green's identity for equation (1). Let Sy, denote a family of 
hypersurfaces given by an equation 


X = X(.ri, . . ™ const. 

to be specified later. Wc define “derived’’ differential operators L^^^[u] 
(with respect to X) to the given operator L by the formulas 

= L[wJ, '^1m| =-- 


Then 


^0 

Let the **adjoint” operator L\u] be defined in the usual manner, 
variant element of surface dw may be defined by 


(3) 

An in- 



dx% , . . dXfi 

■^7*^ _ 

dX 


where dSx is the ordinary element of surface of 5x. The fundamental 
identity in question then takes the form 

f uL Mdu, = ” ~k ^ [u\dw ( 4 ) 

This identity is invariant under arbitrary coordinate transformations. 
It can be proved for all “sufficiently regular" families of dosed surfaces 5x. 
It will be used here, however, for cases, where the 5x are open surfaces with a 
common boundary. More exactly (4) is proved for the case that 
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(a) the Sx are given by the relations 

n 

^ \ ^ COllvSt., M - i — "El ^ (^) 

a »”2 

it 

»“2 

(b) u is of class C'", and 

(c) 7v is of the form <p(^* ^ 2 i • • •» ^n)» where X and g denote the func- 
tions of .ri, . . . , defined in (5), and tp is of class C*” in X, JC 2 , . . . , x„. 

3. Uniqueness Theorems.— In applying (4) we do not follow the usual 
procedure of choosing for w a solution of L[w] — 0 with a suitable singu- 
larity, which will yield the value of u at one point. Instead we take for w a 
solution of the ordinary Cauchy problein 

L\w\ « L[(i - Ex,T~V] = 0 

2 

Jo for ^ — 0, . . . , w 2 

Wx*^A-. " ^ • • • . k = ?n ~ 1 



According to Cauchy-Kowalewski this Cauchy problem for tp or zo will have 
a solution, if S, has no characteristic normals, and if v is regular analytic. 
Tlie solution w can then be shown to be an analytic function of Xs, . . Xn, 
X, € regular for 


E ^ 1 , jx - Xol S 5, |€ - Xo| g S 

with a certain 5 > 0. By integration with respect to \ from Xo to e (4) 
goes over into the following identity, valid for |€ — Xol <6 : 


f dX f w^B{xi, .... Xn)dw + E ^ (4^1'^: J wL^^^[u]do> ) = 

^0 Sx fc«l «I \aX* “CS'x /X'-Xo 


1 




^ ^ — T (-1)”* X a«) ’V-udeo . . 

ml s, dX^“^ 5 , W 


where the «( = — arc direction numbers of tlie nonnal of at the point 

bXi 

p , Xn) of 5,. Now the left hand member of (6) depends ana- 

lytically on <; hence, if w is a solution of (1) of class C” and v(xt, . . ., x^) 
is regular, the expression 


^(«) == J" otn)*v^udu> 

is a regular analytic function of e in a neighborhood of € = Xo, provided Sx, 
has no characteristic normals. Furthermore applying (6) to Xo » 0, we 
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see that for all sufficiently small c is expressible in terms of « and its 
derivatives of order g w - 1 on provided So is free of characteristic 
normals. Moreover, it follows from the Fundamental Lemma of the 
Calculus of Variations tliat for a fixed e, u is uniquely determined in all 
points of Sft if /p(e) is known for all analytic functions v. 

Using all these facts one concludes that the initial values of m, bu/dN, 
.... on So uniquely determine u on all for which none of 

the surfaces ^Sx with 0 ^ X ^ e has a characteristic normal. A closer 
analysis shoWvS that it is sufficient to assume here u to be of class C” in 
the dosed set covered by the 5x with 0 ^ X ^ e, and to be of class in 
all interior points of that set. Again, because of the invariance of the 
characteristic equation (2), the same statement holds, if the hypersurfaces 
5x for 0 ^ X ^ €, instead of being given by relations (5), can be transformed 
into the hypersurfaces (5) by a non-singular analytic transformation. 

The resulting uniqueness theorem for the Cauchy problem for all equa- 
tions (1) with analytic coeflicients is very general, due to the wide choice 
left for the S\. It can roughly be formulated as follows: The initial 
values on an analytic hypersurface uniquely determine u in all points 
which can be reached by deforming So in suck a way that its boundary is 
kept fixed and all surface elements with characteristic normals are avoided. 
This generality is obtained, because the prwedure followed here makes it 
unnecessary to know anything about the characteristic manifolds them- 
selves in advance. In applying this uniqueness theorem to specific coses, 
it is only necessary to find out how far So can be deformed without violating 
the restrictions; that will be different for different types of equations. 

In this way we find, e.g., for any equation (1) witli constant coefficients: 
If C is any convex {n — l)-dimensional set in the h)q>erplane JCi »= 0 con- 
taining the origin, then the initial values of « on C will uniquely determine 
u at the point (1, 0, ...» 0), if the polar reciprocal set C' of C formed with 
respect to the unit-sphere about the origin in the xs. . ..r„-plane does not 
contain in its interior any point whose coordinates xa, . . satisfy 0(1, 

• • - I ” 0. In the case of normal-hyperbolic equations with constant 
coeffidents we may take for C the convex hull of the “wave-surface'"; 
this is in agreement with uniqueness theorems obtained by K. Friedrichs 
and H. Lewy,® and with the explidt solutions constructed by G. Herglotz.® 

4. Pseudo-Anolyiic Behavior along an Initial Hypersurface, — From the 
general uniqueness theorem we can obtain information about the impossi- 
bility of the Cauchy problem for certain analytic hypersurfaces S. That 
situation will always arise, if there exists a 2-dimensional plane through the 
normal of X at a point P, which does not contain any direction character- 
istic at P, Let A be an f>-dimensional neighborhood of P; let $ be that 
part of X lying in A, and let A' and .4*" be the two open sets into which s 
may divide A . Then in the cases under consideration the system of functions 
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M* dw/diV, . . is not arbitrary on if « is assumed to be a 
solution of class O of (1) in A ' and to be of class in i4 ' + s; there will 
indeed exist closed subsets and Si of 5 without common points, such that 
the values of the m initial functions in So already uniquely determine the 
values of u in Su as a consequence of the general uniqueness theorem, 

Two points are to be observed in this connection: First, that the im- 
possibility of the Cauchy problem is proved locally^ notliing being assumed 
about the existence of u outside a neighborhood A of P. Second, that 
only the whole system of initial functions behaves in a non-arbitrary way; 
u alone might very well be arbitrary on the boundary manifold S. 

With the help of the geometric test given, it can be seen that the Cauchy 
data cannot be prescribed arbitrarily on a “surface element” 2 in the 
following general cases ; 

(a) when (1) is an elliptic equation and X any analytic smface element, 

(b) when (1) is a 2nd order equation, whicli is neither parabolic nor 
normal-hyperbolic, and X is any analytic surface element, 

(c) when (1) is a 2nd order normal-hyperbolic equation, and X not 
“space-like,” and analytic.^ 

5. Pseudo-Analytic Behavior along Interior Manifolds,— example of 
the potential equation suggests that the functional behavior of a solution u 
of (1) in interior points may be much more restricted than in boundary 
points. Such restricted behavior is indeed made evident by a study of the 
integrals of u over lower-dimensional manifolds in Xi,. .x„-space. 

For this purpose we prove the fundamental identity (4) for the more 
complicated family of hypersiudaces 5x given by 

E - (1 - E cb„ + = X»(l - *«*)* 

a»l + c*'jr+l 

where 5 is a fixed integer with 0 < 5 S », and the c,*, c are constants 

S 

subject io^ bj^ < I, Then the 5^ for X > 0 all have a common (n -- 5 — 

ot*** I 

1) -dimensional boundary given by 

n 

2 XJa® « 1, aci « ... «» X, = 0 
a ■■jf+l 

and approach for X, c, ci^ . . Cg converging toward 0, the (n — 5)-dimen- 
sional manifold 

Xfif ^ 1, ... s* 0 (7) 

tf ■‘i + l 

One concludes similarly as before, that for a regulw analytic function 
v(xi X.) the expression 
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X u-vdta (8) 

•Sx 

is a regular analytic function of X, b, for sufficiently small positive X 

and sufficiently small c, Ci, c„ provided no normal of the manifold (7) 
has a characteristic direction. The following lemma is then applied: If 
the integrals of a continuous function F(yi, over spheres in yx . . .y,- 

space depend analytically on center and radius of those spheres, then F 
itself is a regular analytic function. This lemma permits to conclude from 
the analyticity of expressions (8) the following theorem: 

//Mx... • X# denotes a family of {n — sydimensionai manifolds in Xi. . .x^- 
space, which by a nofi'-singukir analytic transformation can be transformed 
into the manifolds. 

n 

~ £ *'^<1®) iota = 1, 

O *» 5 f 1 

S) Xa'‘ ^ 1 

and if dm denotes any regular analytic element of Tftass on then 

S M dm 

. 1 . Xf 

for a solution u of {1) of class in a neighborhood of Afxi .\9 is a regular 
analytic function of \u . » as long as no normal of the manifold 
Mxx . . xi has a characteristic direction. 

This theorem may be considered as a generalization to arbitrary equa- 
tions (1) of the known theorem (which here is included as the special case 
s «= »), that if (1) is an elliptic equation, then u{Xi^ . . . , itself is a regular 
analytic function.* 

From the analyticity of expressions (9) we can again conclude that the 
solution u is not an arbitrary function on certain manifolds. Let P be a 
point of an r-dimensional analytic manifold M in Xi.. .x«-space. If there 
w a« (» — r + l)‘4imensional linear space, which contains all normals of M 
at Pf but does not contain any direction characteristic at P, then the 
solutions of (1), which are of class C"* in an n-dimensional neighborhood of 
P, do not form an arbitrary class of functions on M itself in a neighborhood 
of P. (Here already the function u alone behaves in a non-arbitrary way.®) 

^ That shall be representable by power series locally. 

* See Courant’-Hilbert, Methoden der matheniutisch$n Physik, Vol. II, pp. 39, et seq.; 
Hadamard, Lectures on Cauchy*s Problem, Chap. I. 

* Seit the discussion by Hadamard, loc. cit., Chap. II. 

♦Ofveraigt af kongl. Vetenskaps-Akademiens Fdrhandlinger, pp. 91-103 (1901); 
Holmgren considers systems of linear 1st order equations with analytic coefficients for 
hmetions of two variables. 

* Math. Annakn, 98» 199-204 (1928); also Math. Annalen, 104, 328-339 (1931). 
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• Abk. Math. Sem. Hamburg. Univ., 6 (1928); Her. d. sdcks. Akad.^ 78 (1926) and 80 
(1928). See also Courant-HUbert, loc. cit., pp. 456» ei seq. 

’ See on necessary or sufficient conditions for the Cauchy problem: 

For the potential equation: Hadamard* loc. cit., p. 31, sec. 16 bis. 

For the wave equation on time-like manifolds: Hadamard, loc. cit., pp. 34fr-367. 

For hyperbolic equations with 3 independent variables: E. W. 'rUt, Ann. Math., 40> 
862-891 (1939). 

For a certain ultra-hyperbolic equation: G. Owens, Duke Math, Jour,, 9, 271-282 
(1942). 

• See Holmgren, loc. cit., 1901, pp. 437“^66. S. Bernstein, Math. Annalen, 59, 20-76 
(1904). T. Rado, Math. Zeit., 25, 514-689 (1926). H. Lewy, Math. Annalen, 101, 609 
619 (1929); Trans. Am. Math. Soc., 37, 417, ei seq. (1936). E. Hopf, Math. Zeit., 34, 
194-233 (1931). 

• Special known instances of nou-arbitrary behavior in interior points are: In the 
case of ultra-hyperbolic equations with constant coefficients: Courant-Hilbert, loc. 
cit., pp. 427-430; in the case of lime-like manifolds for the "equation of Darboux": F. 
John, Math. Annalen, U3, 541-.559 (1936). 


GROUPS CONTAINING A PRIME NUMBER OF CON JUG A TE SUB- 
GROUPS 


By G. a. Miller 

Department op Mathematics, University of Illinois 
Conmuinicaled March 8, 1943 

While there are many groups which have the property that each of them 
contains one and only one invariant proper subgroup there is no group which 
contains one and only one non-variant subgroup since a non-invariant sub- 
group is transformed under the group into another such subgroup of this 
group. The smallest number of non-invariant subgroups of a group is 
therefore two and when a group contains exactly two non-invariant sub- 
groups they are necessarily conjugate under the group. Similarly when a 
group contains exactly three non-invariant subgroups they must all be 
conjugate under the group but when a group contains more than three 
non-invariant subgroups they may appear in more than one set of con- 
jugates under the group. For instance, the group of the square contains 
foiu* non-invariant subgroups which appear in two sets of conjugates under 
the group. It should be noted that a non-invariant subgroup of a group is 
necessarily a proper subgroup of it. 

It is not difficult to construct an infinite system of groups of order 
p”, p being any prime number, which has the property that every group 
contained therein involves exactly p non-invariant subgroups and that 
these subgroups constitute a single set of conjugates under the group. To 
construct such a system we may start witJx the cydic group of order 
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tn > 3, and extend this group by on operator of order/) which trans- 
forms this cyclic group into itself and gives rise to a commutator of order, 
/). This extended group of order contains /» + 1 subgroups of order />, 
including the commutator subgroups of this order, which constitutes the 
central of the group. The remaining subgroups of order p are the p con- 
jugate subgroups under the group of order which is conformal with the 
abelian group of order and of type 1, m — 1. Every operator of this 
group whose order exceeds p generates the commutator subgroup of the 
group and every subgroup which contains such an operator is invariant. 

When p is odd it is only necessary to assume that m > 2 in the preceding 
paragraph since the group of order p^ will then also satisfy the condition 
that it contains exactly p non-invariant subgroups which constitute a 
single set of conjugate subgroups under the group, but when p = 2 there 
result two corresponding groups of order 8. One of these is the octic group 
and contains four non- invariant subgroups of order 2 which are conjugate 
in pairs, as was noted above. The other is the quaternion group, which in- 
volves no non-invariant subgroup but is also non-abelian. We shall prove 
in what follows that when p ~ 2 the given infinite system of groups in- 
cludes all the groups which separately contain two and only two non-in- 
variant subgroups but when p is odd thcire are other infinite systems com- 
posed of groups which separately involve exactly p conjugate subgroups. 

Suppose now that the group G contains exactly two non-invariant sub- 
groups, As each of these two subgroups is invariant under half the opera- 
tors of G there must be a subgroup H of index 2 under G which involves 
this subgroup. I'he subgroup II must also contain the other non-invariant 
subgroup of G since this subgroup is also transformed into itself by exactly 
half of tlie operators of G and the operators of G which do not transform 
into itself the first of the two given subgroups must transform this sub- 
group into the second of these two subgroups and hence they do not trans- 
form this second subgroup into itself. That is, every group which contains 
two and only two non-invariant subgroups contains a subgroup of index 2 
which involves these two subgroups invariantly while each of the remaining 
operators of the group transforms these two subgroups into each other. 

Since all the subgroups of H are invariauit under H it results that H is 
either abelian or Hamiltonian. It cannot contain more than two sub- 
groups which Eu-e invariant under G because G is supposed to contain two 
and only two non-invariant subgroups. Hence it results that when H is 
Hamiltonian its order is a power of 2 and the order of G is twice the order 
of H, It is known that a Hamiltonian group whose order is a power of 2 
is the direct product of the quaternion group and the abelian group of 
order 2” and of type I” and that it contains a characteristic subgroup of 
order 2”'*'^ which is abelian and of type 1*”+^ and involves all the operators 
of order 2 contained in this Hamiltonian group* Hence m could not exceed 
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zero. As it is known that a group of order 16 does not contain two and only 
two non-invariant subgroups it results that H is abelian whenever G con- 
tains two and only two non-invariant subgroups. 

The operators of G which ore not in H must include at least one whose 
order is a power of 2 since // is a subgroup of index 2 under G. Hence II 
cannot involve a Sylow subgroup of odd order since all the subgroups of G 
which are not contained in H are invariant under G. It therefore results 
that the order of G is a power of 2. As H involves at least two subgroups 
of the same order it cannot be cyclic. It cannot have more than two in- 
variants since not more than two of its subgroups are invariant under G and 
G contains only two non-invariant subgroups. For the same reason one of 
the independent generators of H must be of order 2 and each of the opera- 
tors of G which are not H generates the same subgroup of order 2. The two 
non-invariant subgroups found in G are therefore of order 2 and all the 
operators of G which are not in H are of order 2'”'"*, if the <)rder of II is 
2 m j-j. therefore follows that G belongs to the infinite system of groups 
noted above and there results the following theorem: If a group contains 
two and only two non-invariant subgroups it is of order 2^ and it is con- 
formal with the abelian group of type l^m — i. There is one and only one 
such group for every value of m > 3 and its commutator subgroup is of order 2. 

Suppose that a group G contains p conjugate subgroups, p being a prime 
number, and that all of its other subgroups are invariant. These conjugate 
subgroups are transformed under G according to a permutation group of de- 
gree p which has no more than p subgroups. Such a group involves only one 
subgroup of order p, since the subgroups of order p in this permutation 
group are Sylow subgroups, and if there were more than one such Sylow 
subgroup in it there would be at least + 1. It therefore results that if a 
group contahis a set of p conjugate subgroups while all of its other sub- 
groups are invariant it must be either isomorphic with a permutation of 
degree p which contains an invariant subgroup of order p or it contains an 
invariant subgroup of index p which includes aU of its non-invariant sub- 
groups as invariant subgroups. In particular, if a group contains a prime 
number of conjugate subgroups while all of its other subgroups are invariant 
then either no two of these subgroups transform each other into themselves or 
every two of these subgroups transform each other into themselves. 

When every two of the p conjugate subgroups of G transform each other 
into themselves, then G contains an invariant subgroup H of index p which 
involves these p subgroups invariantly and contains no non-invariant sub- 
group. Hence this invariant subgroup is either abdian or Hamiltonian. 
It is easy to prove that it could not be Hamiltonian since every Hamiltonian 
group contains a characteristic subgroup of order 2 and hence could not 
involve exactly an odd prime number of non-invariant subgroups. It there- 
fore results that H is abelian and that the order of // is a power of p since 
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the operators of G which are not in 11 include at least one whose order is a 
powex of p* The facts that If cann6t have more than two invariants, can- 
not be cyclic and when it has two invariants, one of them is p, follow ex- 
actly in the same way when p is an odd prime number as when p =“ 2. It 
therefore results that whenever every two of the p non-invariant conjugate 
subgroups transform each other into themselves then G belongs to the in- 
finite system of groups considered in the second paragraph of this article. 

It remains to consider the case when no two of the conjugate subgroups 
of G transform each other into themselves and hence G involves an invariant 
subgroup which gives rise to a quotient group which is simply isomorphic 
with a non-cyclic transitive group of degree p involving an invariant sub- 
group of order p. In the simplest case this transitive group is the sym- 
metric group of degree 8 and all tlie possible groups can be obtained by 
establishing a dimidialion between this group and the cyclic group of 
order 2”*. Moreoever, each of the grcnips thus obtained satisfies the condi- 
tion that it contains three and only tliree conjugate subgroups such that no 
two of these subgroups transform each other into themselves. This com- 
pletes the determination of all the group which involve three and only 
three non-invariant subgroups. 

Every transitive group of degree p which involves an invariant subgroup 
of order p is known to contain p and only p non-invariant subgroups when- 
ever its order is pq, q being a prime divisor of — 1, and only then. By es- 
tablishing a />, 5 ^“^ isomorphism between this transitive group and the 
cyclic group of order a > 1 , there results a group of order which 
satisficvS the condition that it contains p conjugate subgroups and that each 
of its other subgroups is invariant. This completes the determination of 
all the groups which separately cfmtain a prime number of conjugate sub- 
groups while all of their other subgroups arc invariant. 


NEW CHARA CTERIZA TIONS OF SEGMENTS AND ARCS 


By Lkonard M. Bujmenthai. 

Dbfa&tmbnt of Mathematics, University of Missouri 
Communicated February 23, 1943 

L The writer has for some time been interested in studying the metric 
and iopdogical properties of various classes of metric spaces when these 
spaces are assumed to he free from equilateral kAuples, It has been shown, 
for example, that a complete, convex, externally convex metric space M 
(containing at least two points) is metrically a straight line if and only if M 
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does not possess an equilateral triple. ‘ Indeed, any metric space containing 
a line L and a point not belonging to Z*has an equilateral triple. 

On the topological side, one inquires what topological properties a space 
must possess in order that it may be homeomorphic to a space with pre- 
scribed metric properties. The metrication problem is subsumed under 
this general class of problems as a **first case/* 

In this note two new theorems belonging to such a Programme are an- 
nounced and their proofs briefly sketched. One of the theorems was con- 
jectured by the writer in a paper now in press, and the other is closely re- 
lated to the metric characterization of the line cited above.® 
ir. Characterimtion Theorems. 

Theorem 1 . A compact convex metric space M of at least two points is 
congruent with a line segment if and only if M is free from eguilateral triples. 
Proof. If M is congruent with a line segment, then obviously M is free 
from equilateral triples. Assuming M free from such triples, we note that 
M contains two points p, q at maximum distance and (since Af is convex) 
a segment {p, g) (i.e., a set of points congruent with a line segment) with 
end-points p and q. We suppose M has a point r not belonging to (/>, q) 
and show this implies the existence of an equilateral triple. 

Case 1. There exists an interior point s of (/>, g) suxh that a segment with 
end-points r and s contains neither of the subsegments (/>, 5 ), (jy, g) of (p, g). 

Then (r, s) has a point r*, with arbitrarily small positive distance from 
{p> ?)» such that a point ro* of {p, q) nearest r* is an interior point of (/>, g). 
The method of a previous paper may now be applied to prove the existence 
of two points on (p, q) which, together with r*, form an equilateral triple.® 
Case 2. The situation described in Case 1 does not hold. 

It follows that a point s of (^, g) with maximum distance d from r is in- 
terior to (p, q) and hence each segment (r, s) contains either (p, s) or ( 3 , s). 
Selecting the labeling so that (p, s) C (r, s), we have rp + ps ^ rs ^ d. 
It is easy to show that for each interior point t of the subsegment (g, 5 ), 
any segment (r, t) contains the subsegment {g, t) and hence, letting t ap- 
proach s, it follows that q is interior to a segment (f , g, s) of length d. 

Clearly pg ^ ps + sq ^ d — pr + d -- rq — 2d — (pr + rg). Since pq 
is a maximum distance in M\ we have pg^ d and hence d pr rg. On 
the other hand, pq pr + rq ^ d, and so pq ^ d and r is between p and q. 

It is easily shown that the segments (r, p, s) and (r, q, s) have no points 
other than r and j in common. 

Let, now, t and v be points of (r, p, s) and (r, g, $), respectively, such that 
rt sa rv ^ 2d/3. We observe that v e (r, g) readily implies (p, s).^ If v 
and / are end-points of a segment containing neither (p, /) nor {t, g) the 
presence of an equilateral triple with v as one vertex follows as in Case 1 .® 
vSuppose, then, that any segment joining v to t contains either (^, g) or (p, /). 

If such a segment contains (/, g), then vi ^ ts sv ^ 2d/3. The other 
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possibility is easily seen to lead to a contradiction, and the theorem is 
proved. 

Theorem 2, A metric Peano continuum without an eguUateral triple is 
an arc. 

Proof, It suffices to show that the continuum contains neither a simple 
closed curve nor a tripod (i.e., three arcs which have only a single point — 
an end-point of each— in common). Since such figures are one-dimensional 
continua, they may, according to a theorem of Beer,® be conveocified (i.e,, 
a topologically equivalent metric may be introduced in terms of which 
the figures are metrically convex). Applying Theorem 1 to the convexified 
figures it is seen that they surely contain equilateral triples (else they would 
be segments and the original figures arcs). A close examination of Beer*s • 
procedure leads one to conclude that if equilateral triples are present in the 
convexified simple closed curve or tripod, then such triples occur in the 
original metric, and the theorem is established. 

^ Blumenthal, L. M., and Robinson, C. V., 'A New Characterization of the Straight 
Line/' Reports of a Mathematical Colloquium^ 2nd Scr., Issue 2, 25-28 (1940). 

* Blumenthal, L. M., “Some Imbedding Theorems and Characterization Problems of 
Distance Geometry/' Bull Amer, Math. Soc, (in press). 

* See reference 1. 

* If If * (g, r) then / < (r, ^) or ^ e {p, s). The first case differs only in labeling from the 
one discussed, while in the second case we have immediately vt 2d/Z. 

® The cases (a) p t and (fr) » « g offer no difficulties. 

* Beer, O., “Beweis dcs Satzes, dass jede im kleiiicn zusammenhfingende Kurve 
konvex metrisiert werden kann," Fundamenta Mathernaticaef 31, 28X-320 (1938). 


SOME PRELIMINARY STUDIES ON THE MECHANISM OF VIRUS 

MULTIPLICATION^ 

By John Spizizen 

Wm. G. Kbrchopf Laborato&ibs in the Biological Scibncbs 
California Institutk of Tkchnology and Vanderbilt Univbrsitv 

Communicated March 10, 1943 

The most distinctive characteristic of the process of virus multiplication 
is its dependence on the integrity and active growth of the infected host 
cells (e.g., Findlay and MacCallunri)* Except for some studies on the 
enzymic complement of vaccinia virus,*’ ® nothing is known concerning 
the mechanism of this dependence. The following is a preliminary account 
of some studies designed to investigate this problem. 

In order to approach this problem, it was necessary first of aU to estab- 
lish criteria which would distinguish the general metabolic reactions of the 
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cell associated with normal cellular activity from those reactions specific 
cally involved in virus multiplication. This is extremely difficult to do in 
the cells of higher animals and plants. Bacteriophage, the virus of bac- 
teria, was found to be suitable material for such an approach, for the end 
result of the overall, normal metabolic activity of the host cells is multi- 
plication, which can be measured very simply in culture. Hence, it is 
possible, by interfering with or enhancing the level of metabolism of the 
cell infected with virus, to determine concomitantly the extent of the ef- 
fect, if any, on the multiplication of the virus. 

Relation between CeU Growth and Virus Multiplication. — The viruses 
studied were two straitis of uxxti-Escherichia coli bacteriophage, Pi* and 

An extensive study was made of virus Pi in regard to the influence of 
various substrates on virus and cell growth.** * A number of amino-acids 
and closely related compounds were found capable of supporting both cell 
and virus growth. In general, whenever cell growth occurred- concomitant 
virus multiplication took place. Two exceptions to this were found, 
namely, in the case of glycine and glycine anhydride (2,4-diketopipera- 
zine). These substances, in low concentrations, were insufficient by them- 
selves for cell multiplication, but supported quite considerable virus multi- 
plication (table 1). 

TABLE 1 

CoNCKKTRATION RANGE OF GlYCINE AND GlYCINE ANHYDRIDE IN WhTCH Pj MUL- 
TIPLICATION Occurred, rut No Hi Growth (for 136 Minutes) 

OLYCtKit OLYCtNE ANKTORIOK 

5 X 10^* M to 6 X M 2 X 10”* Jlf to 3 X Kr* M 

Note; At 6 X 10“ * M glycine and 3 X 10“ * M glycine anhydride, the virus multi- 
plication (step-size in 60 minutes) was practically optimum. 

In another series of studies designed to investigate the influence of meta- 
bolic inhibitors on virus multiplication, it was found tliat in a certain range 
of concentrations of sodium arsenite, the growth of vims y on its host in a 

V 

TABLE 2 

Multiplication of Virus t and Host Cells (60 Minutes) in an Asparagink-Glu- 
cose-Phosphatu Medium with Various Concentrations of Sodium Arsbntts Ad- 
ded 8 Minutes after Infection (Host Cells Previously Grown in the Synthetic 

Medium) 

COMCEMTRATXOM OF SOSHUM ARSBNZTR (Jk) 



0 

r> X 

10-7 

2.6 X 
10-* 

6 X 

10 “• 

7.5 X 

10 -• 

1 X 

1.6 X 
10^ 

2 X 
10“« 

2.6 X 

io-« 

5X 

10 

7 Multi- 
plica- 
tion 

80 

80 

80 

80 

60 

25 

1 

1 

1 

1 

B 

Growth 

2.6 

2.6 

2.6 

2.5 

2.6 

2.6 

2.5 

2 5 

2.5 

1.5 
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highly purified asparagine-glucose-phosphate medium® was completely 
inhibited, while the host cells multiplied at their nonnal rate (the host 
cells being in the logarithmic phase) (table 2). 

To sum up, then, it is possible to separate the process of virus multipli- 
cation from the growth of the host cells. Under certain conditions, cell 
growth may proceed unhindered while virus multiplication is inhibited 
completely. Under other conditions virus multiplication may proceed at a 
normal rate while cell divisions are inhibited. 

Effect of Metabolic Inhibitors arid Some Substrates on Virus Multiplica- 
tion . — In order to understand the kind of metabolic reactions which are as- 
sociated with virus multiplication in the cell, a survey was made of the ef- 
fect of various metabolic poisons on virus growth when no cell multiplica- 
tion occurred, as in certain concentrations of glycine and glycine anhydride 
(table 3). 

TABLE 3 

Influence of Mktabcjlic Poisons on Virxjs Pi Multiplication in 8,7 X 10 M 

Glvcine Anhydride 


IMHIBXTOR 

CONC. (JW) 

% INHlBJmON or 
VIKVft 1IVLTXBL.1CA* 

TION (100 MXM.) 

Sodium cyanide 

2 X 10-» 

100 

lodoacetic acid 

5 X 10- * 

100 

Sodium arsenite 

fi X 10-* 

100 

Phlorizin 

2 X 10- > 

0 

2,4- Dinitrophenol 

5 X 10-‘ 

100 

^-Aminophenol 

1 X io-> 

100 

Arsenic pentaoxidc 

5 X 10 * 

40 

Urethane 

1 X io-» 

0 

Sodium fluoride 

2.4 X 10-» 

0 

Sodium sulfite 

4 X 10-* 

0 

Malouic acid 

1 X io-« 

0 

Sodium pyrophosphate 

2.5 X 10-‘ 

0 


Hence, cyanide, iodoacetate, arsenite, dinitrophenol, and />-aminophenol 
appear to inhibit reactions associated rather closely with vims Pi multipli- 
cation. 

The influence of a large number of substrates on virus Pj propagation in 
8,7 X 10"* M glycine anhydride was also studied, under conditions where 
there was no considerable effect on the cell multiplication. The effect of 
some of the more effective substrates is summarized in table 4. 

lliese results suggest that the multiplication of vims Pi is associated with 
certain specific cellular reactions known to be involved in the respiratory 
nexus of the cell. More detailed studies with these and other metabolic 
poisons and saibstrates may yield more precise data as to the kind of reac- 
tions involved in this and other vimses. Such studies are of prime im- 
portance for the investigation of possible therapeutic measures for vims 
diseases. 
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TABLE 4 

Influence of Some Substrates on Virus Pi Multiplication in 8.7 X 10"“* M Glycine 

Anhydride 


(Bacterial nmltipliealion not appreciably influenced in all cases except yeast nucleic 

acid / 



CONC. (Af) 

% XNCIUCAaB XM »1 

SUBBTKATB 

(100 UXN.) 

a-Glyccrophosphoric acid 

(> X ur* 

150 

Glucosed-phosphat e 

4 X 10 "* 

50 

Adenosine triphosphate 

2 X Kr^ 

85 

Coenzyme I 

1 X 10 < 

80 

Adenylic acid 

X 10“^ 

26 

(Guanylic acid 

3 X 10' ^ 

0) 

Yeast nucleic acid 

Less than 3 X lO"* 

350 

Oxaloacetic acid 

7.5 X 10 ^ 

200 

or-Ketoglutaric acid 

7 X 10“< 

260 

Succinic acid 

8.6 X 10 

95 

Fumaric acid 

8.6 X 10 * 

56 

Calcium hydrogen malate 

6.6 X 10- 

‘ 145 

Uric acid 

5 X 10 

100 

Xanthine 

6.5 X 

15 


The Arsenite Effect , — It is evident from table 2 that concentrations of 
7.5 X 10“'^ Af and over of sodium arsenite are sufficient to inhibit the mul- 
tiplication of virus 7 in an asparagine medium (100% inhibition at L5 X 
10~^ M)t but bacterial growth cannot be inhibited with less than about 
5 X 10"® Af. This is tnie when arsenite is added to virus-infected cells 8 
minutes after infection, but not when the arsenite is added sooner (table 
5). 


TABLE 5 

Influence of Previous Contact of Host Cells with Arsenite on y Multiplica- 
tion IN AN Asparagine-Glucose Medium 




^ KULTIPUCATION IN ARiBNITB CONCa. OF (Af) 


nrsToity uv noar esLLa 


2.6 X 
10^ 

6X 

10-* 

1 X 

10 

1.6 X 

io-*» 

2.6 X 
lO-* 

6 X 
10“* 

24 Hours in 2.5 X 10“* 

M sodium arsenite 
before infection 

94 

08 

* • 

92 

96 

92 

• a 

In 1.6 X 10"* M arsen- 
ite 2 minutes before 
infection with y and 
for 8 minutes there- 
after 

50 

■ * 

so 

50 

45 

17 

1 


Note ; Diflercnces in virus multiplication figures for 0 arsenite in the two series are due 
to the difference in the number of infected cells in the two experiments, and not to the 
effect of the previous history. 

From table 5 (cf . also table 2) it is evident that the longer the cells are 
exposed to arsenite previous to infection with virus the less effect the same 
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concentration of arsenite will have on vims 7 multiplication. However, 
previous exposure of the cells to arsenite does not appear to influence the 
ability of the cells to support 7 multiplication in the absence of arsenite. 
(In all cases cited there appeared to be no influence on the bacterial 
^frowth.) 

Additional experiments designed to investigate the nature of the arsenite 
effect indicated that the arsenite effect is instantaneous^ as was suggested 
by the fact that previous exposure of the cells to arsenite for 2 to 10 minutes 
altered the influence of various low concentrations on 7 multiplication. 
Thus, when arsenite was added to a mixture of growing cells and vims at 
different times during the latent period of vims growtli, there was a definite 
inhibition of vims multiplication. Even when arsenite (1.5 X 10~* M and 
2,5 X M) was added 20 minutes after infection (one minute before the 
end of the latent period of 7 multiplication under these conditions, after 
which there is a rapid release of vims) there is about 60% inhibition of 
vims growth. 

On the other hand, the arsenite inhibition of vims growth can be relieved 
almost instantly on its removal. When arsenite (2.5 X 10“* M) was added 
to cells 2 minutes prior to infection with vims 7, and replaced with fresh 
asparagine-glucose medium cc)ntaining no arsenite at 25 minutes after in- 
fection, the step-size value ^ for vims growth was almost the same as if no 
arsenite had been present to begin with. 

These experiments need extension, but certain conclusions are already 
evident. Arsenite appears to have a somewhat more specific effect on the 
vims than on the cell growth. The inhibiting action of arsenite on vims 
growth is readily relieved by replacing the arsenite with fresh medium lack- 
ing arsenite. The arsenite effect is extremely rapid, for it is capable of 
stopping the release of most of the vims by the cells at the end of the latent 
period of vims multiplication. Finally, the cell appears to be capable of 
^‘adapting** itself to the presence of arsenite, at least as far as the processes 
which lead to vims propagation are concerned. 

The importance of imderstauding the mechanism of the arsenite effect 
cannot be underestimated. It is intimately concerned with the problem of 
the identity of the metabolic reactions involved in vims multiplication, 
some of which at least may not be involved in cell growth. The identifica- 
tion of the reactions influenced by arsenite may be studied by classical bio- 
chemical methods. As far as is known, no such studies have been made 
with bacteria. Krebs*® and Borsook and Dubnoff^*- studied the effect of 
arsenite on metabolic systems in sliced mammalian kidney tissue, and con- 
cluded that arsenite is an inhibitor of the reactions involved in the oxida- 
tion of a-keto acids. Whetlier this is tme for bacteria remains to be seen. 

Summary.— The processes of virus multiplication and cell growth can 
be separated experimentally in the two bacterial vimses and their corre- 
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spending hosts studied. Under conditions in which virus multiplication 
proceeds in the absence of cell growth, it was found that certain specific 
metabolic poisons (cyanide, iodoacetate, arsenite, dinitrophenol, ^-amino- 
phenol) would inhibit virus growth, while others did not* Certain sub- 
stances known to be involved either as intermediates or as coenz 3 mies in 
intermediary carbohydrate metabolism in the cell were shown to enhance 
virus multiplication in the absence of bacterial growth. 

Finally, arsenite was found to be a specific inhibitor of the multiplication 
of virus 7 . The study of this inhibition may give valuable results concern- 
ing the nature of the reactions involved in virus multiplication. 

* Part of this work was perfornn;d during the tenure of a National Research Council 
Fellowship in the Medical Sciences. Present address: I>partment of Bacteriology, 
Loyola University, School of Medicine, Chicago, 111. 

* Findlay, G. M., and MacCallum, F. O., Brit, Jour. Exp. Path.^ 21, 173 (1940). 

* Parker, R. F., and Sniythc, C. V., Jour. Exp. Med., 65, 109 (1937). 

* Hoagland. C. L., ei al., Ibid., 72, 139 (1940); 71, 737 (1940); 74, 769 (1941); 74, 
133 (1941). 

* Active on a strain of Escherichia coH (Bj) originally studied by Ellis, E. 1^., and 
Uelbruck, M., Jour, Gen. Physiol, 22, 366 (1939). 

* From the original PC of Kahnanson, G. M., and Bronfeubreniier, J., Ibid,, 23, 203 
(1939), active on another strain of Es. colt. 

* Ellis, E. L., and Spixizeri, J,, Science, 92, 91 (1940). 

^ Spuizen, J., Jour. Biol Chem., 140, cacxiv (1941). 

* Spizizen, J., Thesis, California Institute of Technology, 1942. 

^ So-called ‘'chemically pure'* asparagine may often contain signiheaut amounts of 
thiamin and biotin, as well as traces of other biologically active substances. Hence in 
this work asparagine was repeatedly crystallized before use. An ammonia-glucose - 
phosphate medium was also found to be sufficient for host and virus growth when a 
magnesium or calcium salt was present. 

Krebs, H, A., Zeit. physiol chem., 217, 191 (1933). 

Krebs, H. A., Biochem, Jour., 29, 1661 (1935), 

Borsook, H., and Dubnoff, J. W., Jour. Biol Chem., 141, 717 (1941). 


THE DETERMINATION OF L,D,50 AND ITS SAMPLING ERROR 

IN BIO-ASSAY, II 

By Edwin B, Wilson and Jane Worcester 
Dbpartmbnt of Vital Statisticb, Harvard School of Public Health 

Communicated February 6, 1943 

If a bio-assay^ were made at three dilutions Di, D% * aDi, Dt » a*A 
and if the probabilities Pu A, Pzt assumed to be in increasing sequence in 
the universe but with fluctuations due to sampling, were observed, the 
growth curve 
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P = V* + V» tanh a(x — 7) (1) 

containing the two parameters a, 7 could be fitted to the three observed 
proportions Fu P2, Pa, corresponding to the three values of the logarithmic 
dose Xu ^2, which are in arithmetical progression with the difference 
c == log a. The natural methxxi to use would be R, A. Fisher's method of 
maximum likelihood.® We shall use the middle dilution as a point of 
reference Xi ^ x with the other two at x — c, x + c; then the probability 
of the observations Su -^'3 in the three series is 


Si ! Si ! s^ ! (n ^ 5i) ! (n — s^) ! (« — Sz) I 

where Qi ^ 1 — Pf and P* is taken from (1) ; and its natural logarithm, the 
likelihood, is (except for a constant which does not depend on a or 7) 

L — S5t log [1 + tanh a(Xi — 7)] 4 “ w(w — Sf) log [1 — tanh a(xi *” 7)]. 

( 2 ) 


The derivatives with resi)ect to a and 7 are 


dL 

da 


„ - = — waS( 2 Pj — 1) + tanh 7 ), (3) 

dy 

n'^(2Pi “* *“ 7) — n^{Xi — 7) tanh a{Xi — 7). ( 4 ) 


Placing Xu .Ya, x^i equal to x — r, x, x + f and setting the derivatives equal 
to s5ero we have 

2J(2Pi — 1) = tanh a{x — c — 7) + tatih a!(;r — 7) + tanh o!(^ + c — 7), 

( 5 ) 

(2Pi - l)(:r - y) + (2Pa l)(x - 7) + ( 2 P.i - l){x + c - y)^ 

{x — c y) tanh a{x — r — 7) -+- (a^ — 7) tanh a{x — 7) + 

(x + c ~ 7) tanh a{x + ^ 7). 

The first equation may be multiplied by a: — 7 and subtracted from the 
second; then 

2(P8 — Pi) »= —tanh a{x — c — 7) + tanh a(A; + c — 7). (6) 

We have to solve ( 5 ) and (G) for a and 7. 

Let « 2I(2P, — 1), P « Pa - Pi, and expand the tanh functions set- 
ting X aw tanh a{x — 7), C »= tanh ac. Then 

, X - c . . x + c - 2YC:® - ... 

^ 1 - XC + r+ XC ”1’- ^ 
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( 8 ) 

I - xc 1 + xc 1 - x^a 

Or 

a[X* - AX^ + 2X] ^ 3X - A. OBX^ + C(1 - X») = B. (9) 

Eliminating Ci the quantity X is determined from the cubic 

3X3 „ + ((j + ^2 « 4jFj2)X - 24 - 0. (10) 

Given the numerical values of A and B from the observations, the cubic 
may be solved numerically by any method of approximation, but for most 
cases the result 


.Y 


44 


a a \a/ 


= 1458 - 18942 - 972^2 
1624 - 204 * - 4324^2 


( 11 ) 


is sufficient, atid often the third term may be omitted. Then* 

c tanh“^ A" 


1 2B 

Of tanh “tro A \r 1 r>* 
c A * — /iJi ~\~ z 


X 


tanh”’ : 


2B 


.( 12 ) 


X^ - AX + 2 


For example, if n = 20 and Jj = 8, Si = 15, s» — 20 in */* dilutions so that 
c = 0.6931 (using natural logarithms), Pi = 0.40, Ft = 0.75, Ft == 1.00, 
A = 1 .30, B = 0.60, 

A- * 4 , 729 / -35.5 16Y ^ 

' 9 788.67 788.67\ 788.67 / 

0.57778 + 0.04503 - 0.00008 = 0.62273, 


« »= - tanh-i (0.7603), 7 = a; 
c 


taiili- * 0,6227 
tanh~‘ 0.7603* 


As good tables of the tanh~‘ functioi' may not be at hand one may use the 
logarithmic equivalent 


tanh“‘ = 


Vs 


log. 


1 "4" ^ 
T^lc* 


1.622 7 

1 , 1.7603 0.3773 

“ 2c 0.2397’ ^ ^ 1.7603 

0.2397 


With c =» 0.6931 we have 7 5 = a: — 0.5071, a = 1.438. For many piuposes 
the table of hyperbolic functions in B. O. Peirce's Short Table of Integrals, 
page 126 (1929) may be adequate; natural logarithms may be replaced by 
logarithms to the base 10 if x, a, 7 are ail expressed logarithmically to 
that base. 



VoL. 20, 1943 BACTERIOLOGY: WILSON AND WORCESTER 


117 


R. A. Fisher's fonnula for the standard errors of the parameters calls 
for the mean values of the second derivatives of Z. There are 


d*Z 



— na^'L sech^ aixi — 7) = — 




‘™n2;(Xf — 7)* sech^ a(.r< — 7) == —4nSP<0<(a;< — 7)®, 


— .. 7 ia"L[Xi — 7) sech^ «{%< •“ 7) — 4«a2;P(()<(jC( — 7) 
baOy 

where the values of Pi are taken from the fitted curve rather than from 
the sample. The Hessian 


d^L m. _ / d^L Y 
by‘^ \dad7/ 


is then formed and the standard errors are* 


H 


^ d^L 

dy*^ body 

d^Z d^Z 


dad7 


l&^Z , 1&2Z 

"" Tlba^' 

The correlation between sampling variations in 7 and a is by Fisher’s 
formula 

d«d7 • dy^' 

It is not often tlxat one wishes this value, but there is an interesting con- 
nection between the standard error that would be found for 7 if a were 
considered as known and the standard error found on the basis of no such 
assumption which may be exhibited in tcjms of f. For if a were taken as 
known 

= i-b^L/by^)-^ 
and 


a known H 

(Ty^t a unknown b*^L b^L 

dy* dor* 



The value of r is /ero when ILPiQiiXi — 7) = 0, and this will nearly vanish 
whenever the probabilities on the fitted line are nearly symmetric with 
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respect to the middle dilution^ (the middle dilution being near the 50% 
point). 

According to the conventions of Least Squares, the weight of an obser- 
vation is proportional to the reciprocal of the square of its standard error. 
If we could consider the determination of y on the assumption that a is 
known (or that there happens to be no correlation between a and 7 ), we 
should have 


1 


(X 




4na^:^FiQi. 


Hence the weight contributed to the detenniiiaton of 7 by each point on 
the curve is proportional to and will be relatively small for those 

values of P which are near 0 or 1 . Thus the addition of dilutions of very 
high or of very low strengths would contribute very little to .the accuracy 
of the determination® of 7 . If, however, we should enquire about the de- 
termination of a on the hypothesis that 7 was known (or not correlated 
with a) we should have 


1 


a 


a 


1 


da® 


{2Fi 

oc^ 



and it is clear that values near Pi «= Va will contribute very little. As a 
matter of fact those values of P in the neighborhood of 0.08 or 0.92 have 
the greatest weight. It is thus indicated that if we are assaying a bio- 
logical to determine L.I).50 and we may assume from previous experience 
that the homogenie ty, a, is known, we should aim to use such dilutions 
as will bring most of the observations near P » ‘Ai but that if we are work- 
ing with a unknown it is necessary to have a sufficient spread of P from the 
different dilutions so that a may be adequately determined.® 

As .4 as 2Pi + 2 P 2 + SPa — 3 and B ^ Pt -- P\ are the combinations of 
the P's which enter into the determination of the parameters a, 7 of the 
curve, the same curve will be obtained for any set of P’s which give tlie 
same values of A and B, and in particular the values of Pj, Pj, Ps on the 
fitted curve will be connected by the same relations. Hence in comparing 
the observed values with the fitted values we shall have 


Pi oba Pi fitted *“ PjJ oba 


^ » fitted 


/ « oDa 




In view of these relations we may easily set up all the different sets of Si 
and n — Si which will lead to the same values of <x and 7 . For example if 
Si =» 8 , rj =« 15, Sn *= 20 we have the three possibilities 


5 8 
n - r ' 12 ' 


15 

20 

7 

17 

19 

6 

19 

5™ 

' 0 

13 " 

3 

~"l 

14 

*T* 


18 

2 
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The fitted vaJues of s are 7.39, 16.23, 19.39. Any one of these tables may 
be compared with the fitted solution by a x*^— test, but the test is not very 
good because of the small numbers in some of the six cells. If we are safe 
in using the general rule we have proposed for a cellular universe,* we should 
write as the relative probabilities of the three possibilities 


1 ^ 1 _ 1 

8115 ! 20 TT 275 ! 0* 7 ! 17 ! 19 ! 13 ! 3 ! 1 1' (Tl j y g j 


which are as 663, 600, 50 with a sum of 1313 and give actual relative proba- 
bilities of 0.505, 0.457, 0.038, which would mean that the third set of values 
would be a bad fit judged at the 0.05 level of significance.* Actually with 
the variability of experimental animals one could hardly expect that the 
variation in different experiments should not exceed that due to pure 
chance. 

^ See these pRoCEimiNcs, 29, 79 85 (1943). 

* Fisher. R. A., Phil. Trans, Roy Soc, {London) ^ A222, 309^3ti8 (1932). In this paper 
Fisher applies the method (p. 363} to another type of dilution series. Tables for the 
case of three scries at tenth dilutions with w « 10 for each are given by Halvorson and 
Ziegler in their Quantitative Bacteriology ^ Burgess Publishing Co,, Minneapolis, 1938. 
R. H. Gordon, these Proceedings, 24, 212-215 (1938) has indicated that the results of 
Halvorson and Ziegler are not in accord with careful experimental findings and has sug* 
gested the replacement of Fisher’s method of maximum likelihood by the older method of 
inverse probability, and has given a longer treatment in Biometrika, 31 , 107-180 (1939) 
followed by a comment by E. Pearson. If elaborate investigation shows that the prin- 
ciple of maximum likelihocKi applied to a certain hypothetical formulation of the prob- 
lem of determining polution by dilution experiments does not give the right results, 
cither the principle or the hypothetical formulation will have to be given up or modified; 
but for our present problem we shall accept the principle, 

1 2B 

* Since a(x — 7 ) tanh**^ A, a » tanh*^ * C, and C ■■ ^ J'v II o f*”®**^ W* 

* These formulas will give the .standard errors for any number of dilutions provided 

the summations are carried over all the dilutions and the curve has been fitted well 
enough by any manner so that P, can be adequately determined from it. For the prob- 
lem solved above in the text the values of the standard errors may be determined as 
follows: measuring x from the middle dilution as 0. X] * —0.6931, x* • -f 0.6931. 
xj - 7 - 0.1860, X2 - 7 « 0.5071, x, - 7 “ 1.2002. On the fitted curve 4PiQt - 
sech* a(xi - 7) « sech* (-0.2675) - 1 - tanh* (-0.2676) - 1 - (0.2612)* « 
0.0318, Similarly 4PsQ, * 0.6124, 4P»g, - 0.1190. d^L/by* « -1.6632«o*, d*i:./da* « 
— O.3011n, d*£/&ad7 •• 0.2800»ffl. Then H •* 0.5222»*a*, •* 3.185/n and forn «* 

20, (fa* « 0.1692, ff7* “ 0.6915/(na*) - 0.3344/« - 0.01672. We may therefore write 
7 ** —0,6071 * 0.1293, a « 1.438 * 0.399. If we should have a second sample of 
three dilutions with Pi* » 0.06, Pt *» 0.30, Pt * 0.76 wc should find y* » 0.3064 * 
0.119Q. a* » 1.440 ste 0.3662. It is clear that a « a' much more nearly than could be 
expected by sampling. The difference 7' — 7 -> 0.8124 * 0.1767, and the difference is 
therefore highly significant. The antilogarithm of 0.8124 is 2.26 and of 0.1757 ■» 1.19 
which means that the ratio 2.26 of the strength of the first to that of the second is af- 
fect^ by a sampling factor of 1.19 or 0.84 which amounts to about 17Vi% or 2.25 ^ 
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0.39, It may be noted that the 3-diIution problem here worked out corresponds to the 
2-dilution problem of our previous note (with R and P* interchanged) where the result 
was 2.24 sfc 0.49. In this case the result of taking the two best P*s (not two correspond- 
ing P's) from a set of three in each of two dilutions is not materially different from or 
much more poorly determined than the result coming from the somewhat more elaborate 
calculations using all three dilutions. 

* For the cases of the previous footnote f »• 0.361, r* « —0.201 ; in both of which the 
value of f® is small. 

* Thus, in the illustration. Pi » 0.40, P2 *=> 0.76, P| — 1.00 as observed led loPi -> 0.37, 

F% »= 0.81, Pj » 0.97 for the curve and these contributed respectively 4Pi(?i ■» 0.9318, 
4PtQi *« 0.6124, 4Pi0# =« 0.1190 to if we had had an additional dilution giving a 

value ro “ 1 or 2 and let us say Po — 0.07 on the average, its contribution would be 
0.2604, which would be more than that due to .V5 » 20, and so far as the determination 
of 7 goes it would have been better to use this dilution than the one which led to s* 20; 
but in respect to the determination of 7' for which the first observed point was si' =« 1, 
the weaker dilution would add ** 0 and P#' on the curve would be about 0.0076 
giving a value of 4Pe'Qo' " 0,030 which would add practically nothing to the determina- 
tion. When two biologicals are of strengths as different as these twp it might be well 
to use different sets of three dilutions in comparing them. 

^ If we wished to determine only the difference between two values of L,D.60 in two 
biologicals with no desire to determine 7, 7', a or a' we could set up the maximum likeli- 
hood solution for d =*= 7' — 7, using 70 '/a(7 4- 7O1 d, a and a' as four variables. 

This would come back to the solution obtained by treating oe, 7 together and a', 7' 
together and forming the difference 7 — 7' and its standard error. But if it were justi- 
fiable to assume that «, though unknown, were the same for both biologicals and only 
7 arid 7' were different, we could set up the problem in terms of the three variables 
7o, Of, d. The solution would still be the same as for 7 — 7' provided the values of 
Pi and Pi* were such as to give no correlations between a and 7 or « and y* in the 
separate solutions and if the correlations were small the solution would not differ very 
much either for the difference itself or for its standard error; a would be better deter- 
mined, but that would be of slight advantage. 

* These Proceboings, 28, 378-384, 384-390 (1942), with especial reference to pages 
382 and 388. 

® The corresponding value of x* is 6 2, indicating a probability level, with one degree of 
freedom, of 0.013 instead of 0,038 It may be noted that the mean values of any s is 
not the fitted value— thus, the mean value of is 7.47 instead of 7.39. 
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CONCERNING THE RELATION BETWEEN STRUCTURE AND 
ACTION OF XANTHONES ON DEHYDROGENATIONS BY 

FUSARIA • 

By Louis J. Sciarini, Robert P. Mull, John C. Wirth and F. F. Nord 
Department ok Oroanic Chemistry, Kordham University 
Conmiiiriioated February 2f), 1943 

According to Schopf,^ the formation of natural substances in the living 
cell may be of three t 3 ^es. (a) The cell may have an enzymatic system 
designed for the higlily specific synthesis of a certain substance. The 
second type is the result of processes of general application performed by 
enzymes, e.g., hydrogenations, dehydrogenations, decarboxylation, etc. 
(c) Such cases as take place without the action of enz 3 mes and are charac- 
terized by the formation in Uie growth of the cell of reactive organic sub- 
stances, which upon contact in the cell yield isolable products, which are, 
in fact, chance products or intermediates in the synthesis of the former, 
when their further conversion within the cell proceeds slower than tlieir 
synthesis. 

In the course of enzyme studies* conducted at this laboratory with 
different fusaria, an attempt was made to approach the problem of the 
function of certain '‘waste materials,” such as pigments in plant cells or 
in microorganisms. In an earlier investigation* the observation was made 
that Fusarium oxysporum contains a pigment, which may be related to 
aurofusarin.* Attempts to extract or to accumulate this pigment proved 
to be futile. Consequently, recourse was taken to Fusarium graminearum 
Schwabe (Fgra) which, when cultivated on certain media, develops with 
abundant deposition of a reddish orange pigment (rubrofusarin). 

Recently it was observed* that the addition of nicotinic acid (NA) 
makes it possible more readily to synthesize dehydrogenating enzymes 
abundantly present in fusaria. It seemed justifiable to investigate 
whether there exists a functional relation between the two structurally 
different groups of substances. 

Enzyme Material Used, — Fusarium Uni Bolley (FIB) No. 5140 from the 
Biologische Reichsanstalt, Berlin-Dahlem, through the courtesy of Dr. H. 
Wollenweber. Fgra No. A 36-1-VIII from the University of Minnesota, 
through the courtesy of Dr. C. J. Eide. Stock cultures of the species were 
maintained on the following nutrient medium: 

20.00 g. glucose 
1.00 g. potassium nitrate 
1.50 g. potassium phosphate (primary) 

0.75 g. magnesium sxdfate, 7HsO 

1000 ml. water 
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and transferred at two-weeks intervals. The cultures were periodically 
examined to check their purity. 

Cultural Conditions. -Fox the experiments with NA and the various 
xanthones, a salt solution consisting of the following: 

5.00 g- potassium nitrate 

5.00 g, potassium phosphate (primary) 

0.75 g. magnesium sulfate, 7 H 2 O 

1000 ml. water 

was sterilized at 120^C. under 15 pounds’ pressure for 15 minutes. 

The isopropyl alcohol (Propol) was purified and the 81“81.7°C. fraction 
utilized as substrate, being added with sterile technique to the sterilized 
salt solution. In the case of NA, a previously sterilized water solution con- 
taining the required amount was added to the salt solution with sterile 
technique. With the various xanthones, the compound being investigated 
was first dissolved in Propol and then added to the salt solution. The con- 
centration of Propol in all cases was approximately 0.4% and the initial pH 
4.4. In all these experiments the FIB was grown in 125-nd. Erlenmeyer 
flasks containing 50 ml. of nutrient medium. Forty flasks were used for 
each series of experiments. Inoculation was by means of spores grown on 
the stock nutrient medium containing 2% agar. 

For the production of the pigment a Rauliii-Thom nutrient medium was 
used. A sterilincubator containing 14 Pyrex trays, each filled with 3 
liters of nutrient medium, was used for the growtli. The calculated 
amoimt of sterile 2 N sodium hydroxide was added later to change the pH 
to 8. Inoculations were by means of Fgra spores grown on the stock 
nutrient medium, containing 2% agar. After 3 weeks, the mats were re- 
moved, filtered, washed with water and dried in a vacuum oven at 40®C. 
The mats were then ground and exhaustively extracted^ in a Soxhlet with 
petrol ether 40-60^0. Crude rubrofusarin separated upon cooling. This 
organism supplied us with 500 mg. of a crude composite pigment, obtained 
from 375 g. of dry mats. Purification was by means of sublimation and re- 
crystallization. Chromatographic adsorption was also used as an altema- 
tive method for obtaining pure rubrofusarin, the analysis of which indicated 
that the pigment was a xanthone derivative, (see later). 

Analytical Methods. --^Four flasks were removed for each analysis and the 
combined filtrates analyzed in duplicate. The nutrient medium was 
filtered from the mycelium and 100 ml. of the filtrate was made alkaline 
with 10 ml. of 1 iV sodium hydroxide and distilled in an all-glass apparatus. 
About 85 ml. of the distillate was collected and the volume brought up to 
too ml. Twenty-ml. aliquots of the distillate were used for determining 
Propol and acetone. Propol was analyzed by addition of the aliquot to a 
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mixture of 10 ml. of 0.4 iV potassium dichromate and 15 ml. of concentrated 
sulfuric acid at room temperature. This was let stand 30 minutes and 
diluted with water to 400 ml. Fifteen ml. of 20% potassium iodide solution 
were then added and titrated with 0.1 JV sodium thiosulfate to the starch 
end-point. Acetone determinations® were carried out as heretofore. 
Mycelial weights were determined after 13 days by filtering, drying and 
weighing® the mycelium from 5 flasks. 

Discussion . — Starting with a Propol solution of the pigment, the effect of 
solutions upon the rate of dehydrogenation by FIB of the following sub- 
stituted and basic xanthones was investigated : 


CO 


\/\ /'xy 

o 
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CO OH 
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OH 
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OCHi 
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CO OH 

/\/\/\ 


O 


1.6-diOH 

Xanthone 


The table presented below shows the extent of effect observed on the rate 
of dehydrogenation of Propol and accumulation of acetone in the presence 
of given amounts of these compounds as compared with the magnitude of 
the rate of the same reaction effected by adding NA. Mat weight deter- 
minations at the end of each series of experiments complement the observa- 
tions. 

It can be seen, that in accordance with the structural formulae of our 
xanthones, the following relations exist: xanthone (e.g., 8th day : 12.84%) 
and NA (in accordance with the concentrations: 1.99%, 2.69%, 4.13%, 
5.69%) increase measurably the rate of dehydrogenation as compared with 
the blank. The three intermediates tend to show, in general, an increase 
(e.g., 8th day; 11,34%, 10.66%, 5.33%) in this rate to a distinctly lesser 
extent, and the natural pigment definitely retards the progress of de- 
hydrogenation (e.g., 8th day: —3.01%) in accordance with the increa.sing 
number of hydroxyl groups and complexity of the xanthone molecule. 

In evaluating the analytical data it has to be borne in mind that two de- 
hydrogenations proceed parallel to one another. The dehydrogenation of 
the Propol is attended by that of the acetone formed. The latter reaction 
leads® to formaldehyde via methanol as intermediary; 

CHiCOCH, + HjO CH,CHO + CHsOH 
CH80H— Hi HCOH 
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Measttred as amount in mgs. disappearing per 50 ml. of nutrient medium. 
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The extremely high rate of this reaction is recognizable towards the end 
and, consequently, the terminal Propol values appear to be higher in the 
case of extended experiments. 

Although the increase in mat weight in the case of basic xanthone is only 
slight, the influence on the rate of dehydrogenation was greatest. In the 
case of the pigment, however, an approximately 40% increase of the final 
mat weight still was accompanied by a definite retardation of the rate of 
d e hy droge nation . 



KUllJRli 1 

FIB grown on a ProiujI solution of xanthone (9lh day, 

X 400). 



FIGURK 'i 

FIB grown on a Propol solution of rubrofusarin (9tli 

day, X 400). 

Contrary to figure 1 above, the fungus in figure 2^ indicates a visible 
deposition of the pigment excreted by Fgra, which is not utilized by FIB. 
This deposition is accompanied by enhanced growth. 
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These experiments seem to represent the first attempt to explain a 
possible mode of functiosdng of “waste products** in microorganisms. 

F 

Summarv . — From the recorded values it is evident that the xanthones 
applied both augment and decrease the growth of FlBr accordingly giving 
rise to a higher or retarded rate of dehydrogenation of Propol, as compared 
with the values of the blank or with the effect of NA. 

* This work was supported in part by a grant from the Kockefeller Foundation. 

t About too g. of a mixture of fats were collected in the course of extraction which ore 
being further investigated. 

t The microphotographs were obtained through the courtesy of Dr. T. Yanowski. 

^ SchOpf, C., Proc. 9tk Inlernat. Congress of Chemistry, 5, 189 (1934). 

* Nord, F. F., Ckem. Rev., 26 , 462 (1940). 

* Nord, F. K., Hofstetter» H., and Damnian, E., Biochem. ZeiL, 293, 236 (1937). 

* Ashley, J. N,, Hobbs, B. C., and Raistrick, H., Biochem, Jour., 31, 386 (1937). 

* Wirth, John C., and Nord, F. F., Arch, Biochem., 1, 160 (1942). 
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Noncic. Owing to the preoccupation of members of the National Academy op 
Sciences and of the National Research Council with scientific aspects of the war 
effort, the manuscripts available for the March issue were so few that they were held 
over for this combined March-April number. It is not unlikely that from time to time 
similar combinations of numbers may be advisable, and it may not be possible always 
to give advance notice thereof. 
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The genus Mastophora was proposed and properly validated by Decaisne 
early in 1842, but, because of his arrangement of topics, it has been 
generally misunderstood by later writers, especially as to identity of its 
type species. Later in 1842, Decaisne in a separate paper reduced his 
genus under Mdobesia and this has assisted in the confusion. The two 
papers of Decaisne, (1) ''Essais sur une classification des algties' (Ann, 
Set, NaLf boi,^ ser. 2, 17: 297- 380, pi. 14-17, 1842) and (2), “M4moires 
sur les Corallines’* (Ann, Sci. Nat,^ bot,, ser, 2, 18: 90-128, 1842) were 
reprinted (and repaged) as * ‘Theses pr6sent6es et soutenues b, la Faculty 
des Sciences de Paris, le 19 Decembre 1842,” and were better known in this 
form to Harvey, Kuetzing and Areschoug, who shaped our knowledge of 
the Coralline Algae when these organisms were becoming recognized as 
plants rather than as being relegated to the animal kingdom. The inclu- 
sion of the two papers in one and with consecutive paging is partly re- 
sponsible for misstatements occurring from 1842 onward. 

On p. 69 of the reprint (p. 365 of vol. 17 of the Ann, Sci, Nat., bot„ ser. 2), 
Decaisne proposes Mastophora as a new genus, gives a short but distinctive 
Latin diagnosis, designates it as a marine alga of the habit of a Lichen or 
of a Zonaria, and names a type specimen: **exsicc, no. 2232” of ”Cum- 
ming (or Cuming?) from Manilla,” On pp. 63 and 84 of his reprint 
(pp. 359 and 380 of vol. 17, Ann. Sd. Nat., hot., ser, 2, 1842) Decaisne gives 
an outline of the genera of his ”Corallincae” and here as well as in his 
explanation of plate 17, fig. 11, he coins the binomial Mastophora Ucheni- 
Sormis Decaisne, giving a thoroughly satisfactory figure of a branch of the 
plant, together with (under Fig. 11a) a vertical section through a tetra- 
sporic conceptade slmwing the single apical pore and the supporting 
distinctly monostromatic thallus. In consequence, it may be emphasized 
that Mastophora was provided by Decaiime with a Latin diagnosis, a type 
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species with a type specimen (Masiophora licheniformis Dec'ne and Cum- 
ing's Exss, No. 2232) and distinctive illustrations. 

In his second paper, “M^moire sur les Corallines” (pp. 85'-llG of the 
reprint and pp. 9(i--12S of vol. 18 of Ann. Sci. Nat., hot., ser. 2, 1842), 
Decaisne says (p, 127, p. 115 of the reprint) that Melobesia varies con- 
siderably in consistency and fonn, and that he has changed his point of 
view us to the importance of different modes of division of the fronds as 
well as of completeness, or lack of it, of adherence to the substratum. He 
therefore, in consequence of more profound study, reduces his Mastophora 
to a section of Alelobesia. He names first Melobesia (Mastophora) licheni- 
form is Decaisne (with Zonaria rosea C. Ag., non Lamour. as a synonym), 
second M, Lamotirouxii Dec’ne (with Padina rosea Lamour. herb., Dictyota 
rosea Lamour. and Peysonnelia Dec'ne PL Arab., as synonyms) and, as a 
third species, describes Melobesia tenuis Dec’ne from the Sandwich Islands. 
It is to be noted that the three binomials of this second deliverance of 
Decaisne are Melobesia (Mastophora) licheniformis, Melohesia (Masto- 
phora) jM-mourouxii and Melobesia (Mastophora) tenuis, all new species 
of Decaisne, but practically never referred to under their proper binomials 
in all the succeeding phycological literature. They are, partially on this 
account, much confused. On p. 127 (p. 115 of the reprint) Decaisne also 
makes it clear that he does not consider Melobesia (Mastophora) Kckeni- 
forntis, his type of this genus Mastophora, to be synonymous with the 
Millepora lichenoides Ellis et Solandcr, but that the latter is very similar 
to his Melobesia (sectio I, Alelobesiae verae) verrucata Lamour. Practically 
every phycologist who has dealt with these matters, from Kuetzing (1849) 
and Areschoug (1852) to De Toni (1905), has placed the ''Mastophora 
licheniformis'’ Dec’ne under Lithoihaninium lichenoides (Ell. et Sol.) 
Heydrich, misled apparently by the similarity of names, and without 
careful cojisideration of the complete text of Decaisne, 

'Uhe genus Mastophora Decaisne, fully validated and with its type 
species, M, licheniformis Decaisne, fully illustrated, and with type speci- 
men No, 2232 Cuming from the type locality Manila definitely indicated, 
has beeti recognized by all later writers as a proper genus, but the species 
he referred to it have been very much confused. Their distribution is 
tropical and subtropical Indo-Pacific, It is impossible to determine with 
exactness what species are to be recognized and what names are to be 
applied without a careful study of the types, and this is at present im- 
possible. I'he following notes, however, may indicate the present com- 
plexity of the problem. 

The genus Mastophora as defined and illustrated by Decaisne seems to 
be a genus limited to one, or possibly to two, species. It is definitely 
monostromatic, its layers are not normally superposed, its calcification 
is strong, so it is not flexible, its branching (or lobing) is lateral and pin- 
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nate, it is more or less decumbent, and its attachment is through adven- 
titious, elongated unicellular rhizoids with more or less expanded tips. 
It does not possess a distinct thickened stipe or midribs. Its conceptacles 
are large, mammiform and strongly projecting, opening in all cases, by a 
single pore. 

Mastophora Decaisne (1H42) 

Decaisne, Ann, Set. Nat,, hot,, ser. 2, 17: 359, 1842; Melohesia Sect. Ill 
Mastophora Decaisne, Ann, Sci. Nat., hot., ser. 2, 18: 120, 1842. Mastophora 
Auett. rcccntior., p.p.; Phlyctidium Montague (MS.?), Voy. au Pole Sud,, 
148, 1845. 

Mastophora rosea (C. Ag.) comb. nov. 

M{astophora) rosea Rosanofl, Mem. Soc. imp, soc. nat, Cherbourg, 
12: 13, 18(30 (?) (noinenl); Zonaria rosea C. A. Agardh, Syst, Alg., 204, 
1824; Gaudichaud in Freycinet, Voyage IJranie el le Physicienne, hot., 
104, 1820, (The names Padimi rosea FalLscr de Beauvois, Ms., and 
DictyoUi rosea Lamouroux, Nouv. Bull. Soc. Philom., Paris, 1: 33, 1809, 
while possibly applying to this species or not, were never validated.) C. 
A. Agardh gives a proper diagnosis, 'r 5 rpe locality Guam, in the Marianas 
(or Ladrones) Archipelago; Mastophora licheniformis Decaisne, Ann, Sci, 
Nat., hot,, ser. 2, 17: 359 (p. 03 of reprint) (binomial), 305 (p. 09 of reprint) 
(genus and type specimen), 380 (p. 84 of reprint), binomial and descr, 
figures, pi. 17, figs. 11, 11a, 1842 type locality Manila, P. I.; Melobesia 
{Mastophord) licheniformis Decaisne, Ann, Sci. Nat,, hot,, ser. 2, 18: 120 
(p. 1 14 of reprint), 1842; Mastophora macrocarpa Montagne, Voy. au Pol. 
Sud, 149, 1847 type locality Guam, in Marianas (or Ladrones) Arch.; 
Kuetzing, Spec. Alg., 097, 1849, Tab, Phyc., 8: 48, pi. 100, I, 1858; Are- 
schoug in J. Ag., Spec. Alg,, 2:2: 528, 1852; De Toni, Syll. Alg., 4, 4: 
1770, 1905, Ibid,, 6, 5; 095, 1924; Heydrich, Hedwigia, 33: 300, 1894; 
Weber von Bosse et Foslie, Siboga Exp., Mon. 61: 70, 71, txt. fig. 27, pi. 
13, 1904; Setchell, Univ. Calif, Pub, BoL, 12: 109, 1920; M elohesia foliacea 
Kuetz., Phycol, gen,, 380, 1843, Spec, Alg., 090, 1849; Mastophora foliacea 
Kuetz., Tab. Phyc,, 8: 48, pi. 100, II, 1858 (type locality, Marianas (or 
Ladrones Arch., Sender, Die Algen von trap. Austral, Abh. Gebiete 
Naturwisseftch. Ver, zu Hamburg, 5 (2): 54, 1871 (locality Cape York); 
Mastophora plana De Toni, Syll, Alg,, 4, 4: 1775, 1905 {non M, plana 
Sender) ; Mastophora lichenoides Auett. var. p.p. 

Mastophora rosea f. condensate (Foslie) comb, nov. 

Mastophora macrocarpa forma, Foslie, Siboga Exp., Mon. 61: 71, txt. 
fig. 27, 1904; Mastophora macrocarpa f. condensata Foslie, Algol. Notts,, 
IV: 30, 1907; De Toni, Syll. Alg., 6, 5: 695, 1924. Mastophora pygmaea 
Heydrich, Hedwigia, 33: 300, pi. 15, fig. 16, 1894?. 
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Mastophora teauis (Decaisne) Aresch. 

Areschoug in J. Ag., Spec. Alg., 2. 2: 528, 1852; Kuetzing, Spec, 
Alg., 697, 1849; De Toni, Syll. Alg,, 4, 4: 1777. 1905; Melobesia {Masto- 
phora) tenuis Decaisne, Ann. Sci. Nat,, hot,, ser. 2, 18 : 127 (p. 115 of re- 
print), 1842, type locality, Hawaiian Islands. This may prove to be a 
form of the preceding. Specimens from Waikiki, Oahu, Hawaiian Islands, 
seem referable to M, rosea. 

Mastophora afflnis Foslie 

Foslie, Siboga Exp,, Mon. 61: 71’-73, txt. figs. 28, 29, 1904. Type 
locality, Sikka, Island of Flores, Lesser Sunda Islands. Mastophora 
tnacrocarpa i. affinis Foslie, Algol. Notis., VI: 53, 1909; Foslie (ed. Printz), 
Contrib. Mon. Lithoth., 47, pi. 74, figs. 7-9, 1929. 

This species, together with M. pacifica (Heydrich) Foslie from Formosa, 
seems possibly to be nearer to Lithoporella Foslie, but Foslie refers it 
finally (1909) under M . macrocar pa. 

Metamastophora gen. nov, 

Frons erecta aut adscendens, libera, flextUs, tenuUer calcarea, basi per 
rhieoides affixa, dichotome aut flabdlate ramosa, prime monostromatica mox 
oligo- usque ad (in stipitibus cosHsque) polystromcUica, cellulis textorum 
parve differentiatis, in superficiebus ut seriebus successive curvatis apparenti- 
bus; rhizoidibus basalibus conceptaculis omnibus magnis, e superfid^us 
bifariante et impariter prominentibus, poro singula aperhs; teirasporangiis 
4 partitis, conceptaculi fundum totum vestientibus; gonimoblasHs periphericisf 
Genus australe, subtropicum. 

Species typica: Melobesia (Mastophora) fiahellcUa Sender, Australia, 
S. W. 

It seems best to refer the very complex species from South Australia 
and South Africa placed under the genus Mastophora by writers later thaU 
Decaisne and which differ fundamentally from the simple Mastophora 
rosea, to a new genus, for which the generic name Metamastophora is pro- 
posed. Very little study has been made of these species and material of 
them is infrequent in collections. Much mote study is needed of their 
vegetative structure, of their reproductive organs, and of the development 
of every kind of conceptacle. Of the probable 5 species, material of only 
one is accessible. The following outline, therefore, must be regarded as 
tentative. 

A, Branching divaricate, terminal segments broadly cuneate, inter- 
ruptedly revolute on apex and margins. 
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1. Metaxnastophora jflabellata (Sander) comb. nov. 

Mdobesia {Mastophora) fiabellata O. G. Sender, Bot, ZeiL, 1845, 55, 
type locality, mouth of vSwan River, S. W. Australia; O. G. Sender in 
Lehmann’s Plantae Preissianae, fasc. 2: 188, 1847; Mastophora flabeiiata 
Harvey, Ner, Austr,, 108, 1840; Kuetzing, Spec, Alg,, 697, 1849, Tab, 
Phyc., 8: 47, pi. 97, 1858; Mastophora Lamourotixii (p.p.), Aresch. in J. 
Ag., Spec, Alg, 2, 2: 526, 1852; Harvey, Phyc, Austral., 5: p. xxx, 
1863; De Toni Syll Alg. 4, 4: 1774, 1005, TbU., 6, 5: 695, 1924; Foslie 
(ed. Printz), Contrib. Mon. Litkoth., 47 (f. typica), pi. 75, figs, 1- 3, 1929. 
S. W. to S. E. Australia. 

The Sender species seems to be an independent entity, but it has com- 
monly been referred under the binomial Mastophora Lamourouxii, which 
will be discussed later on. It may be mentioned here, however, that this 
binomial is to be considered a nomen nudum in the strictest sense. In con- 
trast to the slender South African species referred to Decaisne’s second 
species (Melobesia tenuis), the Australian plants of Sender are relatively 
firmer, of more than one layer of cells (except at the very tips) and are 
divaricately flabellate in the lobing of their broadly cuneiform lobes. The 
plate of Kuetzing {Tab, Phyc,, 8, pi. 97, 1858) shows these characters plain- 
ly and they are evident in a series of specimens at my disposal in Herb. 
Univ. Calif. The under surfaces of the segments seem only slightly prui- 
nose. 

2. Metamastophora Lamourouxii (Dec’ne ex Harvey) comb. nov. 

Melobesia (Mastophora) Lamourouxii Decaisne, Ann, Sci, Nat,, bot., 
ser. 2, 18: 12(3 (p. 114 of reprint), 1842 (?), nom. nud.!, Mastophora La- 
mourouxii Endlicher, Gen. Pl„ supp, 3: 30, 1843 (nomen!) ; Krauss, 
Flora, 1846, 211 (nomen !); Harvey, Net, Austr,, 108, pi. 41, 1849 (descr. 
and illustration); Kuetzing, Spec, Alg., 697, 1849 (sub^ Dictyota rosea 
Lamour,), Tab, Phyc,, 8: 47, pi. 98, II, 1858; Areschoug in J. Ag., Spec, 
Alg,, 2, 2: 526, 1852 (p.p.); De Toni, Syll, Alg., 4, 4: 1774, 1905 (p.p.), 
Ibid,, 6, 5: 695, 1924 (p.p.); Foslie (ed. Printz) Contrib, Mon, Lithoth,, 
47, excl. plates and references. 

The application of the name ^TjimoiirouxiV* to any Mastophora or 
Metamastophora is attended with the utmost of uncertainty. Decaisne 
does not describe his Melobesia (Mastophora) Ixunourouxitf but he does 
refer to it the Padina rosea of Lamouroux in herb., the Dictyota rosea 
Lamouroux, presumably of 1809, but not described, and an indefinite 
reference to Peyssonneliat of '*Dechie, PI. Arab.” He definitely separates 
it from the Zonaria rosea C. Ag, (not Lamour.) and seems to indicate that 
it may occur in the Red Sea, as Kuetzing has suggested. How the name 
came to be associated with the Port Natal plant, as has been done by 
Krauss and Harvey, does not appear. Harvey, who seems responsible 
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for this association, does not indicate as he often does the source of his 
information. He states only that he has seen dried specimens in the 
herbarium of Trinity College, Dublin, without indicating whether they 
were other than those of Gueinzius from Port Natal. One may doubt, 
therefore, the propriety of quoting Decaisne in connection with this 
species, unless one has the opportunity of seeing his type specimen. 

Whether Melamasiophora Lamourouxii, of S. E. Africa, obtains the right 
to its specific name from Decaisne or from Harvey, it certainly appears 
from the literature to be a distinct species. It seems to differ from M. 
ftabellata of Australia by the thinner alae (monostromatic), the lack of 
divaricate lobing at the extremities of the somewhat less pronounced 
cuneate blades, and the under surfaces more pruinose. Kuetzing (loc. 
cit., 1858) certainly represents the alae of this species as monostromatic, 
while he represents the alae of ikf. fiabellata as chiefly di-oligo-stromatic 
as is indicated by our specimens. 

B, Branches oblique, strict; terminal segments not strictly cuneate# 
entire or lobed at apex, revolute along margins. 

3. Metamastophora canaliculata (Harv.) comb. nov. 

Mastophora canaliculata Harvey in Hook, f., Flora Tasmanicaf 2: 310, 
Feb, 15, 1859, Alg, Austral. Exsicc., No. 443, PhycoL Austral., 5, XXXI, 
pi. 263, 1863; Rosanoff, Mem. Soc. Imp. Sci. Nat., 12: 13, 1860; De Toni, 
Syll. Alg., 4, 4: 1776, 1905, Ibid. 6, 5: 695, 1924; Foslie (ed. Printz), 
Contrib. Mon. Lithoth., 47, pi. 73, figs. 10-12, 1929. 

From the figures of Harvey (1863) and of Foslie (1929), the latter pre- 
sumably from Harvey s distribution, this species is very distinct in habit 
and texture, probably approaching the next species in these respects. 
The dichotomies are obliquely erect, involute or canaliculate throughout, 
and glabrous and concolorous on both surfaces. Judging from figure 4 of 
Harvey's plate 263, the alae are polystromatic. This is seemingly a very 
distinct species, the type specimens from Tasmania, others from neighbor- 
ing S. E. Australia. 

4. Metamastophora stelUgera (Endlicher et Diesing) comb. nov. 

Mastophora stelligera Endlicher et Diesing, Bot. Zeit., 1845, 290 type 
from Port Natal, South Africa; Kuetzing, Spec. Alg., 697, 1849; Are- 
schoug in J. Ag., Spec. Alg., 2, 2: 528. 1852; De Toni, Syll. Alg., 4, 4: 
D77, 1905, Ibid., 6, 5: 695, 1924. Mastophora hypoleuca^vctvey, Nereis 
Austr., 108, pi. 41, figs, 1-3, 1849, type locality. Port Natal, South Africa, 
leg. Dr. Guienzius; Areschoug in J. Ag., Spec. Alg., 2, 2: 527, 1852; 
De Toni, Syll. Alg., 4, 4: 1775, 1905; Foslie (ed. Printz), Contrib. Mon. 
Lithoth., 47, pi, 75, fig. 1, 1929. 
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While it has been impossible to compare the type of the species of 
Endlicher and Diesing with that of Harvey’s species, or, in fact, to examine 
any specimen at all, it seems proper to consider the two species, identical 
in type locality and description, as most probably being one and the same. 
The plants are described as elate, with stipes and branches as narrowly 
furcate and canaliculate, the terminal blades as lanceolate, with blunt 
entire or bifid apices, and with margins revolute. The under surfaces of 
the blades are white-farinose or white-lanate, with depressed dark-colored 
spots. The conceptacles are described as being uniseriate along both 
margins of the blades. The upper surface of the blade is dull brownish 
piUT)le and, according to Harvey, ‘’shagrined and striate.” It seems to be 
a complex and very striking species if the lower surface is correctly de- 
scribed and the further study of it is most desirable. 

C. Branching more or less divaricate; frond flat throughout, and with 
plane margins; lobes blunt, entire. 

5. Metamastophora plana (Sonder) comb. nov. 

Melohesia {Mastophora) plana O. G. vSonder, Bot, Zeit,^ 1845, 55, type 
locality, mouth of Swan River, S, W. Australia, leg. Preiss.; O. G. Sonder 
in I^ehmann, PI. Preiss. ^ 2: 188, 1847; Masiophora plana Harvey, Nereis 
Austr,, 108, 1849; Kuetzing, Spec. Alg.^ 697, 1849, Tab. Phyc.^ 8: 47, 
pi, 98, I, 1858; Harvey, Phyc. Austral. ^ S: xxx, 1863; Schmitz und 
Hauptfleisch in Engler und Prantl, Die Naturl. Pfl. Jam., I, 2: 540, fig, 
2S6c, 542, 1897; De Toni, SylL Alg., 4, 4: 1775, 1905 (p.p.), Ibid., 6, 5: 
695, 1924 (p.p.); Masiophora Lamourouxii f. plana Foslie, Algol. Notis., 
V: 18, 1908, Foslie (ed. Printz), Contrih. Mon. Lithoth., 47, pi. 75, figs. 4, 
5, 1929. 

From the descriptions and figures, since no specimens are available, 
it seems fairly certain that this is a distinct species within the genus. The 
plane frond is very different from that described for any other species and 
the figures of Kuetzing, while incomplete as to structure, indicate a high 
degree of complexity. 

The genus Masiophora, as founded by Decaisne, in his Essais, may be 
restricted as has been indicated earlier, to species of the simple structure 
of M, rosea (C. Ag,) Setchell. As extended by Endlicher and Diesing 
(1845), Sonder (1845), Harvey (1849), Kuetzing (1849) and Areschoug 
(1852), it becomes heterogeneous. Kuetzing, in 1849, included not only 
the more complex species included here, but also certain species such as: 
Masiophora cra^siuscula (Kuetz.) Kuetz. {Spec. Alg., 699, 1849), M. 
laevis (Kuetz.) Kuetz. {Ibid., 699; Lithophyllum laeve Kuetz., Bot. Zeit., 
5; 33, 1847, non LUhophyllum laeve Stroenfelt, Algveg. IsL, 21, pi, 1, figs. 
11, 12, 1886, a later homon 3 mi); M. lichenoides (Ell. et Sol.) Kuetz. (not 
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M, licheniformis Dec’ne), and Af. patem (Harv.) Kuetz., as a first group 
and, as a second group, the several species later described by Foslie and 
referred to Lithoporella and Litholepis. The meinbers of the second group 
are to be considered properly referred as will be shown later. The members 
of the first group are mostly of a definite life form and hemiparasitic. In 
another paper they will be referred to a new genus. Very puzzling is the 
Masiopkora {Liihostrata) lapidm Foshe {Algol. Notis., II: 27, 1900) which 
was later referred to Lithoporella {Lithostrata) lapidea Foslie (System. 
Bemerk., in Det. Kongl. Norske Vidensk. Selskabs Skrifler, 1909 (2): 59, 
1909) and finally as Mastocarpus lapidea Harv.” Foslie(«M Contrib, Mon, 
Lithoth. (ed. Printz), p. 47, pi. 73, figs. 5-7, 1929). No description of the 
fruiting organs is given nor any reference to the genus Lithostrata Heydrich 
(1905) of the Squama riaceae. The only suggestion that may be made is 
that, without examination of the type, it possibly may represent a species 
of Foslie ’s first proposal (189<S) of Goniolithon (subgen. Eugoniolithan) and 
that it may be related to G, papillosum (Zan.) Foslie. 

In ”1902” (or more probably in 1903) Foslie (in Aarsberetning for 
”1902” in Det. Kongl. Norske Vidensk. Selskabs Skrifter) outlined some 8 
groups, into which he proposed to divide the Corallinaceae. In that outline 
he propt)sed the ”Mastophoreae” to include the genus Mastophora (in an 
extended sense). He gave no characters for his groups but only enumer- 
ated the genera to be included under each. He named special groups for 
each of the definitely parasitic genera: Schmitziellai Chaetolithon and 
Choreonema. He also included, but doubtfully, 'Llildenbrandia,'' 

The other 3 groups proposed by Foslie are Lithothamnioneae, Melobesieae 
and Corallineae. Disregarding the parasitic (or hemiparasitic) nature of 
the genera as group characteristics, and reviving some names in accordance 
with the “Rules of Nomenclature,” there may be proposed a series of 5 
groups, or subfamilies, as follows: 

1. Frond crustifonn to fruticulose, iuarticulatc, continuous (reduced in parasitic 


species) 2 

1. Thallus articulate or jointed .,5. CorallinMe 

2. Thallus inonostromatic to partially polystroniatic, but without differen- 
tiation of tissues 4, Mastopkareas 

2. Thallus di-polystroinatic, with differentiated tissues 3 

3, Tetrasporaugia in sort 1. Sparolithsae 

3. Tetrasporangia in conceptacles 4 

4, Tetrasporangial conceptacles opening by few to many pores 

2. Lithoihamnieae 

4. Tetrasporangial conceptacles opening by a single pore 3. LUhophylkae 


The Mastophoreae, differing from all other Corallinaceae by their lack 
of, or, at least, by their very feeble differentiation of tissues, include 5 
genera, arranged as follows: 
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L Ftonds decumbent or ascending, monostromatic, brittle 2 

I. Fronds elate, becoming honiogeneo — polystromatic, with stipe branching and 

terminal blades flexible. 5. Metamastophora 

2. Fronds entire on margins, proliferating obliquely and lamellately, pro- 
ducing superposed layers devoid of rhizoids ,3 

2. Fronds lobed on margins, neither proliferating nor superposed, attached 

by adventitious rhizoids 4. Mastophora 

3, Fronds superposed, agglutinated into a common crust 3. GoniolUkon 

3. Fronds superposed, free 4 

4. Thallus cells palisade-Uke 2. LUhoporella 

4. Thallus cells nearly isodiametric 1, Lithdepis 


THE PEDIGREED CULTURE OF PARAMECIUM AURELIA AT 

YALE UNIVERSITY 

Bv Lorande Loss Woodruff 
Osborn Zo6logical Laboratory, Yale University 
Communicated April 3, 1943 

It seems desirable, as a matter of record, to bring up to date the history 
of the long-continued pedigreed culture of Paramecium at Yale University, 
because it is now more than two decades since a summary appeared in these 
Proceedings.^ 

The culture was started on May 1, 1907, by the isolation of a “wild'' 
specimeti of Paramecium aurelia on a depression slide in about five drops of 
culture fluid. Descendants of this individual constitute the various lines 
of the pedigreed race. During the first eight months the culture medium 
consisted solely of hay infusion, but thereafter infusions of various ma- 
terials common in the usual environment of Paramecia proved to be more 
favorable and were employed. The media have always been thoroughly 
boiled to prevent any passible contamination. with foreign strains of Para- 
mecium. In brief, the cells of the culture, today are direct lineal descend- 
ants by division from the single animal isolated in 1907. 

The main object of starting the culture was to determine whether Para- 
mecium can reproduce by division indefinitely without recourse to conjuga- 
tion. Therefore during the first eight years of the culture’s life, to May 1, 
1915, during which 5071 generations were attained, the possibility of con- 
jugation was absolutely precluded by the daily observation and isolation 
of the products of division. After this date daily isolation was judged un- 
necessary, because the continued life and health of the culture had long 
since justified the conclusion that conjugation is not, as had been pre- 
viously generally maintained, a sine qua non, under favorable environmen- 



136 


ZOOLOGY: L, L. WOODRUFF 


Proc. N. a. S, 


tal conditions, for the continued life of Paramecium and, presumably, of 
unicellular animals in general. 

However, at the formal termination of the experiment in 1915, the cul- 
ture was still maintained but without the exacting daily observation and 
recording of the division rate previously required. vSo, from this point, 
there is the possibility that conjugation between closely related individuals 
of the pedigreed culture may have occurred without being detected. 

In this manner the culture has been maintained up to the present 
(March 1943). From time to time, thirty -day tests have been made of the 
division rate of the animals under the former rigid culture conditions, and 
in nearly every case the same general average division rate has been re- 
vealed as during the first eight years of life; that is, between 50 and (iO 
generations per month. There is no evidence of waning vitality. On the 
basis of these tests it is fair to estimate 600 generations attained each year 
since May 1, 1915, which gives, in round numbers, 21,S00 generations at- 
tained by the culture during the nearly 36 years of its life to date. The 
vitality of the culture is further attested by the fact that it is continuously 
aflording animals for various other experiments in the Osborn Zoological 
Laboratory and elsewhere. 

It may be recalled that studies on this culture by Woodruff and Erd- 
mann^ revealed a periodic internal nuclear reorgauixation process to which 
the name endomixis was given. The establishment of endomixis raised new 
problems though obviously without tiffecting the basic conclusion that con- 
jugation is not intrinsically a necessary phenomenon in the life history of 
the orgatiism. If, however, it prove true that synkaryon foimation may 
occur during reorganization in this race, as first stated by Diller,^ so that tlie 
process becomes autogamic, then, of course, 5e//-fcrttlizatton has not been 
excluded in the experiments.^ 

1 Woodruff, L. L,, "The Present Status of the Long-Continued Pedigreed Culture of 
Paramecium aurelia at Vale l/niversity," Proc. Nat. Acad. Set., 7, 41-44 (1921). 

* Woodruff, L. L., and Erdmann, R., "A Normal Periodic Reorganization Process 
without Cell Fusion in Paramecium/’ Jour Exp. Zodl., 17, 426-518 (1914). 

* Dillcr, W, F., “Nuclear Reorganization Processes in Paramecium aurelia, with De- 
scriptions of Autogamy and Hemixis," Jour. Morph., 59, 11-67 (1936). 

* W’^oodruff, L. L., "Endomixis," Protozoa in Biological Research, edited by G. N. Cal- 
kins and F. M, Summers, Columbia University Press, 1941, pp. 646-665. 
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HIGH MUTATION FREQUENCY IN DROSOPHILA 

PSEUDOOBSCURA, RACE B 

By Kilaus Mampell 

Wm. G. Kerckhopf Laboratories op the Biological Sciences, California 

Institute op Technology 

Communicated March 20, 1043 

Variations in the mutation rate may be due to a number of factors in 
the external or internal environment of the organism. We can control 
many of these factors; others are unknown and appear spontaneously; 
they may persist for some time and then disappear again. In some cases 
this may be due to a selection of proper genic modifiers of the mutation 
rate. Modifying genes have been made responsible for the control of the 
mutation rate, since, the mutation rate can be altered by hybridization; 
such a case has been described for Drosophila pseudodhscura.^ Several 
investigators have observed cases of high mutation frequencies in D. 
melanogasler^' ** other cases of the same nature are more doubtful. D. 
pseialoobscura, race B, has furnished another example exhibiting the sudden 
rise of mutation frequency, to be recorded in this paper. 

The phenomenon first appeared in the progeny of a pair mating, where 
four sex-linked mutants were observed. On outcrossing flies from this 
culture, mutations occurred again to an unexpected degree. The number 
of mutations per pair mating is quite variable. Some of the most striking 
cultures are recorded in table 1. In each case we deal with the progeny of 
only one pair mating. The average yield per culture is 242 flies; this 
number is based on counts of the progenies of 758 pair matings chosen at 
random; even in the largest progenies there are less thaii 500 flies per 
bottle. 


TABLE 1 


CtTLTtTRB NO, 

TYPB OK MUTATIUN 

NO. OP MUTATIONS 

Original 

bdt y, ri, (spread wings) 

4 

1045 

V, Aw, L, (Abnormal^ 

4 

1176 

dx, dy{m)t Sc 

4 

1671 

dy{m), L, Vg, (Abnormal) 

4 

1601 

bd, set, tt, Cy, (Wing-^mosaic) 

5 

1697 

bd, set, com, asc, Sc, (rough eye) 

6 

2654 

bd, dy{m), hbl, Aw, (rough eye) 

5 

2676 

set, w, snij), Aw, U 

5 

2708 

dy{m), ti, Tho, (Rough eye) 

4 

2936 

bd, set, Vg, (Rough eye) 

4 

2971 

U, com, Sb, Vg 

6 

al77 

dy{m), com, ase, jv, dow, (rough eye) 

6 
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The mutations evidently may occur at any time during the development 
of the germ line or of the somatic line. Mutated individuals of a certain 
type may occur in numbers varying from one to fifty per cent of the off- 
spring of a pair mating; in somatic mutations patches of varying sizes 
have been observed. There seems to be no preference as to the time of 
mutation. The numbers of mutations recorded in this paper refer to sepa- 
rate occurrences of mutation, not to numbers of individuals showing new 
mutant cliaracters. 

In our study only “visible"' sex-linked recessives are used as indicators of 
the high mutation rate, because they are detected in the immediate off- 
spring of a female with the abnormal rate. Autosomal recessives should 
not be used, because the probability of their detection depends on the mat- 
ing system used, and even then it is not certain at what time and in which 
individual they have arisen. Dominants are disregarded to avoid con- 
fusion with another mechanism which is responsible for inducing mutations 
of the defiency type ; we shall refer to this later. Although the high muta- 
tion rate is observed in males also, and although dominants and autosomal 
recessives are produced by the present mechanism, it is for the above rea- 
sons that we restrict our observations to visible sex-linked recessives arising 
in females. 

The most likely cause of a phenomenon of this nature is a genic one. It 
has proved difficult, however, to demonstrate that a gene is responsible for 
the increase in the mutation rate. We deal here with a quantitative differ- 
ence between the normal and the mutating strains; therefore, large num- 
bers are required to make the data meaningful. 

The normal spontaneous mutation rate for visible sex-linked recessives 
in D, psetulodbscura, race B, is 0.01%, This number is based on the occur- 
rence of four sex-linked recessives in 46,804 flies, from cultures preceding 
the time of the first observation of the high mutation rate, plus those from 
the pure Seattle strain. 

In determining the abnormal mutation rate we shall consider only those 
cultures which have given at least one sex-linked recessive, since this is the 
only indication of the presence of the “Mutator" gene in the mother. Thus, 
we obtain a mutation rate per culture showmg mutations, rather than a 
mutation rate per total number of flies. The higher the total mutation 
rate, the greater will be the coincidence of several sex-linked recessives in 
one culture, remembering that we always deal with the offspring of one 
female per culture and that the average number of offspring is the same for 
wild type females and Mutator females. With a normal mutation rate of 
0.01% for sex-linked recessives it is obvious that two mutations would occur 
by chance in the same culture so rarely that the mutation rate per culture 
showing mutations is practically 1.00. Thus, from Seattle females seven 
mutations were obtained in seven cultures (rate » 1.00); from Morro fe- 
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males five mutations were obtained in five cultures (rate = 1.00). But 
from selected females 160 mutations were obtained in 102 cultures (rate * 
1.57). The coincidence of mutations is directly related to the total muta- 
tion rate, so that by knowing one we can determine the other. Due to the 
small numbers, which are always a disadvantage in a study of this sort, 
the errors may be considerable ; the calculations are also based on the as- 
sumption of a constant number of flies per bottle, which further decreases 
the accuracy of the result. Therefore, the rates which will be presented 
must be taken as approximations; but we are interested in getting some 
idea of the mutation frequency in flies heterozygous or homozygous for 
the Mutator gene. In general, the estimates are probably conservative, 
since the normal spontaneous mutation rate is included in the abnormal 
rate, which would tend to lower the coincidence. 

Females resulting from a mating of a selected fly to wild type, regardless 
of the direction in which the cross is made, give a rate of 1 .47 (100 mutations 
in 68 bottles giving mutations) . This is the rate obtained from flies hetero- 
zygous for the Mutator gene. Assuming a Poisson distribution, that is, a 
population homogeneous for a factor increasing the mutation rate, a result 
like this would be obtaitied, if the rate of mutations per total number of 
flies were 0.34%, Thus, the normal spontaneous mutation process is in- 
creased thirty-four times with one dose of the Mutator gene. 

If flies can be homozygous for the Mutator gene, we might expect a 
higher mutation rate from females that have resulted from a mating of 
both selected male and female; or, conversely, only if flies resulting from 
such a mating give more mutations, can we know that homozygous flies 
are produced and that they have a higher mutation rate than the hetero- 
zygous flies. Females resulting from such a mating give a rate of 1.76 
(60 mutations in 34 cultures giving mutations). That is the rate obtained 
from females both of whose parents were probably heterozygous for the 
Mutator gene. From that mating we should expect one-fourth of the off- 
spring to be homozygous for the Mutator gene one-half heterozygous and 
one-fourth wild type. 

Let nt be the expected mean frequency of occurrence of a mutation in the 
population of subsamples. Since m is known to be equal to 0.0034 X 242 
for cultures resulting from heterozygous females, tind equal to 0.0001 X 
242 for cultures resulting from homozygous wild type females, the relative 
frequencies of subsamples with one mutation, two mutations, etc., are 
known for these two groups. Let k be the number of cultures resulting 

fft 

from homoz}rgou3 Mutator females; then there are i — cultures with one 

mutation in this group, 2ifc(0.3015} cultures with one mutation when the 
mother was heterozygous and ii!(0.0234) cultures with one mutation when 
the mother was wild type; similarly for cultures with two, three, etc.. 
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mutations. We equate the theoretical total of cultures with one mutation 
to the observed number with one mutation, and do likewise for the cultures 
with two, three, etc., mutations; we obtain the following six equations: 


.m 


h- + 2^(0.3615) + fe(0.0234) - 21 


e 


k[ + 0.2979j - 7 


/m^ 
( 


‘' 57 - + » 


.0960j 


/m‘ 


+ 0.0168 » = •> 
24e 


') 


„„ „ , 0.0028 ) « 1 
120e'” / 




( 
\72(k 






The number of mutations in the homozygous group is equal to km, in the 
heterozygous group it is equal to 2fe(242) (0.0034), and in the wild type 
group it is equal to i! 5 ( 242 ) (0.0001) ; the total number of mutations obtained 
was 60; therefore, we find km + 2fe(242) (0.0034) + fe(242) (0.0001) = 

60, or, k ^ — — — — . We can now determine the most probable value 

. l.()7 + m 

of m in the usual manner.** We find m = 1.703. Thus, the mutation rate 
of females homozygous for the Mutator is 0.70%, approximately twice 
that of the heterozygotes. This is a linear increase with the dosage. In 
this connection, it is interesting that the gene dotted in maize produces an 
exponential increase with the dosage as concerns mutations of the “a*' 
gene.® 

The offspring of heterozygous flies should have a total mutation rate of 
0.17% if the above calculations are correct, since now half the flies are 
heterozygous and half are wild type; therefore the mutation rate should 
be one half of 0.34%. We actually obtain 7 mutations in 4679 flies which 
is a rate of 0.15% ; this is in good agreement with the expectation. 

The crosses designed to locate the Mutator gene are shown in table 2. 
All the females shown in the table should be heterozygous for the Mutator 
gene except those with the wild type chromosome whose homologue is 
responsible for carrying the Mutator gene ; from these females we should 
expect a rate of 1.00 whereas all the others should give an average of 1.47. 
Thus, chromosome II would seem to be the carrier of the Mutator gene. 
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This, however, must be taken cum grano salts; not only are the numbers 
uncomfortably small for this kind of a test, but the dot chromosome which 
cannot be marked was not controlled. The conclusion, therefore, is tenta- 
tive. 


TABLK 2 


Selected Stubble (II) or Scute (III) or Curly (IV) 


r 

Stubble or Scute or Cur ly 
Morro or Seattle 


cf cf X Morro or Seattle 9 $ 


X Morro or Seattle 
J 


Selected II 
Wild type 11 

vSelected III 
Wild type III 

Selected IV 
Wild Type IV 


NO. OF MUTATIONS 

CULTURKR SHOW- 
ING MUTATIONS 

■ ATI! 

23 

14 

1.64 

4 

4 

1.00 

12 

9 

1.33 

6 

4 

1.50 

15 

8 

1.86 

15 

11 

1.36 


7'able 3 shows the maps of the chromosomes; the map of the X-chromo- 
some is based partially on the one published previously.^ Not all of the 
mutants shown on the maps can be assumed to have been induced by the 
Mutator gene here under discussion; there is another mechanism at work 
in the same cultures which induces an extraordinarily high number of mu- 
tations of the deficiency type, mainly Smoky, Notch and Minutes. Some- 
times it is difficult to tell the two apart, because in some cases they have 
nearly the same effect. Description of the other mechanism will have to 
wait until a later date; it is believed that the sex-linked and autosomal 
recessives and many of the dominants have been induced by the Mutator 
gene here under consideration. 

Since tests for allelism were not generally applied, the number (jf occur- 
rences of a certain mutation can be given only for those loci where 
identification by phenotype is not likely to lead to confusion with other 
mutants. The asterisks indicate that the mutation has occurred at least 
once, but the natme of the mutant does not permit identification by in- 
spection. Thus, dusky and miniature cannot be distinguished phenotypi- 
cally; although many mutations of this type have appeared, it cannot be 
stated how many of each. The bar signifies that the mutant has not been 
observed. 

The mutants were given the names of the D, melanogaster mutants which 
they resemble most closely. Some cannot readily be compared. Hairless^ 
is a dominant, lethal to the male. Both prune alleles always show a dis- 
tinct mottling effect. The deltex alleles are female sterile and semilethal 
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TABLE 3 

Jt-CHKOMOaOMK H CH0E0K0»01iE 


lozenge (h) 

0.0 

♦ 

Smoky (Sm) 

0.0 

40 

ttlmondex (amx) 

3.0 

• 

Thorax (Tho) 

5.1 

2 

beaded (hd) 

31.1 

50 

Stubble (56) 

• 6.1 

10 

Minute* (A/*) 

35.5 


Hairless® (H*) 

14.9 

* 

Hairless* (H^) 

64.1 

♦ 

bi thorax (6x) 

39.2 

— 

scutellar (sc/) 

61.9 

39 

glass (gl) 

42.1 

♦ 

yellow (y) 

61.9 

0 

cinnabar (cm) 

54.7 

— 

prune (pn) 


2 




ddtex (dx) 

64.7 

3 

Minute* (A/*) 


* 

Notch (TV) 


24 

Minute'* (A/'*) 


* 

white («0 

69.6 

3 

Mutator (Mu) 

> 

1 


ImiB 


— 







III CHKOMOaOMU 



singed (sn) 

71.0 

* 




vermilion (v) 

72.8 

♦ 




Filiform (Ff) 

72.9 


* 

- 


lethal plexus (Ip) 

73.1 


Abbreviated (j466) 

0.0 

* 

Fused* (Ftt*) 

73.6 


Lobe (L) 

29.2 

* 

dusky (dy) 

73 . 6 

* 

Scute (5c) 

60.5 

* 

miniature (w) 

73.6 

* 

Vestigial (Fg) 

50.5 

« 

forked (/) 

74.1 

* 




rose (fs) 

77.2 

— 

gap (gp) 


* 

tilt (//) 

83.7 

11 

orange (ur) 


m 

bubble (hbl) 

91.0 

* 

Minute* (A/*) 


* 

fused^ (/«*) 

92.3 

* 

Minute* (Af*) 



compressed (com) 


5 

Minute’ (A/*) 


0 

ascute («.vc) 

98.9 

10 

Minute'* (Af»«) 


* 

Abnormal wing (Aw) 

99.8 

7 

Minute'* (A/'*) 


($ 

Curvoid (C«r) 

106.2 

* 

Minute'* (A/'*) 


0 

scarlet (st) 

119.3 





IfttiB 


— 







IV CBEOIIBOMB 



sepia (jtf) 

149.0 

— 




radius rudimentary (rr) 

171.4 

— 




javelin ( jr) 

176.2 

* 

Minute* (A/*) 

0.0 

* 

short ( 5 ) 

181.8 

3 

Scuteilum diminished (Sd) 

32.9 

* 




Hairless* (H*) 

57.2 

* 

radius incompletus (r») 


* 

Curly (Cy) 

69.7 

* 

shiny (ski) 


* 

Dachsoid (Dsd) 


* 

tiny bristle (/6) 


* 




condensed (con) 


* 

net (»</) 


* 

roughex (riwf) 


* 

dachs (d) 


♦ 

notchy («y) 


* 

Large wing cells (Lwc) 


* 

downy (dow) 



Enhancer-glass (£-gf) 


• 

diminutive (dm) 


* 

Minute' (Af') 


* 

small bristle (sbr) 


* 

Minute* (Af*) 


* 

ruby (r6) 


* 

Minute* (Af*) 


* 

approximated (app) 


* 

Minute" (Af") 


* 

twisted (/w) 


* 

Minute** (Af'*) 


• 
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to the male. Abnormal wing has large wing cells giving the wing a coarse 
appearance; delta or net type of venation is common; it is usually lethal 
to the male. In shiny the chitin has a polished appearance. Thorax shows 
a longitudinal median groove of the thorax as the most striking charac- 
teristic. Hairless^ rarely survives when homozygous; in the homozygous 
state it shows extreme aristopedia effects; the heterozygous flies sometimes 
have the aristae reduced or absent; the legs also are sometimes reduced. 
Vestigial takes off some bristles along the costa when heterozygous. Scu- 
tellum diminished affects the size of the scutellum which may be practi- 
cally absent in extreme cases. Hairless^ resembles heterozygous Hairless®. 
Dachsoid shortens the legs and roughens the eyes. Large wing cells resem- 
bles Abnormal wing in its phenotypic effect. Enhancer-glass allows hetero- 
zygous glass to express a rough eye. 

In addition to the mutants shown in the maps there has occurred a 
large number of mutants which were either inviable or sterile, lost or dis- 
carded before being mapped, or which have not yet been mapped. The 
total number of observed mulations is approximately two thousand. 

Aside from the evolutionary significance of Mutator genes it is interest- 
ing to speculate about their mode of action. From the nature of the muta- 
tions which are induced by this mechanism it seems obvious that we are 
dealing with true point mutations. Mutator genes probably act through a 
chemical medium. Chemicals are the least satisfactory agents of the more 
important ones which have been investigated as to their faculty of inducing 
mutations. It is possible that Mutator genes interfere with the proper 
reproduction of genes and that by learning the nature of this mechanism 
we may know more about the chemistry of gene reproduction. Mutator 
genes rather than producing certain substances might be responsible for 
the lack of a substance necessary for growth and reproduction of genes in 
general. There is no good chance at this time to learn much about Mutator 
genes except the result of their activity, unless the substance involved 
were in the nature of a hormone; this is unlikely, since intranuclear proc- 
esses are concerned. It must be left to future research further to illuminate 
this problem. 

The author is indebted to Professor A. H. Sturtevant for suggestions and 
criticism and to Mrs, Harriet Bonner for the application of the mathemati- 
cal treatment to the data. 

Summary. — 1. Drosophila pseudodbscura, race B, has furnished cer- 
tain stocks with an abnormally high mutation rate. 

2. The mutations may occur at any time during the development of the 
germ line or of the somatic line. 

3. The phenomefnon is due to a dominant “Mutator*’ gene which in- 
creases the normal spontaneous rate abotrt thirty-four times when hetero- 
zygous, and about seventy times when homozygous; this represents a 



144 


CjENETICS: GOWEN AND CALHOUN 


pROC. N. A. S. 


linear increase in the mutation rate with the dosage of the Mutator 
gene. 

4. The Mutator probably is linked to the second chromosome. 

5. A total of approximately two thousand mutations was observed; 
some of the mutations were located. 

J Slurtcvant. A. H.. Proc, Nat. Acad, Sci., 25, 308-310 (193S)). 

* Demerec, M., Genetics, 22, 409-478 (1937). 
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ON THE PHYSICAL BASIS FOR GENETIC RESISTANCE TO 
MOUSE TYPHOID, SALMONELLA TYPHIMURJUM* 

By John W. Gowen and M. Lois Calhoun 
Department of Genetics, Iowa Agricultural Experiment Station 

Coirnnunicaled March 23, 1943 

With most specic.s wide variations in susceptibility to most diseases exist. 
Some members of the species die, others show different degrees of morbidity. 
By suitable genetic techniques it is possible to segregate these different 
levels of disease resistance into convsistently breeding groups, some with 
nearly complete mortality, some of medium resistance, others with little or 
no morbidity when exposed to the same dose of the causative organism. 
Using the mouse, Mus musculus, as the host and the typhoid organism, 
Salmonella lyphimurium, as the disease causing organism investigations at 
Iowa State College** * have segregated a mouse population into six different 
breeding groups characterized in part by their disease resistance. The 
first two groups designated as Ba and L have a mortality of 92 and 87 per 
cent, respectively, when inoculated with 200,000 bacteria; the E and Z 
lines have 47 and 42 per cent mortality; and the R.I, and 5 lines have 25 
and 14 per cent. Each line is now essentially pure breeding for its resist- 
ance to Salmonella typhimurium. The purpose of this investigation was to 
investigate one of the several possible physiological causes for this resistance 
and thus establish a character basis for the observed genetic resistance. 
The character chosen for study of this correlation is the cellular constitution 
of the mouse blood. 

For the purposes of this analysis the blood of 45 to 50 mice of each 
strain was examined for the number of erythrocytes, leucocytes and their 
proportions. 
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In our mice the cellular constituents of the blood are shown to vary 
widely, both in total number and the proportion of the different cell types. 
This variation seems to be characteristic of blood in general, as we have 
found similar variations in the published results of other investigators. 
Two major variables and one minor are known contributors to the varia- 
tion. The major variables arc sex of the mouse and the strain from which 
it is derived. The minor variable is the short age range over which the 
mice were tested. Analysis of the effect of these variables proves that sex 
is relatively unimportant in its influence on either the numbers of erythro- 
cytes or leucocytes or the proportion of the cells composing the leucocytes. 
In its narrow range, age also is not particularly important as the variation 
attributable to age is irregular, not showing a consistent trend. Genetic 
differences which have been segregated into the different strains composing 
our material accoutit for most of the known variation in the tiumbers of 
erythrocytes and leucocytes. The same genetic differences affect the 
proportions of the cell types composing the leucocytes to only a limited 
degree. 

If we contrast the six different strains wc find that the levels of the 
erythrocytes and leucocytes in the blood are characteristic of the particular 
strains. In the breeding process the variations of these cells in different 
mice have been reduced and made characteristically higher or lower in the 
particular strain. It is found that there is no correlation between the de- 
gree of fixation of the erythrocytes and the leucocytes indicating that for 
the six strains they have been fixed independently of each other. The pro- 
portions of the different cells composing the leucocytes do not show the 
same degree of fixation in tliis hereditary process as do the cell numbers. 

The variation in numbers of leucocytes is highly correlated with the de- 
gree of resistance which exists for the particular mouse strain (Fig. 1). 
Those strains of low resistance have low leucocyte numbers whereas those 
of high resistance have relatively high leucocyte numbers within the 
range of the customary variation. In the formation of these strains of 
mice, those of high and those of low resistance have been established 
through inbreeding and selection for either high survival value or low 
survival value to the typhoid disease organism. In the process the leuco- 
cyte numbers have also been fixed, the correlation between the leucocyte 
number for the given strain and its resistance being on the order of 0.9. 
This fact would be as expected if, basically, there was a direct relation be- 
tween the number of leucocytes which the organism carried and its potenti- 
alities for resisting mouse typhoid. 

At the same time that these breeding experiments for disease resistance 
were going on, inbreeding experiments having no particular relation to dis- 
ease resistance were also molding other different mouse strains. This in- 
breeding technique should also lead to fixation of particular types of re- 
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sistance or leucocyte numbers. Such is found to be the case. One of these 
strains having a low leucocyte number has high susceptibility to mouse 



figure i 

Kelation of the disease resistance of the different mouse strains to erythrocyte 

or leucocyte number found in their blood. 


typhoid, whereas two of the other strains have intermediate leucocyte num- 
ber and intermediate susceptibility. 
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The proportion of the particular types of cells which make up the leuco- 
cytes are not fixed in the breeding process. This suggests that the particu- 
lar cell types are called out by the animal body through different environ- 
mental conditions and that a primary cell is capable of developing into 
any particular type according to these environmental influences rather 
than through the inheritance control. Such a view would indicate that the 
important inherited capacity is the production of a few or large number of 
primary cells that subsequently may develop into leucocytes of the various 
types according to the environmental need. 

The erythrocytes show a similar fixation in their numbers to that of the 
leucocytes. I’hey do not, however, show any particular correlation to the 
disease resistance of the given strain. This we might possibly expect in 
view of the fact that the erythrocytes, so far as mouse blood is concerned, 
are not known to effect directly the typhoid organism. 

In this search for the physical basis of the genetic resistance to. mouse 
typhoid we have studied c»nly two p<^ssible types of cells out of many 
which the body could furnish and be important to the resistance. Both 
cell types studied have a large variability indicating that there are both 
hereditary and environmental causes of variation. Analysis shows that our 
genetic technique would account for abotit one-fourth of the variations 
normally present in these mouse blood cells. The other three-fourths of 
the variation must be due to causes other than those measured in these, 
experiments. The proportions of the different types of cells making up the 
leucocytes are but little fixed by the genetic techniques used in establishing 
the different strains. 

Our observations have interesting corollaries in the work of Reich and 
Dunning® on the effect of leucocyte level and longevity in rats. vSix closely 
inbred lines of rats were tested for the numbers of white blood cells, the per 
cent of polymorphs and the duration of life. It was found that the higher 
the leucocytes the longer the rat lived. It was also shown that the neutro- 
phile polymorph represented a higher proportion of the leucocytes in the 
longer lived rats than in those with a shorter duration. The correlation is 
of the order of 0.7. Contrary to our findings a sex effect was noted in the 
leucocyte count and the duration of life. These sex effects favor larger 
numbers of leucocytes in the females, the sex with the longer duration of 
life. 

Roberts, Severens and Card^ present a study of the nature of the heredi- 
tary factors for resistance and susceptibility to pullorum in the domestic 
fowl. In this study they analyze the numbers of erythrocytes, leucocytes, 
lymphocytes and neutrophiles from the fifteenth day of incubation to a 
week after the chick hatches. It is in this period that the chicks of sus* 
ceptible strains are killed by Salmonella pullorum. After this period most 
strains of chickens, both susceptible and resistant, are immune to this dis- 
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ease. The total number of leucocytes is found to increase in both suscepti- 
ble and resistant strains from the fifteenth day of incubation through the 
seventh day after hatching. This increase is accounted for in part by a 
shift in the types of cells composing the leucocytes. The l)anphocytes 
increase from 5 or 10 per cent up to 55 to 65 per cent of the total leucocytes. 
The chicks which are genetically resistant to pullorum display this rise in 
lymphocytes earlier than the chicks which are susceptible. The resistant 
and susceptible chicks have essentially the same lymphocyte numbers 
seven days after hatching, the period after which both groups are resistant 
to this disease. 

The importance of the lymphocytes is further brought out by x-ray 
experiments in which the lymphocytes were reduced in number through 
irradiating the O-day-old chicks with x-rays. These x-ray chicks, inocu- 
lated with pullorum, had a death rate four times that of the untreated 
birds. These results would point to the leucocytes as important in the 
defense mechanism to this disease, especially as no difference in bactericidal 
power of the serum of the susceptible and resistant groups was observed. 

In their study of the correlation between the resistance to rat typhoid 
and bactericidal power of whole blood, Irwin and Hughes® showed that rats 
which were resistant to the disease had less bacteria in their sodium citrated 
blood, after inoculation with Salmonella enteritidis and incubation at 38° 
for four hours than rats which were incapable of surviving the disease. As 
the paper stands it is not possible to decide whether this in zdtro action is 
due to the serum or to the presence of leucocytes. We are informed, how- 
ever, that the serum is probably the responsible agent here. 

Rous and Jones'* have presented a study of the in vitro reactions of leuco- 
cyte, bacteria or other antigens and immune serum. In this paper they 
properly emphasize the fact that after one hour’s incubation bacteria or red 
blood cells ingested by leucocytes are protected against the action of im- 
mune serum in causing bacteriolysis or hemolysis. They point out the 
significance of this fact to possible bacterial dissemination within the host 
should the pathogen be eventually freed from the leucocytes. The pro- 
tective action against immune sera by the leucocytes is found to be a prop- 
erty of the living organism not of the. dead leucocytes. The hypothetical 
significance of these researches to the possible in vitro reactions of the 
leucocytes to disease organisms is of marked significance to our results. 
The experimental arrangement is excellent. The experiments present data 
on pathogen death, or erythrocyte hemolysis, when leucocytes are present 
in the mixture contrasted with their absence from the mixture. In this 
light the data show that the leucocytes destroy or immobilize many of the 
bacteria. This reaction may, of course, be looked upon as an exaggerated 
form of agglutination since each leucocyte collects a fairly large number of 
bacteria within it. However, the microscopic examination of ingested 
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bacteria and erythrocytes would indicate rather that the leucocytes' cyto- 
plasm destroys the inclusions rather than simply agglutinating them. 

The general evidence of the foregoing papers indicates that the numbers 
of leucocytes in general, or numbers of particular kinds of leucocytes, play 
a pronounced part in the immune phenomena controlled by the genetic 
constitution of the host. 

The original data with its complete analysis will appear shortly. 

* Journal Paper No, J-llOl of the Iowa Agricultural Experiment Station. Ames, Iowa. 
Project No. 262. 

We are indebted to the Rockefeller Foundation for cooperating in this research with 
a grant-in-aid. 

1 Schott. R. G., "The Inheritance of Resistance to Salmonella aertrycke in Various 
Strains of Mice," Genetics, 17, 203-229 (1932). 

Gowen, J. W., and Schott, R. G., "Genetic Predisposition to Bacillus piloformis 
Infection among Mice,” Jour. Camb„ 33, 370-378 (1933a). "A Genetic Technique 
for Differentiating between Acquired and Genetic Immunity." Amer, Jour, Hyg., IS, 
688-ti94 (1933^>). 

Gowen, John W., "Genetic Constitution as a Factor in Disease," Sigma Xi Quarterly, 
23. ia3-n7 (1935). 

Gowen, John W., "Contributions of Genetics to Understanding of Animal Disease," 
Jour. Heredity, 28, 233-240 (1937). 

Koch, Ferdinand L. P., and Gowen, John W., "Spontaneous Ophthalmic Mutation 
in a Laboratory Mouse," Arch. Path., 28, 171-176 (1939). 

* Hetzer, H. O., "The Genetic Basi.s for Resistance and Susceptibility to Salmonella 
aertrycke in Mice," Genetics, 22, 264-283 (1937). 

* Reich, C., and Dunning, W. F'., "Leucocyte Level and Longevity in Rats," Science, 
93,429^30(1941). 

* Roberts, E., Severens, J. M., and Card. L. E., "Nature of the Hereditary Factors for 
Re^sistance and Susceptibility to Pullorum Disease in the Domestic Fowl," Proc. Seventh 
World's Poultry Congress and Exposition, Cleveland, Ohio. U. S. A. (1939). 

* Irwin, M. R., and Hughes, T. P., "Inheritance as a Factor in Resistance to Infectious 
Disease," Jour. Immun,, 24, 343-348 (1933). 

* Rous. P., and Jones. F. S.. "The Protection of Pathogenic Microorganisms by Living 
Tissue Cells,” Jour. Expt. Med,, 23, 601-612 (1916). 



160 


BA CTERIOLOG Y: WILSON A ND WORCESTER Proc. N. A. S. 


BIO-ASSAY ON A GENERAL CURVE 
By Edwin B. Wilson and Janb Worcester 

Harvard School of Public Health 


Conimumc>ated April 10, 1043 


In the diseuSvSion of bio-assay we have used the growth curve ^ where 
others have used the probability integral. Some of the treatment may be 
given in terms of a general function F, and for the study of the differences 
which might be introduced by different laws of biological reaction of various 
animals to various biologicals such a discussion is not without importance. 
Let it, then, be supposed that 

p = •/, + V,F[a(A: - y )], c> = V» - - y)] 


in which a is a coefficient of homogeneity and y is the 50% point for x so 
that F{0) = 0. For the growth curve and the probability curve we have, 
respectively, 


F{z) = tanh s and F{z) 


2 


«*/» 


dz. 


For each of these curves there is no limit to the values of s, but for some 
biologicals there might be a minimum dose necessary to produce any effect 
and a maximum dose which would affect all animals, and in that case z 
would effectively range only between finite limits. Three hypothetical 
cases might be 


F(z) « 2 , F{z) 


sin z and Fiz) » 


\/ 1 - f - 




in the first of which z would range from —1 to +1, in the second from 
— tr/2 to ir/2, and in the third again from — » to + oo but with the order 
of contact of F{z) with its asymptotes much lower than for the growth 
curve. 

The likelihood is 

L « Sst log (1 + Ft) + X{n - Si) log (1 — F<). 

The equations which determine the parameters a, y are 
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In general even for the case of three dilutions and 5r< = x — c, x, rc + 
these equations are not generally solvable when F has a specihed form.’ 
Differentiating again, we have 

“ 2JiT- /-V \ (T - >.*)* (1 - Fo*J- 


If we substitute for j< the value «[’/* + 'A^J which it has on the fitted 
curve, from which any particular set of values is considered to have 
arisen through sampling errors, 


dy^ 

and in a similar manner 




Y^(a:< - y)Ft'^ d^L - 7)’/^/* 

dyi>a~^“2^ 1 - ’ da» ~ ”2-^ 1 _ » " 

According to Fisher’s formulas* 



da® 


na^lL/l- F,® 


^ _ Z' V 

da® d7* xdad')'/ 


E 2,*F<'» F,'® /v-v 2,F/® V’ 

F- F(’‘2^] - fF V-^l - F, V 

(5) 


dy® 


F<'® 

n — 


Ft' 


d®Ld®L /d’LV 

da® dV® \dadW 


Y' si®f,'* y> f/» /'y' 2 *f,'* y 

( 6 ) 


It will be observed that in those cases in which the values of x or of s «= 
a(x — 7 ) are so balanced that SsF'V(l — « 0 or in case a is known 

the weight of 7 is 


1 


fl'-y 


2 



and will he simplest if F'®/(1 — F^) is constant. This amounts to having 
F{z) »* sin % so that there is no effect of the biological up to a certain mini' 
'mum logarithmic dose x » 7 — v/2a and that all animals are affected by 
the dose x *» 7 + r/2a. The solution of the equations (1) and (2) is, 
however* not simple for F(s) » sin a. On the other hand* the simplest case 
for the solution of those equations seem to be when FV (1 — 1^) is con- 
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stant, i.e.» when F{z) ^ tauh z and we are working on the growth curve. 

If we have determined which type of curve we shall mse, the discussion 
of the precision of determination of 7 or of the relative determination of a 
for different observed values of Pi would be from (4), (5); but if it be de- 
sired to compare the precisions that would be figured on the basis of the 
assumption of two different emve-types as underlying the biological phe- 
nomenon we should substitute for a its value in terms of the dilution 
spread c and the observed values of Pf, To discuss the precision for the 
general case of any observed values of Pj is impracticable, but for a dis- 
cussion of the cases in which F(z) is an odd function and there arc three 
values of P, which are symmetrically distributed as Pi = P, Pa = 

P3 = 1 — P we may use the expressions 


1 


'V' 


2 




where ss = <^(1 — 2P), For the five respective cases of the growth curve, 
probability integral curve, z, sin z and z/^/i + s’®, the results become 




-- - [tanh-Kl - 2P))H1 +8P0, 


P(V2 " P) 




+ 2 


1 


,^ L\/27 r 




PQ 


i <■ - + -ik)' 

3 [sin- HI - 2P)\\ (1 - 2Py + SPC), 

where is the function inverse to F and V is the normal variate taken from 
tables of the probability integral. And, further, 


a: 

na. 


SP(;[tanh-i fl - 2P)]^ - P)2 


l\/2ir 


e 


-V*K*(V»-P) 


] 


PQ 


(1 - 2^* 
’2PQ ’ 


2[sin-Hl - 2P)]*, 8PQ{1 - 2P)‘. 


From these expressions we may calculate tables 1 and 2. From table 1 
it is clear that in the symmetrical case the values of for the growth 
curve and for the probability integral curve are very nearly the same for 
any value of P one would be likely to use. It is further clear that for other 
types of curve assumed as underlying the biological relationship the values 
of (Ty may be very different from those found for either of them. It there- 
fore cannot be assumed that Cy may not be markedly influenced by the 
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particular curve-type assumed. What curve-t 3 ^e should be used could 
only be settled by an extensive series of observations. Moreover, although 
the analysis has been carried out only for the symmetrical case, yet it seems 

TABLE 1 

Values of cV for Certain Values op P 



/■-O-W 

P-0.20 

P-O.lO 

Pm 0.06 

PmO.Ol 

P^O 

F » tanh z 

0.120 

1.10 

2.08 

2.99 

5.70 

CO 

V 2TrJ 0 

0,120 

1.15 

2,17 

2.93 

4.22 

00 


0.123 

1.48 

4.20 

9 .34 

49 . 5 

00 

F — sin z 

0.121 

1.24 

2.68 

3.76 

5.63 

7.40 

F » z/ 1 + z* 

0.118 

1.02 

2.24 

4.57 

24.3 



reasonable to assume that for cases likely to arise in practice, even though 
asymmetrical, the growth curve and probability integral curve would yield 
values of cr^ more or less alike. The values found for y itself might also be 
different in the asymmetrical case, though again it would be reasonable to 
assume that they would not differ much in ordinary cases. 

If it is desired to standardize two biologicals it is of importance to 
determine whether the two values of a are nearly enough alike so that if 
the standardization is made at a pair of corresponding points such as the 
L,D.r)0 points, it may be regarded as valid for other points. As 



o 



wc may get some idea of the v'ariation which would be involved in compar- 
ing both biologicals on the assumption of different curve-types as underly- 
ing the phenomenon, in cases where for each determination the distribution 

i * ■■0 
0 

0 

4.94 
0 

is symmetrical. From table 2 it will be apparent that the precision of the 
relative determination of a is by no means so nearly the same for the 
growth curve and for the probability integral curve as was the case for the 
determination of 'y, and that for other curves it may be very different. 


'PABLK 2 

Values op aV(w^a*) roR Certain Values of P 



P-0.40 

pm 0.20 

P - 0.10 

P-O.OR 

P-O.Ol 

F « tanh s 

0.079 

0.615 

0.870 

0.823 

0.418 

/r. _ / e-f'/tjg 

0.080 

0.694 

1.12 

1.21 

0.777 

V2J0 






F-z 

0.083 

1.12 

3.56 

8.53 

48.5 

F * sin s 

0.081 

0.828 

1.72 

2.61 

3.75 

Fmz/ Vl + *• 

0 , 077 

0.401 

0.461 

0.308 

0.076 
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* These Proceedings, 29, 79“85, 114-120 (1943). 

* If only two dilutions are used and ^ is the function inverse to F we should have at once 

^(2jPi “ 1) *■ a(xi — y), 0(2^ — 1) " «{x> — 7)r 

^ _ ?*-ZL5 4>(2^a " 1) + ^(2Pi - 1) 

j:, - i, ’ ’ " 2 “2 ^>(2^, - 1 ) - ♦( 2 JP, - !)• 


and the general solution can be obtained whenever the inverse function 4 > may be found. 
For the respective cases F » tanh s, F *» 2 , F = sin s, F »= 1 -f s* the inverse 

functions are tanh~* F, F, sin“* F, F/ a/ I F*, where Fhas the value 2 F — 1 . 

> These fortnulas are those that would result from applying the method of differentia- 
tion in the usual manner. 


dL 

57 




d*L d*L 

Jof -4“ — 57 

dad7 dy^ 


1 -K* 


0 . 


The first term vanishes by virtue of equation (1) which permits the use of equations (f3) 
and (4) for the second derivatives, it being understood that the actual values of s* are 
to be considered as having arisen by variations from those on the fitted curve and that 
6Fi represents variations in the fitted values F*- from a curve with specified parameters 
7 to one with other parameters a + da, 7 + Sy. In this manner we obtain also 



d^L 

d a* dad 7 


Sy + 


2 (x< - y)Fi'SPi 

1 - fft 


0 . 


If //represents the Hessian determinant. 


my = 2n2^|_a~- 4- - 7) _7r.- 


As the variations are considered as independent with standard deviation (squared) 
of FiQi/« « V 4 (l "** F»*)/« we have 




^ , d*L 6*L , / d*L \n F<'» 

L“ Jrrir*’ 


Now substituting from equations (3) and (4) we have 

w. . r /d‘LY d‘L\‘ /d‘ZYd»Ll 


d*L 
H — 
da* 


which gives the Fisher formula. 

It may be noted that if we desire to obtain a numerical solution of equations (1) and 
( 2 ) we may proceed by successive approximations. Provided we can find in some way 
values an, 70 which nearly satisfy the equations, better values ao -f 6 a, yo -f 67 may 
usually be found from the equations 


dL 

67 




lo 


d*L 

57* 


d»L 

67 + ~ “ 

0 dad7 


6 a m 0 , 


dL 

dal 


d«i: 

0 dad 7 


d*L 

r-i 

0 da* 


dot ■» 0 . 
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RELATIONS BETWEEN HOMOLOGY AND HOMOTOPY GROUPS 
By ,Samuel Eilenberg and Saunders MacLane 
Departments of Mathematics, University of Michigan and Harvard Universitv 

Communicated April 7, 1943 

2. The Problem . — Let P be a locally finite smiplicial connected jx^lytope. 
We denote by G) the (discrete) qth homology group of the finite 

chains of P over a (discrete additive) coefficient group t/, by H^{P, G) the 
(topologized) * ^th cohomology group of the infinite cochains of P over a 
(topologized additive) coefficient group G^ by Tr^{P) the c/th hoinotopy 
group of P relative to a fixed base point jco t Py by #*(P, 6') the subgroup of 
W{Py OO detennined by the cycles of P that can be obtained from cycles on 
the 3-sphere 5^ by continuous niappiiigs of 5*^ into P. 

H. Hopf“ has shown that the fundamental group 7ri(.P) determines the 
group /)/#^(Pt /) [1 — additive group of all integens) and has ex- 
hibited a group construction which leads from ri to He considers 

a multiplicative discrete group ir — F/K represented as a factor group of a 
free group F by a group of relations R and defines 

TTi* = F n Cgw F/Comp- R, (1 . 1) 

where Com F stand for the commutator grouj) of F, Coniy R is the subgroup 
of F generated by the elements of the form xrx ' V \x € F^r € R, while 
stands for the intersection. 

Hopf shows that the group tti* does not depend upon the particular 
representation chosen for t and that if tt = 7ri(P) then tti* ii^(F» /)/ 

In a more recent paper® Hopf has shown that if 7r<(F) = 0 for all 1 < i< n 
then 7ri(F) determines the group ^HPy /)/§"(F, /). This proof leads to 
no method for the algebraic determination of 11”/^ ^7 means of iri. 

We outline here a new treatment of the problem which leads to generali- 
zations of HopLs results and gives intrinsic descriptions for all the groups 
involved. In particular the group itj* can be defined intrinsically as the 
character group* of the group of central group extensions® of the group A' 
(reals reduced mod 1) by the group ir: 

iri* « Char Exteent iX, tt) (1*2) 

The groups obtained for the higher cases may rightly be regarded as 
generalizations of the group of group extensions. 

The method used also permits us to generalize and simplify the results of 
Hopf dealing with the influence of iri{P) upon the intersection theory in P, 

The results are formulated for a connected polytope P but are valid for 
any afewise connected space, provided suitable singular homologies are 
used. 
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2. The Complex K{t), — Given a discrete group ir written multiplica* 
tively we will consider square matrices A — 11 pts II with p^ in ir satisfying 
the condition 

pisPsk = ( 2 . 1 ) 

We will denote by the matrix obtained from A by erasing the ith row 
and the ith column. The rows and columns will always be numbered 
starting from 0. The matrices A with g -h 1 rows and columns will be 
taken as the generators of a free abelian group C®. We define a homomor- 
phism 

a :C^ 


by putting 

for each generator A of O. Wc verify that aa == 0. Consequently if we 
consider each generator A of C« as a g-cell and a as a boundary operation 
we obtain a closure finite abstract complex K{w). The (discrete) qth 
homology group obtained by using finite chains of /C(ir) over a (discrete) 
coefficient group G will be written as if®(T, G). The (topologized) gth 
cohomology group obtained using infinite cochains of X’(7r) over a (topolo- 
gized) coefficient group G will be written as //^(Tr, G). 

3. The Alain Theorem . — Let be g-dimensional simplex with vertices 
ro> Vi, . . tfj and let T\s^ — > P be a continuous mapping of 5® into the 
polytope P such that the vertices are all mapped into the point Xo in P 
(here Xo is the base point for the construction of the fundamental group 
xi " 7ri(P)). Each edge in s® will then determine an element pi^ in tlie 
group TTj and the matrix ||/>(/ll so obtained will satisfy condition (2.1). 
Hence the mapping T determines a g-cell of the complex JC( 7 ri). This 


observation leads to a chain transformation 

T:P^X(n(P)) (3.1) 

A study of this transformation furnishes tlie following: 

Theorem 1 , If a connected locally finite poly tope P has 

iTiiP) =0 for I < i < n, (3.2) 

the following isomorphisms hold: 

n'‘{P, G) a ^‘{Tt{P), G) for q < n, (3.3) 

H,{P, G) ^ H,{n(P), G) for q < n, (3.4) 

R«(P, G)/f»(P, G) a 1 |»(t»(P), G). (3.5) 
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4. Computation of the Groups G ). — We will outline a method for 

computing the groups iS*(7r, G) and Hq (ir, G) directly in terms of t and G 
without using the complex K{Tr). It is sufficient to compute the coho- 
mology groups Hq{Tr, G), since the homology-cohomology duality applied to 
the complex Jf (tt) gives 

G) ^ Char Char G), G discrete. 

Our calculations are based upon a 1 — 1 correspondence between the 
matrices A with elements in tt and the g-tuples (pi, . . pq) with p< t ir. 
Given such a g-tuple, the definitions pa — 1 , Po = pj + i . . -pj for i < j and 
Pij “ (Pji)"^ for J < i define agr-t- lbyg + 1 matrix A = j|Pi^|( which 
satisfies (2.1), Conversely, every such matrix A can be obtained in this 
way from exactly one g-tuple. Consequently the group of gr-cochains of 
the complex K{ir) over the (topologized) group G is nothing but the group 
CqiiTy G) of all functions f of q variables on tt to G. The coboundary 5/ of 
such a function is a f miction of q + I variables defitied as follows 

(5/)(pn pit . . pff + i) = fipit * • .pfl + i) + 

Hi-iyfipi Pi~u pipM, Pm, ■ • + (-D'+'/C/**. pt, . . p,). 

i - 1 

The group Zq{iCy G) of cocycles consists of the functions / with 5/ « o, 
while the group G) of the cobounding cocycles consists of those func- . 
tions/ of the form / — The cohomology groups are 

llqilTy G) = ZqiiTy G) / B q{lt y G) . 

5. The Cases g — i, 5 - The coboundary of a function of one variable 

/;7r->Gis 

pi) ^ /(ps) fiP^P^ +/(pl)- (5.1) 

Hence Zi(7r, G) is composed of the homomorphisms /:ir G. Since 
jBiCtt, G) » 0 we have 

ifi(7r, G) = Horn U, G}. 

For a function /of two variables the coboundary is 

pit Pi) * fiPit pi) “ f {pipit ps) + /(pi» pi) ■“* /(Pif Pa)- (5.2) 

The condition that 6/ = 0 is exactly the associativity condition for a “cen- 
tral" factor set/(pi, pa) of r in G, while the coboundaries 5/ in (5 . 1) of func- 
tions of one variable are simply the “central" transformation sets. Hence 
G) is the group of factor sets modulo transformation sets, and so is 
the group of central extensions of G by ir, 

G) ^ Exicent {G, ir}. 
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For 5 — 3 the coboundary 5/ of / becomes 

P^y P^ “ /(^*> P^t P^ ” KplP^y P^i P^ + fiPlt PtP^t Pd 

“ P^y P^Pd + P^y pi)' ( 5 . 3 ) 

This operation and the resulting group G) have been defined by O. 

Teichtti filler,® in a somewhat more general case (corresponding to group 
extensions which are not necessarily central). 

6. Higher Dimensions , —A generalization of tlie main theorem to higher 
dimensions can be obtained by constructing for each discrete abelian group 
IT and each integer w > 0 a complex KiiCju) whose cells are suitable systems 
of elements in tt with + 1 indices. Denoting the homology and coho- 
mology groups of iir(7r, ft) by w, G) and n, 6’) we have 

Theorem 2, — Given a cofinected locally finite polytope P such that 


TTfiP) = 0 for 

0 < i < 

m and for m 

< i < n 

(6.1) 

the following isomorphisms hold: 




mP, G) 


(P). m. G), q < 

w, 

(6.2) 

lUP, G) 


(P),m.G}, q< 

n, 

(6,3) 

WiP, G)I 

»»(P, G) 

= i^"(7r„(P), m. 

G). 

(6.4) 


' The topological groups are underst(X)d in a generalised sense, with the Hausdorff 
separation axiom not postulated. 

* Commentarii Math, Uelvetk i, 14 , 257-.309.(lft-42). 

Uhid,, 15 , 27 32 (1942). 

* The group Char C? of a given abelian group G is the suitably topologized group of all 
hotnomorphi.sms of the group G into the group A' of reals reduced mod 1. 

‘ A group £ is a central extension of X by H if X is a normal subgroup of E which 
lies in the center of E and has E/X « //. The group of group extensions (including 
non -central cases) is treated in H. Zas.se.nhaus, Lehrbuch der GruppentheorU, Hamburg 
Math, Eiiistclschriften, I/cipzig 21, 1037. 

* 0. Teichintillcr, "Ueber die sogenannte nichtkommut alive Galoische Theoric und 

die Relation ^x, fM* Ck, ir^ “ Cx, vw Deutsche Math.^ 5, ISS-WO (1940). 
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A STRESS FUNCTION FOR THE MEMBRANE THEORY OF 

SHELLS OF RE VOL UTION 

By P, Nemknyi and C. Truksdell* 

Department of Mathematics, University of Colorado, and Department of 

Mathematics, Princeton University 

Communicated April 20, 1943 

L The Membrane Theory, — The partial differential equations satisfied 
by the stresses in a problem concerning the equilibrium of a loaded thin 
shell or dome of the form of a surface of revolution are very much simplified 
if it is assumed that the state of stress is independent of any displacements 
that may occur. The resulting treatment is called “The Membrane 
Theory.” The equations have long been known but seldom solved except 
in simple cases. The special case when the loads and supports on every 
meridian of a tank or a dome are the same is solved in the standard engi- 
neering texts; the case of a dome loaded or supported non -uniformly has 
hitherto been solved exactly only for a few surfaces generated by conics, 
although some approximate methods have been suggested for other cases. 
If problems of non-uniform support or non-symmetric load are to be 
treated, it must be within the membrane theory, for the partial differential 
equations of the ordinary infinitesimal or “bending” theory are so compli- 
cated as to render their solution in most cases impracticable. 

In this note we produce a simple method of exact solution of the mem- 
brane equations for any surface of revolution and for any load representable 
by a Fourier polynomial; for several families of surfaces of particular in- 
terest, we list the solutions explicitly. 

2, The Stress Function, — If ^ is the angle between the normal to the 
surface and the axis of revolution, 6 the angle of rotation measured from 
some given plane through the axis, Ri and R% the radii of normal curvature, 
N^ and N^ the tangential and meridial stresses, the shear, Xt Y, Z, 
respectively, the parallel, meridial and normal components of the .Jlqad, 
then the membrane equations for a shell having the form of a surface of 
revolution are' 

I ^ j— \ 

7 ? ^ P I 

i\l Xvs I 

— sin <t>) - N,Ri cos <t> + Ri + YRiR^ sin « = 0, [ (1) 

~r“ "t" cos ^ sin <^) "¥ XRiRt sin ^ 0. I 

00 Qq> / 



160 


MATHEMATICS: NEMENYI AND TRUESDELL Proc. N. A. S. 


We shall suppose the stresses and loads represented as Fourier pol 3 Tiomials: 
X - „{<(>) sin n6, Y = '^Y„(<t>) cos nd, Z => \ 

n*«0 «<»0 p J 

cos n0, 1 

p p •>“« / (2) 

cosne, sin nO, N, = 1 

w»«*0 tt-^0 P I 

cos nB. I 

nttO ' 

Now let the equation of the ^^encrating curve in the 6^ — 0 plane be r = 
f(z)f where s is measured along the axis of revolution, and let 

(3) 

If we substitute (2) and (.3) in (1), taking advantage of the geometry of the 
surface, and eliminate Nsn and we are led to the differential equation 
of the stress function U„: 


dHJp, 

'dz^' 


+ {n^ 


r 

')] = 


f im.i +/II + (»’ - i)(i +f’)iz. + 

(IZ 

fl y , - 

P ^ + 3/'F„ + Vl + /'^ (4) 


When there is no load, the right side vanishes; the equation (4) for this 
case has been derived previously by Nemenyi from graphostatic considera- 
tioTis.'^ Otice the solution of (4) has been obtained for a given surface/, 
the coefficients of (2) may be found from the formulas 





f vT' +7'* 


Un-f Vi + /'* z., 




i (f) + f(rz. - y.). 



Since the method of solution of (4) is well known, we may now consider (1) 
as solved for all cases when expansions of type (2) are justified. Since, 
however, to our knowledge there are very few known solutions of (1),® it is 
interesting to write down the explicit solution of (4) for a few surfaces. 
We shall refer to solutions of (4) with right side zero as “homogeneous solu- 
tions“; from them the general solutions of (4) can easily be found. 

3. A Few Solutions . — If the equation of the surface/ satisfies a differ- 
ential equation 
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r(^) 

7 (^) 


- A^p(z) 



for some function p(z)^ then the homogeneous solutions for/ can be ob- 
tained by putting — — 1) for in the integral of ((>), due care being 

taken to adjust the solutions when this change of constant produces or 
destroys an integer exponent difference. The indirect method of solving 
(4) by choosing a function p{z) such that (0) is easily integrable has en- 
abled us to find numerous infinite families of surfaces for which (1) can be 
solved exactly and in finite form. Wc list a few of those of possible impor- 
tance for the engineering applications. 


/ = Va - s y/ 'b - j 

l\ — V'a — s y/ b — z 




f = R{z + af + S{z + a)’"'’, p 4^ '/i 
f - y/z + a[R + S log (s + a)|, p =• 'A 
fA = Vs + a[A„(z + a)"" + B„{z + 


(7) 


( 8 ) 


where qn’ ^ 'A *” p(p “ 1)C«* *" !)• 

/ = \/'z '+ a B„{2mA[z + m + 0, 

Un = Vs + a B„{2miA Vm- — Ifs + 


where is the complete solution of Bessel’s equation of order nt. 

The case S =(),&= —a in (7) gives us, by choice of R, a sphere, a spher- 
oid or a hyperboloid of two sheets; in the first case, the homogeneous solu- 
tions reduce to the known solution for the sphere.^ If wc put ia for a, we 
have a hyperboloid of one sheet. The case /> = '>2 of (S) is a paraboloid. 
The case m = Vs t>f (9) gives us a surface generated by the ordinary circular 
or hyperbolic functions. It is interesting to notice that the solutions for a 
logarithmic surface are not essentially different from those for an algebraic 

one; e.g., U^for / « a/s + a log (z + a) is the same as for 

/ = (z 4- 


We have found the solutions for many more surfaces, including those for 
any surface generated by any solution of the second order equation with 
two regular singularities, or by any confluent hypergeometric function. 
There are now enough harmonics found explicitly that it is reasonably easy 
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to obtain a good approximation to the solution of any soluble statically 
determinate membrane problem. 

4. Subsequent Results, — A subsequent investigation by Truesdell alone 
has produced the following results : 

(a) A rigorous deduction of an equation similar to (4) whenever the 
loads can be represented by Fourier series. 

(b) A complete direct solution of (1) for the case n = 1, which is of con- 
siderable interest in problems of wind-pressure. 

(c) The solution of several specimen boundary problems of spheroids, 
paraboloids and hyperboloids, and a simple method of solution of a dome of 
any cross-section supported in any manner, and having a lantern bearing a 
specified load in any manner. 

(d) A general theorem on the character of the zeros of Un as related to 
the zeros of /; a corollary showing that the problem of a closed dome with a 
zero of order u at the apex and supported in any non-uniform manner is not 
soluble within the membrane theory if m ^ li is soluble if Vj < M < 1 if? and 
only if, the supports are symmetrically placed and are large enough in num- 
ber, and is always soluble for two or more symmetrical supports if 

0 < /X ^ V*. 

* The work outlined in sections 1 to 3 of this note was done while the authors were 
fellows at the School of Mathematical Mechanics, Brown University. 

^ See Rcissner, H., Spannungen in Kugelschalm (Kuppeln), Festschrift Heinrich Miil- 
ler Breslau gewidinct, Leipzig, 1912, pp. 181-193, and Flhgge, W., Statik und Dynamik 
der Schalen, Berlin 1934, pp. 23-24. 

* P. Nemenyi, Beitrdge tur Berechnung der SchaUn unter unsymmetriscker und n«- 
rteh'gtfr Belaslungt Bygningsstatiske Meddelelser, 1936. 

' • FlUgge, op. cit.. Chap. 11. 

< Ibid., p. 30. 
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ELECTRICAL CORRELATES OF PURE AND HYBRID STRAINS 

OF SWEET CORN* 

By H. S. Burr 

Section of Nbxjro-Anatomv, Yale Univbrsitv School of Medicine 

Communicated April 30, 1943 

It has been said by numerous investigators that the key problem in bi- 
ology is organization. The patterns which living organisms present form 
the basis of description and classification in natural history. Adequate as 
these are in many instances, little evidence has been forthcoming concerning 
the forces which impose this stable and characteristic pattern on the dy- 
namic flux which is unique in living systems. The geneticists have been 
extraordinarily successful in showing that many of the properties of the 
pattern can be related to stnictural elements in the clu-omosomes, including 
even molecular linkages. The mechanism by means of which the genes 
control form is still hidden. It is at this point that the key problem, the 
pattern of organization, arisCvS. 

The search for an answer to the problem has fallen rather naturally into 
three channels. In the first, tlie investigations have tended to assume that 
the forces operating were peculiar to biological systems. This has led to a 
number of fruitful qualitative descriptions such as physiological gradient, 
biological and embryological fields. These terms include no quantitative 
measures and, therefore, cannot be genuinely rigorous. The most popular 
approach has been through chemistry. The relationship between morpho- 
genesis and chemical entities and processes has been widely examined. 
Out of such studies has come a series of descriptions of the building blocks of 
which protoplasm is composed, but so far it has failed to provide significant 
evidence of how, in the midst of constant chemical change, the design re- 
mains so astonishingly constant. The third channel is still relatively un- 
explored. A few sporadic and still unsuccessful attempts have been made 
to influence the shape of living things through physical force. However, 
the development of modem techniques of electrical measurement has 
made it possible to explore the electrical correlates of this design more 
effectively. 
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In 1932 Butt/ and in 1935 Burr and Northrop, ^ proposed a working 
hypothesis to the effect that the electrical signs to be found everywhere 
among living things indicate the existence of an underlying electrodynamic 
field whose characteristic forces impose pattern on protoplasm. In the 
past seven or eight years, a tmmber of studies coming from Burr's labora- 
tory have tended to support the validity of the working hypothesis. More 
particularly, in 1941* he showed that in the developing frog's egg a charac- 
teristic electrical pattern could be determined in the unfertilized egg, and 
in the fertilized egg before the advent of the characteristic form of the 
embryo. The axis of this electrical pattern was found to predict the 
longitudinal axis of the nervous system. These findings suggest that 
there is a close relationship between the electrical pattern and the bilateral 
symmetry of the embryo. Genetics has shown the structural pattern to be 
closely associated with chromos<)mal arrangement. It follows, therefore, 
that in all probability, there is a very close relationship between electrical 
patteni and the genetic constitution of the living organism. To investigate 
this problem is difficult in the animal kingdom. In the plant world, how- 
ever, the situation is simpler for genetic controls are more readily imposed 
and the consequences more readily observed. 

With the cooperation of the authorities of tlie Connecticut Agricultural 
Experiment Station, it has been possible to study tlie electrical patterns in 
several pure and hybrid strains of sweet com. The corn seeds used were 
from strains which have been under study for some time. These strains 
differ considerably in genetic constitution and in the degree of hybrid vigor 
shown in crosses between them. 

The seeds were collected in 1942 and studied during the winter of 1942- 
1943. Four inbred strains were studied, and three hybrids. The inbreds 
used were C6, Cl 3, jP 39, and a mutant of P39, C30. The hybrids were 
P39 X Cl 3, C30 X Cl 3, and C6 X C13. C6 is the seed parent of Whip- 
cross C6,2, with ears set low on stalk and well formed. It is resistant to 
bacterial wilt and rust. C13 is a Golden Early Market inbred. It is used 
as the seed or parent pollen of Marcross, Cl 3,0. It is highly resistant to 
bacterial wilt. P39 is a mid-season yellow sweet corn, inbred, of unknown 
origin. C30 is a semi-dwarf mutant of P39. It is normal in appearance 
though much reduced in size. It is completely recessive to the P39. It 
has been shown by Singleton^ to differ by only a single gene from P39. 

The hybrids studied have shown considerable differences in hybrid vigor 
in the field. When P39 is crossed with C13, the average weight of the ears 
is significantly less than in the hybrid C30 X Cl 3. This was tme in 1940 
and agkin in 1942. In 1941, however, there was no difference. In spite 
of the dwarfism of C30, the hybrids from this line seem to have slightly more 
hybrid vigor than P39 hybrids. The hybrid C6 X Cl3, known as “Mar- 
cross," is still the outstanding early season hybrid (Singleton, personal com- 
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munication). In this material, therefore, there are available four stable 
pure strains of significantly different properties with which to correlate 
electrical patterns. The three hybrids between them show gradation of 
hybrid vigor which is least in P39 X C13 and greatest in C6 X C13. If 
electrical patterns have any significance, electrical correlates of these 
differences should be manifest. 

The technique employed was standard, consisting of the determination 
of a standing potential between the two opposite ends of the longitudinal 
axis of the kernel. The point of the attaclunent of the keniel to the cob 
was invariably positive and the opposite pole negative. Contact with the 
system was made by silver-silver chloride electrodes and measurements 
made with a microvoltmeter and galvanometer. More tlian 2000 measure- 
ments were made under carefully controlled conditions with the results 
shown in table 1 . 

A statistical analysis^ shows that the F factor is 6.4. The requirement 
for 1% significance is 3.07. It is safe to conclude, therefore, that the 
means of all the strains differ significantly from each other. A second set of 
determinations was carried out using a larger number of kernels but with a 
smaller number of measurements for each kernel, and the means were found 
to check closely with those shown in table 1. Aside from the generally 
different means the most striking finding was the very great difference be- 
tween tlie mean of the .single gene mutant C30 and the parent stock P39. 
It is remarkable that the change of a single gene in P39 should produce 
such a profound and significant change in the over-all pattern of voltage 
difference. 


TABI.K I 

Statistical Analysis of Potrntial Differkncks in Sweet Corn Seeds 

Means m millivolts 

fURB STRAINS IlYliRIDS 

cao C13 C6 FSO ^39 X C13 C30 X C13 C6 X C13 

6.2 19,4 23.8 24.05 14.5 17.4 23.3 

/f' » 6 . 4, 1 % Sig., 3 , 07. 5% Sig., 2 . 23. 

The conclusion seems to be inescapable, that there is a very close rela- 
tionship between the genetic constitution and the electrical pattern. If 
further studies should confirm this conclusion, it seems very probable that 
one of the ways the chromosomes impart design to protoplasm is through 
the medium of an electrodynamic field. 

No less interesting than the electrical correlates of the ptme strains is the 
relationship between the potential differences and hybrid vigor. The elec- 
trical studies show a significant relationship between the potential differ- 
ence and the degree of hybrid vigor, a relatively high potential difference 
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being found in association with a high degree of hybrid vigor in the field; 
and a lower difference with a lower degree of vigor. 

The search for a significant measure of hybrid vigor in plants has yielded 
confusing and inconclusive evidence. The findings here reported suggest 
that by means of the measured potential difference it may be possible to 
predict hybrid vigor. 

Summary, — 1. Electrical correlates have been found between different 
inbred strains of sweet corn even when the difference is due only to a single 
gene. 

2. The magnitude of the potential difference is positively correlated with 
the degree of hybrid vigor. 

* Aided by a grant from the Fluid Research Funds of the Yale University School of 
Medicine. 

t The aid of Dr. Chester I. Bliss and Professor 1. L. Child is gratefully acknowledged. 

* Burr, H. S.. Jour. Comp. Neur., 56, No. 2. 347-371, Dec. 16 (1932). 

‘ Burr, H. S., and Northrop. F. S. C., Quart. Rev. Biol, 10, m. 3. 322^3, Sept. 
(1936). 

* Burr, H. S., Proc. Nat, Acad. Sci„ 27, No. 6. 276-281, June (1941), 

* Singleton. W. R., Genetics, 28. No, 1. 89 (1943). 

SYNTHESIS OF RIBOFLA VIN BY A YEAST 
By Paul R. Burkholder 
Osborn Botanical Laboratory, Yale University 
Communicated May 8, 1043 

Previous investigations have shown that yeasts require one or more 
members of the vitamin B complex in order to grow well in chemically de- 
fined media. It appears, however, that riboflavin (vitamin Ba) is not needed 
as a constituent of the culture media supporting yeast growth. Since ribo- 
flavin is known to play an important r61e as a respiratory enzyme generally 
throughout the plant and animal kingdoms, it seems probable that yeasts 
are able to synthesize this vitamin in amounts suflScient at least for their 
own requirements. In a preliminary survey of the production of vitamin 
Bj by some 200 kinds of yeasts, one species has been found to produce ex- 
traordinary amounts of riboflavin in synthetic culture media.* This yeast 
offers, therefore, certain obvious advantages for studies on vitamin syn- 
thesis, and assumes special significance in relation to the commercial pro- 
duction of vitamin B* for use in animal and human nutrition. A brief 
account will be given concerning the influence of various factors, such 
as temperature, aeration, cyanide, comporition of the medium, etc., upon 
the yield of riboflavin. The results of other experiments, including the 
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feeding of the yeast to animals for the purpose of determining possible 
toxicity, will be published elsewhere. 

The yeast which has been employed for most of the work reported here- 
with was received as an unidentified species number 488 from Dr. Lynferd 
J. Wickerhara, who isolated it from sour milk some six years ago in the 
Yale laboratories. Additional strains of yeasts which appear to belong in 
the same species were isolated from various sources atid supplied to us by 
Dr. Wickerhani. These organisms were found to produce riboflavin in 
varying amounts, indicating that appreciable biochemical variation exists 
among difTerent strains of the yeast. 

When the yeast was cultivated in mineral salts-glucose solution enriched 
with asparagine and biotin, the resulting fermented liquor possessed a deep 
yellow color not unlike that of synthetic riboflavin solutions. Upon ir- 
radiation with ultra-violet, the fenneiited liquor exhibited a green fluores- 
cence. Further fluorometric determinations performed upon the eluate 
from florisil, and microbiological assays made on the cultures with the 
test organism Laciohacillus casei indicated the presence of large amounts 
of riboflavin in the fermented liquor. Separation of the yeast from the 
fermented medium by means of filtration or centrifugation yielded a clear 
yellow solution, and a mass of almost white yeast cells. Microbiologcal 
assays further indicated that nearly all the vitamin Ba accumulates outside 
the yeast in the fermented liquor, thus eliminating the necessity for extract- 
ing the vitamin from the yeast by means of expensive solvents. Although 
riboflavin was produced by all strains of the species tested, strain desig- 
nated No. 488 was found to be particularly efficient. 


Composition of the Medium . — The culture solution employed in this 
study, unless stated otherwise, had the following composition per liter: 
KH2PO4, 0.5 g.; MgSOcTIUO, 0.5 g,; CaCh ^H^O, 0.3 g.; (NH4)2S04, 

2.0 g.; KI, O.i mg.; dextrose, 20 g.; asparagine, 2.0 g.; biotin methyl 


ester, 1.0 ^g* Trace elements were added in p. p. m. as follows: B, 0.01; 
Mn, 0.01; Zn, 0.07; Cu, 0.01; Mo, 0.01; and Fe, 0.05. Distilled water 


was employed in making the medium. The reaction of the culture solution 
was adjusted to pH 5.0. The medium was dispensed usually in the amount 
of 25 ml. into each 125-ml. Erlenmeyer flask. The flasks were plugged with 
cotton and sterilized by autoclaving at 120^C. for 15 minutes. After cool- 
ing, inoculation was accomplished by adding a drop of yeast suspension to 


each flask. 


Variations in or omission of certain constituents of the medium, and the 


influence of substituting or adding other compounds were studied in rela- 
tion to growth and the production of riboflavin. After incubating usually 
at 30®C, for about one week, growth of the yeast cultures was measured 
turbidimetrically, with appropriate corrections being made for the colored 
solutions. Since the amounts of the vitamin produced were relatively 
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great, it was fouhd convenient to make quantitative determinations by 
absorption photometry. The yeast was removed from the cultures by fil- 
tration through supercel in a Buchner funnel. Corrections for absorption 
resulting from the presence of pigments other than riboflavin in the medium 
were made with the aid of uninoculated controls. Absorption of blue light 
by the solutions was determined with a Klett photoelectric colorimeter and 
the resulting values were then calculated in terms of vitamin B 2 by refer- 
ence to a standard curve constructed for solutions of synthetic riboflavin. 
Microbiological assays gave good agreement with the photometric deter- 
minations. 

The Source of Carbon . — A very important factor in the production of 
riboflavin is the source of carbon for fermentation. It appears that certain 
kinds of carbon compounds supplied in the medium may be used for the 
building of protoplasm but remain unavailable for synthesis of riboflavin. 
Certain sugars, such as Pfanstiehrs c.p. maltose and d-galactose, produce 
excellent growth, but yield only small amounts of riboflavin. Sucrose, 
dextrose and levulose promote both growth and production of vitamin 
B 2 . When d-galactose was mixed with dextrose in the medium, excellent 
growth resulted, but only low yields of riboflavin were observed. 

The kind of hexosc sugar as well as its concentration in the medium ap- 
pear to have a direct influence upon the production of pentose for incor- 
poration into the riboflavin molecule. The influence of different concen- 
trations of dextrose upon growth and yield of vitamin B 2 is shown graphic- 
ally in figure 1. The experimental results presented in figure 1 were ob- 
tained with glycine and asparagine each present in the amount of 0.5 g. 
per liter of basal medium. Growth was allowed to proceed at 30®C. for a 
period of six days. 

The Source of Nitrogen.- K suitable source of organic nitrogen seems to 
be of considerable importance for the formation of vitamin B*. Appreci- 
able amounts of the vitamin accumulated during fermentation of mineral- 
dextrose solutions containing nitrogen supplied only in inorganic form as 
(NH 4 )#S 04 . The addition of certain amino acids such as glycine, or amides 
such as asparagine served to augment the yield of riboflavin, without 
necessarily affecting growth of the yeast. Asparagine appeared to be 
more efficient than glycine for the production of vitamin B** A favorable 
medium may contain 0.5 g. of glycine and 0.5 g. of asparagine in addition 
to the usual 2.0 g. of (NH 4 ) 2 S 04 in 1 liter of the basal medium. Whereas, 
the yield of riboflavin varied with the increase of glycine and asparagine 
over a considerable range, production of the vitamin was decreased by 
adding hydrolyzed casein in amounts from 0.5 g. to 4.0 g, per liter. The 
growth obtained with supplements of casein, however, was at least equal 
to that observed in media containing glycine and asparagine* Other 
amino acids supplied in addition to asparagine may have little effect 
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upon yield, or in some instances may greatly enhance the production of 
riboflavin. When amino acids were added singly at the rate of 0.8 g. 
\yeT liter along with asparagine occurring as 2.0 g. per liter in the medium 
the effectiveness for increasing the yield was as follows in ascending series: 
serine < aspartic acid < arginine < leucine < valine < glycine < meth- 
ionine. Under comparable conditions the production of riboflavin in mi- 
crograms per ml. of fennented liquor was as follows: a medium contain- 
ing N only as (NH4)2S04 in the amount of 2.0 g. per liter yielded 12.5 
y B2 per ml. ; with asparagine added in the amount of 2.0 g. per liter, 18.0 
y Ba per ml. were produced; with asparagine 2.0 g. per liter plus glycine 
0.8 g. per liter, 47.0 7 B^ perm!.; and with asparagine 2.0 g. per liter plus 
methionine 0.8 g. per liter, (K).0 7 B2 per liter were observed. It is of in- 
terest to point out that both asparagine and glycine are relatively efficient 
and comparatively inexpensive sources of organic nitrogen. In the experi- 
ment where 2.0 g. of asparagine and O.S g, of glycine f)er liter were employed, 
and fermentation allowed to proceed at iiO'^C. for about six days, the fer- 
mented liquor was separated from the yeast cells by filtration. Dehydra- 
tion of the fermented liquor yielded a yellow powder which contained 7 
mg. of riboflavin per gram of solids. 

Inorganic Compounds. V^ariations in the amounts of inorganic materials 
present in the medium were found to influence both growth and riboflavin 
content of the fermented liquor. In one experimental series using 50 ml. 
of medium and 2.0 g, of asparagine per liter and a growing temperature of 
27°C., the supply of KHaP04 in the nutrient solution was varied over a 
wide range. As shown in figure 2, riboflavin reached a maximum with 
KH2PO4 supplied at levels of about 0.5 to 1 .0 g. per liter, and decreased 
with greater doses of the salt. Growth of the yeast rose markedly with in- 
creased amounts of KH2PO4 in the lower range, and was maintained for all 
values of the salt employed up to 4.0 g. per liter. 

The influence of increasing the supply of (N 144)2804 upon growth and 
yield of riboflavin in 50-nil. cultures growing at 27®C. is shown in figure 3. 
Growth increased sharply with increments of ammonium salt up to about 
2.0 g. per liter. Above this level some decrease in growth was apparent. 
The formation of riboflavin in the fermented liquor was augmented greatly 
by increasing (NH4)2S04 up to about 1.0 g. per liter, and was somewhat 
enhanced over the remainder of the range up to 10.0 g. per liter. 

Influence of Cyanide . — Inasmuch as cyanide is known to inhibit the cyto- 
chrome system of respiration but not the riboflavin mechanism, it seemed 
desirable to test the effect of cyanide upon the formation of riboflavin by 
the yeast. The effects of cyanide upon growth and riboflavin production 
were studied in two experiments. Cyanide stock solution was prepared by 
dissolving KCN in distilled water. This solution was sterilized by filtra- 
tion through a Berkfeld filter and small measured volumes were then 
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present in the nutrient incdiuni. (1) Sugar is required for growth and synthc^s of 
riboflavin, and amounts between 20 and 50 g. per liter appear to be near the optimum. 
(2) Potassium phosphate supplied from 0.5 to 1.0 g. per liter is near optimum; further 
increase of the salt stimulates growth somewhat but decreases the production of ribo- 
flavin. (3) With an increasing supply of ammonium sulphate as the sole sotuce of 
nitrogen, both growth and synthesis of riboflavin arc augmented. (4) Addition of 
small amounts of cyanide to growing cultures stimulates the synthesis of riboflavin 
but inhibits growth of the yeast. 

added to the autoclaved and cooled basal culture medium to produce concen- 
trations of KCN of 10 * and 10"^^ molar. Following inoculation of the cy- 
anide treated media, growth uiui riboflavin formation Were inhibited for a 
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period of several days, but after about a week the yeast began to grow and 
produce good yields of riboflavin. 

In another experiniental series kept at 25'^C. potassium cyanide was 
added aseptically in different amounts to 60-ml. cultures which had been 
growing for about 24 hours. The production of the vitamin was increased 
appreciably by the presence of cyanide in the range of J to 4 X 10~^ molar, 
as indicated in figure 4. Growth of the yeast, however, was hindered by 
cyanide at all dosage levels. The addition of small amounts of cyanide to 
growing cultures would seem to offer a metliod for speeding the production 
of vitamin Bj. Although the mechanism by which cyanide increases the 
formation of riboflavin is not known, the phenomenon is of considerable 
interest in view of the well-known action of cyanide in poisoning the cyto- 
chrome .system in aerobic organisms. 

Effect of Aeration and Temperature r In order to determine the influence 
of oxygen upon growth and yield of riboflavin, cultures were set up at 
27°C. in air and in nitrogen contained in an anaerobic jar. At the end of 
six days, growth of the yeast was about the same in the two situations, but 
the production of riboflavin was reduced to a very low level in nitrogen. 
In another exj>eriment pcrfonned with filtered air bubbling continuously 
through the medium, the yield of riboflavin was diminished as compared 
with the amounts formed by cultures kept in still air. When 50 ml. of 
medium were employed instead of 25 ml. in a 125-mI. flask, the production 
of riboflavin was diminished, perhaps because of suboptimum supi>ly of 
oxygen. 

For the purpose of ascertaining the effect of temperature upon growth 
and yield of riboflavin, a series of 50-ml. cultures were allowed to develop 
at 20°, 27°, 30° and 36°C. for one week. Multiplication of the yeast was 
rapid in the range 27° to 30°C., and the yield of the vitamin greatest at 
30°C. 


Certain strains grown for a period of four to six days in syn- 
thetic culture media have been found to produce from 10 to 60 micrograms 
of riboflavin (vitamin B 2 ) per ml. of fermented liquor, depending upon en 
vironinental conditions. High yields of the vitamin arc obtaiiied by sup- 
plying certain organic nitrogenous compounds such as asparagine, glycine 
and methionine in the medium. The addition of hydrolyzed casein permits 
excellent growth, but inhibits formation of the vitamin. Sucrose, dextrose 
or levulose serve as suitable sources of carbon for growth and production of 
riboflavin. Synthesis of the vitamin is inhibited by the presence of maltose 
or galactose, though growth is not diminished by these sugars. Appropriate 
concentrations of salts, a temperature of about 30°C. and suitable aeration 
are important for obtaining efficient yields of the vitamin. Under anaero- 
bic conditions the formation of riboflavin is inhibited without any decrease 
in growth. vSmall amounts of cyanide added aseptically to growing cul- 
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tures stimulated fjroduction of the vitamin but Inhibited f^rowth. It is 
apparent that synthesis of protoplasm and the production of riboflavin arc 
related in different ways to the utilization of various compounds present 
in the culture medium. The ability of this yeast to synthesize extraor- 
dinary amounts of riboflavin appears to be genetically determined, but the 
extent to which this synthetic capacity is expressed depends a great deal 
upon cultural conditions. 

* For obvious reasons it seems best not lo publish the specific name of this yeast at 
present. 


PSEUDOPYRIDOXINE AND CERTAIN FUNGI 
By William J. Robbins and Roberta Ma 

The New York Botanical Garden and Department of Botany. Columbia 

University 

Communicated April 16, 1B43 

Snell, Guirard and Williams,' Snell^ and Snell and Guirard® have re- 
ported a series of observations on the relation of Streptococcus lactis R to 
pyridoxine from which the following conclusions, among others, may be 
drawn. 

1. Pyridoxine as such is inactive. 

2. An active compound, pseudopyridoxine, is formed when pjrridoxine 
is autoclaved with amino acids. 

3. Pyridoxine may be completely replaced in its growth effect by 
sufficient amounts of <i/-alanine. 

We have been interested in determining whether these conclusions apply 
to certain filamentous fungi which are known to be pyridoxine-deficient.'* 

The organisms used were Ophiostoma catontanum, CeratostomeUa ips No. 
255, C. microsporat C. monliumr C. midiiannulatat C. piliferum, C. pluri- 
annulatn and C. tdmi. Each fungus was grown in duplicate at 20^C. in 25 
ml. of a basal mineral-dextrose medium containing asparagine and supple- 
mented with biotin and thiamine.® Observations on growth were made at 
intervals and after fnim 9 to 2 1 days, depending upon the rapidity of growth 
of the fungus, dry weights were determined by filtering into Gooch crucibles 
and drying at 10()®C. 

Activity of Pyridoxine, - ~h\ our experiments pyridoxine as such was 
effective for all eight of the fungi investigated. This was demonstrated by 
the following observations : 

Little or no growth occurred in the basal solution. The addition of 
pyridoxine permitted considerable growth and no consistent significant 
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differences were noted in the action of pyridoxine sterilized with the con- 
stituents of the basal solution or added after the basal solution had been 
previously autoclaved (table 1). In our basal solution asparagine serves 
as a source of nitrogen. In order to eliminate the possibility that aspara- 
gine and pyridoxine might yield an active substance the asparagine was 
replaced by an equivalent amount of nitrogen in the form of NHiNO*. 
Again little or no growth was observed without the addition of pyridoxine 
to the medium f and the activity of the pyridoxine was not increased by 
sterilizing it with the nutrient solution as compared to adding it after the 
basal medium had been autoclaved (table 1). 


TABLE 1 

Dry Weights in Mg. per Culture of Four I^ngi in a Basal vSolution Supple- 
mented WITH PyRiDOxmK, Casein Hydrolysate and /-Cystine HCl 


ADDITIONS TO 26 ML. 
OF BASAL BULOTXON 

Ophiostoma 

caionianum 

FVKI- 

DOXINK 

addbd 

AFTBR 

AUTO- 

CLAVING 

C. pluriannulata 
PVKI- 
DOXTNK 
ADDBlJ 
AFTBR 
AUTO- 
CLAVING 

C. montium 

FYRl- 

DOXIMK 

ADDBD 

AFTBR 

AUTO- 

CLAVING 

C\ microspora 

PYRI- 

DOXINR 

ADDBD 

AFTRM 

AUTO- 

CLAVING 

1 mole pyri- 

doxine 

2f).2 

23 . 3 

22.2 

28.8 

12.4 

14 8 

8,9 

9.1 

20 mg. casein hy- 
drolysate. 0.5 
mg. /-cystine. 

1 niM mole 
pyridoxine 

27.4 

27.1 

34.8 

48. r> 

3.8 

4.9 

9.5 

9.1 

20 mg. casein, hy- 
drolysate. 0.5 
mg. /-cystine 

0.8 


1.0 

* • 

0.1 

* * 

0.2 


Asparagine re- 
placed by 0.5 
mg. NH4NOi. 

1 mju mole 
pjrridoxine 

18.6 

19.2 

19.8 

21.0 

10.9 

11.3 

5.9 

8.4 

None 

0.3 

* « 

0.2 

> • 

0.1 

« « 

U.l 

« t 


Evidence for Psei 4 dopyridoxine , — No evidence was obtained for the 
existence of a more active form of pyridoxine. Growth in the basal medium 
plus 1, 5 or 10 mg, of d/-alanine, and 1 m^ mole of pyridoxine per flask was 
approximately the same whether the alanine was sterilized with the pyri- 
doxine in the nutrient solution or added under sterile conditions after the 
balance of the solution had been autoclaved (table 2). Growth in the 
basal medium plus 20 mg. of casein hydrolysate,® 0.5 mg. of /-cystine HCl 
and 1 tUM mole of pyridoxine per flask was the same whether the pyridoxine 
was sterilized along with the other constituents of the nutrient solution or 
added after the balance of the solution had been autoclaved (table 1). 
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We expected that the response of the fungi might be greater in the medium 
containing pseudopyridoxine, i.e.» the one in which the amino acids and 
pyridoxine were autoclaved together. No evidence for this effect was 
obtained. 

Substitution of dl- Alanine for Pyridoxine, — We were unsuccessful in 
attempts to substitute d/-alanine for pyridoxine. Growth was not im- 
proved by the addition to the basal solution of 1, 5 or 10 mg. of alanine per 
ftask. The same result was obtained when the alanine was autoclaved in 
the nutrient solution, and when it was added after the balance of the solu- 
tion had been autoclaved (table 2). Since growth was obtained when 
pyridoxine was added to the solutions containing alanine, it appears that 
the lack of growth in the presence of alanine and absence of pyridoxine was 
not because of a toxicity of alanine, but because that substance did not 
replace pyridoxine for these fungi. 

TABLE 2 

Dry Weights ik Mg. per CirLTURB of Four Fungi in a Basal Solution Siipple- 

MKNTED WITfJ (//-AlANINE AND PYRIDOXINE 

Ophiostoma 


auditions Tti 

25 MT.. Ol' BA^Al. 
BOtUTION 

catonianum 

AI.ANTNU 

ADDRU 

APTKR 

AITTO- 

CLAVINO 

C. pturiavnulata 

ALANXNU 

ADDRU 

ARTBR 

AUTO* 

CLAVTNG 

C. wonUtim 

ALANINB 

AUDKD 

APTBK 

AUTO- 

CUAVINO 

C. microsPora 

alaninu 

ADDBD 

APTBR 

AUTO- 

CLAV1NO 

10 mg. alanine 

0.5 

0.2 

0.3 

0.6 

0.5 

0.4 

0.8 

0.3 

5 mg. alanine 

O.fi 

0 . 5 

0.3 

0.2 

0.4 

0.7 

0,7 

0.2 

1 mg. alanine 
10 mg. alanine, 

0.4 

0.1 

0.2 

0.3 

0.5 

0.4 

0.7 

0.4 

1 mju mole 
pyridoxine 

29.2 

31.3 

20 . 3 

29.6 

25.7 

21.0 

14.4 

14.4 

5 mg. alanine, 









1 tn/w mole 
pyridoxine 

2^1.9 

20 , 5 

32.3 

24.6 

25.3 

24.0 

12.9 

14.1 

1 tug. alauiue, 









1 nifi mole 
pyridoxine 

31.9 

26.8 

36.1. 

28.0 

24.5 

22.7 

13.6 

13.5 

1 m^i mole, 









pyridoxine 

31.5 


25.6 

* * 

20.9 

• • 

15.1 

* » 

None 

0.4 

■ « 

0.3 

• t 

0.4 

» a 

0.3 

a * 


Discussion. — From our experiments it appears that the eight fungi we 
used differ from 5. hctis R in their response to pyridoxine and to dZ-alanine. 
Snell and Guirard* state that for Lactobacillus casei also alanine does not 
replace pyridoxine, but that 5. lactis 125 responds as does 5. lacHs R. 

If we assume in accordance with Snell and his associates that 

d/-alanine *-♦ pyridoxine 
pyridoxine + AA pseudopyridoxine 
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and that pseudopyridoxine is the active substance, then the following con- 
clusions and assumptions would follow : 

The eight fungi we investigated are unable to transform d/-alanine to 
pyridoxine under the conditions of our experiments. 

These fungi produce adequate amounts of A A from sugar and inorganic 
nitrogen, but are unable to synthesize pyridoxine. When furnished 
pyridoxine they synthesize A A and combine the two intermediates (pyri- 
doxine and A A ) into pseudopyridoxine. This situation would be analogous 
to that which exists in the relation of the fungus Ceratostomella montium 
and numerous others to thiamine and its intermediates. C. montium is 
able to synthesize the thiazole portion of the thiamine molecule from the 
elementary constituents of a basal medium, but cannot make the pyrimi- 
dine intermediate. Fiunished pyrimidine this fungus constructs thiazole 
and combines the two substances into the essential thiamine.® 

On the basis of the assumptions made above we might expect to find 
organisms with the following deficiencies for pseudopyridoxine and its 
immediate precursors.^ 

1. Those requiring for growth the presence in the medium of pseudo- 
pyridoxine as such. I'his group would include organisms unable to syn- 
thesize pseudopyridoxine from its intermediates. 5. lactis R and 5. lactis 
1 25 would probably belong in this group. 

2. Organisms able to grow if supplied with both pyridoxine and the A A 
factor, but unable to grow with either one alone. These would be unable 
to construct either constituent of pseudopyridoxine, but would be capable 
of making the active pseudopyridoxine if furnished its intermediates. 
Animals would belong to this group or the next. 

3. Organisms able to grow with pyridoxine present in the medium. 
This group would be able to synthcvsize A A but not pyridoxine. Sitpplied 
with pyridoxine they could construct A A and combine the two intermedi- 
ates to form pseudopyridoxine. The eight filamentous fungi we used, and 
perhaps Lactobacillus casei also, would belong to this group. 

4. Organisms able to grow with A A but no pyridoxine in the medium. 
This group would include those able to synthesize pyridoxine but unable 
to make the AA factor. 

The validity of the suggested classification of organisms in relation to 
pseudopyridoxine depends, of course, upon further information on the ex- 
istence, origin and composition of pseudopyridoxine and upon additional 
observations on its significance for various organisms. 

Summary , — Eight filamentous fungi were found to respond to pyridoxine 
as such. The physiological activity of pyridoxine was not replaced by dl- 
alanine. No evidence was obtained from these fungi for the existence of a 
more active form of pyridoxine, Snell's pseudopyridoxine. 
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^ Snell, E. E., Guirard, B, M., and Williams, R. J., Jour, BioL Chem,^ 143» 619-630 
(1942). 

» Snell, E. E., Pm. Soc. Exp. Biol. Med., SI, 366^68 (1942). 

» Snell, E, E.. and Guirard, B. M.. Proc, Nat. Acad. Set., 29, 66-73 (1943). 

* Robbins, W. J., and Ma, R., Bull. Torrey Club, 69, 184-203 (1942). Robbins, W. J., 
and Ma, R., Arch. Biochem,, 1, 219-229 (1942). Robbins, W. J., and Ma, R., Am, Jour, 
Boi., 29, 836-84^1 (1942). 

^ The basal solution contained per liter 60 g. dextrose, 1.5 g. KHjP04, 0.5 g. MgS 04 ** 
7M*0 and 2 g. asparagine. To this solution the following trace elements were added in 
p. p. m. : 0.005 B, 0.02 Cu, 0.1 Ke, 0.01 Ga, 0.01 Mn, 0.01 Mo and 0.09 Zn. To each 
flask there were added also 0.1 /ug* biotin methyl ester and 10 mu moles thiamine. For 
the experiment summarized in part in table 1 the reaction of the basal solution was 
adjusted with KOH to pH 5.2 and for the one presented in table 2 to pH 5.8. Solutions 
were autoclaved at 16 lbs. pressure for 30 minutes. 

* We used S. M. A. vitamin-free casein hydrolysate which had been treated with excess 
CaCOi to neutralize the acidity. 

’ Robbins, W. J.. and Ma, R., Bull. Torrey Club, 70, 190-197 (1943). 


THE DISTRIBUTION OF PIIOSPHA TASE IN THE SPINAL CORD 
OF CHICK EMBRYOS OF ONE TO EIGHT DA YS INCUBATION* 

By F1.0RENCE Moog 

Dkpartmbnt of Zoology, Washington University, Saint Louis 

Communicated May 10, 1943 

Despite the enormous interest that has grown around the phosphatases 
since their discovery 36 years ago, our knowledge of the rdles they play in 
the economy of living organisms, in which they are almost ubiquitous, is 
but slight. In part the reason for this lack is, as Kay (1932) pointed out in 
another connection, the fact that the method of studying phosphatase ac> 
tivity in tissue extracts precludes any chance of discovering the intimate 

distribution of the enzyme within the tissues. In 1939, however, Gk)mori, 

• 

and also Takamatsu, offered a histochemical method whereby the localiza- 
tion of alkaline phosphatase in cells and tissues may be determined with 
great exactness, and more recently Gomori (19415) has extended this 
method to acid phosphatase. 

With the thought that a histochemical study of the embryogenesis of 
these enzymes might produce clues concerning their biological significance, 
the writer undertook a comprehensive survey of the development and dis- 
tribution of phosphatases in the embryo of the chick. Among the striking 
results to emerge from this study is the fact that both these enzymes appear 
in a remarkable pattern in the embryonic spinal cord. 

Method. — The techniques outlined by Gomori (1941a, h) for the histo- 
logical demonstration of alkaline and acid phosphatases were followed. 
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They were used on White Leghorn embryos of one to eight days' incuba- 
tion, which were fixed in ice-cold acetone for 24 hours, embedded in a 
paraffin-beeswax-bayberry wax mixture by routine methods, and sectioned 
serially at 15 micra. Chilled acetone proved an excellent fixative for the 
gross histological examination of objects even as large as eight-day chick 
embryos, but the cell structures were somewhat distorted by shrinkage. 

The sodium glycerophosphate used contained equal parts of the alpha 
and beta salts; pure alpha glycerophosphate was not available. The 
incubating solution for alkaline phosphatase was made according to 
Gomori's (1941a) instructions, at pH 9.3. Incubation was continued for 
three hours at 38 degrees. After treatment with cobalt nitrate and am- 
monium sulfide, the sections were counter-stained lightly with erythrosin. 
To compensate for the precipitation of lead beta-glycerophosphate, the 
formula (Gomori, 19415) for the incubating solution for acid phosphatase, 
was altered as follows : 


Molar acetate buffer at pH 4.8 2 Vs parts 

5%PbN08 2 parts 

Distilled water 30 parts 

Na glycerophosphate 5 parts 


The solution was made up fresh for each test, and the precipitate removed 
by filtration. The pH is 5. 1 . Incubation was continued for six hours at 38 
degrees. The sections were then treated with sulfide and counter-stained 
as before. Collodion protection was not found useful in either case. 

The alkaline phosphatase sliowed remarkable stability in the course of 
handling. Keeping the specimens in acetone in the refrigerator for a week 
did not cause any variation in the excellently uniform pictures, nor did 
allowing the paraffin blocks or even the unstained mounted sections to 
stand for a month have any deleterious effect. The acid phosphatase, on 
the other hand, proved extremely labile, even on standing at icebox tem- 
perature, so that the achievement of comparable results required that the 
embryos be processed as rapidly as possible; three to four days were gener- 
ally allowed from killing to staining. The embedding heat also had to be 
controlled carefully for, unlike the enzyme reported by Gomori (19415) 
for adult mammalian tissues, this phosphatase was destroyed by tempera- 
tures above 60 degrees, Yet, in spite of these precautions, individual em- 
bryos ^owed considerable variation in the intensity of acid phosphatase 
activity. The pattern of distribution in the various tissues, however, was 
constant. 

ResuUs. — (1) Alkaline Phosphalase. The activity of alkaline phospha- 
tase, as judged by the amount of phosphate deposited within a given time, 
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is generally strong in the embryo, for heavy black deposits appear in 
many tissues even if incubation is continued for only one hour. A high 
concentration of alkaline phosphatase is found in the neural tissue at the 
end of the first day, the earliest stage examined. Through the second day 
the neural tube is uniformly active at anterior levels, but near the end of 
the region of differentiated somites the reactivity wanes and almost dis- 
appears. Anteriorly, on the third day, the dorsal half of the cord and the 
neural crests tend to react more strongly than the ventral half, but this dif- 
ference fades into uniformity at fx^sterior levels. On the next two days 
small portions of the ventral regioti of the cf)rd continue to lose their alka- 
line phosphatase content, and it soon becomes clear that these portions 
represent the future motor horns of the limb plexus. The white matter 
differentiating outside of the horn urea is strongly positive. In the tail 
region, on the fourth day, the distribution is still fairly uniform. 

From the end of tlie fourth day on, the enzyme disappears according to 
an an tero -posterior gradient from the dorsal half of the gray matter, while 
it becomes more concentrated in the ventral half, so that by the seventh 
day a definite and apparently persistent pattern is established. The 
striking feature of tliis pattern is a heavy black crossband that virtually 
bisects the cord; the band reaches from the lumen to the outer edge, thus 
involving ejKindymal, marginal and mantle layers. Dorsal to the band the 
ependyma and gray matter are almost negative, except for a small positive 
area just above the lumen, at the base of the dorsal funiculus; but veil- 
trally both layers show a marked reaction, with the exception of a limited 
portion of the ependyma immediately under the lumen, and of the large 
lateral motor groups which, by the sixth day, are established in the pelvic 
as well as the pectoral region . The mesial motor groups are also less active 
than the surrounding gray matter, but the demarcation is not as sharp as 
in the other cases cited. The white matter contains a high concentration 
of alkaline phosphatase throughout, though the activity is greater ventral 
to the crossband than dorsal to it; the ventral commissure is extremely ac- 
tive, 

This pattern does not change through the eighth day. Its appearance 
in tlie cervical and fore-limb regions is shown in figures 1 and 2. 

The absence of alkaline phosphatase de.scribed refers only to the cyto- 
plasm of the cell bodies and processes in question. Within such celb the 
nuclear membranes are clearly outlined by black deposits, and the nucleoli 
are also stained black. In the cells which show phosphatase in their cyto- 
plastn, when the deposits are light enough to pennit examination of the 
interior of the cell, it can be seen that the nuclear membranes and nucleoli 
are also strongly reactive. There are no cytoplasmic inclusions seeti in 
either case. 
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FIGURES 1-3 

All *ection8 are from one eight-day embryo. Magnification 50 X. (1) Alkaline 
ueck region. The heavily stained distal portions of the ganglia are 
mfA, up of the large cells. (2) Alkaline phosphatase, fore-limb region. (3) Acid 
phosphatase, hind-limb region. Note the darkly stained masses in the large cells 

of the ganglia. 


180 


ZOOLOG Y: F, MOOG 


Proc, N. a. S. 


In the sensory ganglia, which are made up of cells of two sizes, a clear- 
cut disparity exists in the alkaline phosphatase content of the cytoplasm 
of the large and the small cells: the former reacts strongly, whereas the 
latter seems devoid of the enzyme. Thus the clustering of the large 
cells distal to the nerve cord gives the phosphatase-stained ganglioft the 
appearance of being divided into two parts (see Fig. 1). As in the cells of 
the cord, the nucleoli and nuclear membranes of the small cells stain 
deeply, and in addition a faint darkened network, probably of chromatin, 
may occasionally be seen inside the nucleus. The interior of the large cells 
is obscured by the heavy sulfide deposits. 

The d<^rsal and ventral roots are strongly positive, as are the nerve trunks 
peripheral to the ganglia. 

Tests run on six-day embryos at pH 8.5, 8.0 and 7.5 sliowed that the 
activity is markedly less at pH 8.5 than at 9.3, and it is abolished at pH 

8.0 or lower, Other tests, run for one hour, in which the incubating solu- 

* 

tion was made 0.001 M and 0.01 M with respect to MgCh, revealed some 
activation at Uie lower concentration and very marked activation at the 
higher. 

(2) Acid Phosphatase, Like its alkaline counterpart, acid phosphatase 
also appears in the neural tissue at the end of the first day, but it does not 
seem to be as concentrated, or as active, as the alkaline enzyme. Slides 
treated by the alkaline technique regularly show dense black deposits, 
whereas aher the acid treatment the deposits in the nerve tissue never have 
more than a deep golden brown color, even when the incubation is con- 
tinued for 12 hours. Strict comparison between the two enzymes on this 
basis is not possible, however, since the acid phosphatase could operate on 
alpha-glycerophosphate only ; and the beta salt is the preferred substrate 
of the phosphomonoesterases of both Class AI and Class All (FoUey and 
Kay, 1936), But it is noteworthy that Fleischhacker (1938) found a simi- 
larly great disparity between the activity of the two enzymes in mammalian 
brain tissue, even when beta-glycerophosphate was the substrate for 
both. 

As the cell layers of the cord differentiate, acid phosphatase becomes con- 
centrated chiefly in the ependyma, while the surrounding tissue shows les- 
sened activity. Between the fifth and the seventh day acid phosphatase 
largely disappears from all three layers of the dorsal half of the cord, except 
for a few cells just dorsal to the lumen — the same spot that also shows al- 
kaline phosphatase activity. In the ventral half the enzyme occurs in re- 
active cells scattered through a negative ground substance; but heavier 
uniform concentrations are found in the lateral and mesial motor groups. 
These deposits appear in posterior progressiem, demarcating the lateral 
horn in the fore-limb region on the fifth day, and in the hind-hmb region 
less than a day later. The ventral commissure also stains more heavily 
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than its surroundings, and so do an extensive group of ependymal cells 
below the lumen. 

Thus a definite pattern, as shown in figure 3, is laid down by the end of 
the sixth day. Aside from more complete withdrawal of the enzyme from 
the dorsal half of the cord, the pattern does not change essentially through 
the eighth day. 

Unlike alkaline phosphatase, the acid etizyme is apparently absent from 
the nuclei of cells which have unreactive cytoplasm. In the reactive cells 
the nuclei stain more lightly than the cytoplasm and show no inclusions; 
but there is in each cell a small, intensely stained body outside the nucleus 
but closely applied to it. The nature of these bodies is not evident. 

The small cells of the ganglia appear to contain only a little acid phos- 
phatase in their nuclei and cytoplasm; they do, however, show the same 
reactive body on the surface of the nuclei as was found in the active cells 
of the cord. The large cells contain a very large, intensely reactive mass 
which is bigger than the nucleus and apparently includes all the cytoplasm 
of the cell body except for a negative rim continuous with the processes. 
The clump has a granulated appearance which seems to be caused by 
darkly staining inclusions. Possibly it represents the tigroid substance 
shrunken into a rounded lump (see Fig. 3). 

The dorsal and ventral roots, and the nerve trunks leading from the 
ganglia, are lightly positive. 

Discussion - In a consideration of the nature of these enzymes, the 
thought arises that the alkaline phosphatase, at least, is a phosphomono- 
esterase component of a lecithinase, a substance which might reasonably 
be expected to occur in nerve tissue. Comparison of the pH tests reported 
here with those of King (1031), however, enable the dismissal of this 
possibility; for King showed that lecithinase has a pH optimun of 7.0- 
7.4, whereas the alkaline phosphatase of this study did not act at all at 
pH 8.0 or lower. Similarly it can be seen that neither the acid nor the al- 
kaline phosphatase resembles the 5~nucleotidase found widespread in 
nerve tissue by Reis (1937). The Reis enzyme is only slightly active against 
glycerophosphate, but these enzymes are as effective on this substrate as 
are most other phosphatase-cotitaining tissues of the embryo. Although 
the 5-nucleotidase is virtually inactive at pH 6, it retained considerable 
activity at pH 9, but again it fails to correspond to the alkaline enzyme of 
this study in being unaffected by the presence of magnesium ions. 

The enzymes found in the embryonic chick cord do, however, correspond 
well with the brain phosphatases delineated by Pleischhacker (1938) and 
Kotkova (1939), The latter demonstrated in the brain of the sparrow and 
pigeon, as well as of members of other classes, phosphomonoesterases with 
pH optima of 4, 5-5.6, and 8.9-9. 6; the second was activated by magnesium, 
and the first inhibited by fluoride. Fleischhacker obtained somewhat 
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similar results, except that he claimed the acid phosphatase to be activated 
by maguesiura ; but the acid activities he reported were in all cases so low 
that the differences may be unreliable. Probably all these nerve phospha- 
tases can be classified, according to Policy and Kay's (1936) scheme, as 
phosphomonoesterases of Classes AI and All. They may be concerned 
in the metabolism of the carbohydrate substrates of nerve tissue. 

The change in the distribution of the embryonic cord enzymes with 
time indicates that they may have more than one function. The uniform 
distribution of the enzymes in the neural tissue of the earliest stages, and 
their later disappearance from certain regions, and concentration ui others, 
are phenomena shared by practically every organ of the embryo (unpub- 
lished results). Thus the observer is led to feel that the phosphatases are 
essential in the initiation, at least, of differentiation; for every indifferent 
cell contains phosphatase in its cytoplasm. As differentiation proceeds, 
the enzymes may disappear, or they may become more concentrated. In 
the latter case the accumulation of the enzymes in local regions may be 
regarded as a consequence of differentiation in itself, or in other words a 
chemical differentiation paralleling the histological differentiation; pre- 
sumably the enzynies are thereafter concerned in the functioning of the 
specific cells in which they are localized. In this connection it is suggestive 
that the establishment of the pattern described, and especially the accumu- 
lation of acid phosphatase in tlie motor groups, precedes by about 24 hours 
tile appearance (at OVz to 7 days) of the first local reflexes (Orr and Windle, 
1934). hi any case tlie results suggest for phosphatase a hitherto unsus- 
pected rdlc in the actual functioning of nerve elements. 

That tlie localization of acid phosphatase at least is not a transitory 
embryonic phenomenon is shown by the fact that Fleischhacker (1938), 
using a crude histochemical method adapted directly from the colorimetric 
method of Kuttner and Lichtenstein, found similar concentrations in the 
anterior horn cells of adult rats; he did not mention the pH. Gomori's 
(194ia) failure to find £iny alkaline phosphatase in mammalian nerve tissue, 
however, remains to be explained. 

Summary,’ The presence of acid and alkaline phosphatases in the 
spinal cord of the embryonic chick has been demonstrated by the histo- 
chemical techniques developed by Gomori. 

2. At all stages examinetl, alkaline phosphatase reacts much more 
strongly than acid phosphatase. 

3. As early as the end of the first day of incubation, both acid and al- 
kaline phosphatase are found in fairly high concentration in the neural tis- 
sue. 

4. As development proceeds, the alkaline phosphatase becomes local- 
ized in the white matter throughout, and in the gray matter and ependyma 
of the ventral half of the cord, with the exception of the cells of the motor 
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groups. It is absent from a small part of the ependyma just below the 
central canal, and is concentrated in a similar small area just above the 
canal. 

5. The acid phosphatase becomes largely restricted to the ventral half 
of the cord, and is es]>ecially concentrated in the motor groups. It also 
occurs in small regions just dorsal and ventral to the lumen. 

6. The. pattern described appears in antero-posterior progression on the 
fourth, fifth and sixth days. 

7. The lafge cells of the spinal ganglia contain large amounts of both 
acid and alkaline phosphatase, the small cells very little of either. 

8. As far as can be detected, all nucleoli and nuclear membranes are 
jxisitive for alkaline phosphatase. 

9. Acid phosphatase is not found in nuclei, but even where the cyto- 
I>lasm is not reactive the enzyme is generally present in a small body, 
of unidentified nature, which is closely applied to the nucleus. In the large 
ganglionic cells, the cytoplasm is not uniformly reactive, but contains a 
very large rounded clump which is strongly positive. 

10. Evidence is presented which indicates that these enzymes are 
phosphomonoesterases of Classes AI and All. 

11. It is suggested that both these phosphatases first play a part in 
early differentiation, and later are involved in the specific functions of the 
cells in which they become concentrated. 
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STUDIES ON THE METHANE FERMENTATION. VI. THE IN 
FLUENCE OF CARBON DIOXIDE CONCENTRATION ON THE 

RATE OF CARBON DIOXIDE REDUCTION BY MOLECULAR 

HYDROGEN 

By H. A. Barker 

Division ok Plant Nutrition, University of California 

Communicated May 3. 1943 

The methane-producing bacterium Melhanobacterium omelia:^ikii has 
been shown®' ^ to fonii methane by reduction of carbon dioxide, using 
primary and secondary alcohols and molecular hydrogen* as hydrogen 
donors. As an extension of earlier studies on this process, it seemed desir- 
able to find out how the concentration of carbon dioxide influences the rate 
of its reduction. In studying this effect, the reaction 

4H2 + COa CH* + 2 H 2 O (1) 

has been used because the large gas volume change is advantageous for 
making rate measurements by a manometric technique. 

Methods. — A pure culture of Mb. omelianskii was grown in a previously 
described® ethanol-bicarbonate medium which was incubated until 3.0 to 
5.5 ml. N/IO acetic acid had been formed per 10 cc. The cells from a 600- 
ml. culture were separated by centrifugation, washed once, and resuspended 
in 1()“15 ml. of a solution containing 0.2 per cent NaCl, 0.2 per cent KCl 
and 0.03 per cent Na 2 S • 9 H 2 O, pH 7. These operations must be carried out 
so as to minimize exposure of the cells to oxygen. The mixture of chlorides 
is preferable to distilled water because it increases the rate of sedimenta- 
tion. The final suspensions contained 0.4-0.5 mg. cdl-nitrogen per ml. 
and took up 5-7 X 10* anm. Hj/hr./mg. cell-N at high carbon dioxide 
tensions. If not used immediately the cells were stored at 3®C. in vacuo; 
under these conditions they retain their full activity for at least two days. 

All rate measurements were made at 37*^0. by the Warburg manometric 
technique. 

The i/a-COa -Since our strain of Mb. omelianskii has been 

shown to form methane from hydrogen and carbon dioxide,* it is only neces- 
sary to present indirect evidence that the same reaction occurs under the 
conditions of our manometric experiments. For this purpose the ratio H| 
uptake/COj uptake, which according to equation (1) should equal 4, has 
been determined. A value of 3.53 was found (table 1), In arriving at this 
value, the hydrogen uptake was calculated from pressure changes on the 
assumption that one volmne of methane was produced for each four vol- 
umes of hydrogen disappearing. Carbon dioxide uptake was calculated 
on the basis of the initial and final bicarbonate and the partition of carbon 
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FIGURE 1 


Experimental rate-time curves from which the rate-carbon dioxide concentration 
curve of figure 2 is derived. Each vessel contained 0.2 ml. of a bacterial suspension 
containing 0.069 mg. cell-N, 0.4-ml. M/2 phosphate buffer, pH 6.64, 0.3, ml. JVf/25 
(Gitrvc 1) or Af/10 (Curve 2) bicarbonate-carbonate solution. Total volume, 2 ml. 
Gas phase, oxygen-free hydrogen, 37®C. The rate is expressed in arbitrary units. 

dioxide between the liquid and gas phases. In control experiments the 
carbon dioxide production in the absence of hydrogen (N 2 atmosphere) 
was ^negligible and the rate of hydrogen uptake by cells suspended in a 

TABLE 1 

The Ht-CO* Reaction 



CMM. 

Initial CO, 

1(16, a 

Final CO, 

73.9 

COi uptake 

92.4 

Hs uptake 

326 . 

H,/CO, 

3.63 


phosphate buffer was less than 10 per cent of that by cells in a bicarbonate 
buffer. In view of several approximations involved in calculating the hy- 
dmgen-carbon dioxide ratio by the above method, the agreement between 
the experimental value and equation (1) may be considered satisfactory. 
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Changes in Rate with Time . — ^When a cell suspension is allowed to act 
upon a mixture of hydrogen and carbon dioxide, a constant reaction rate is 
not immediately established. The rate is initially very low, but gradually 
increases until after a period varying from 30 minutes to as much as five 
hours, it reaches a maximum level which persists as long as an adequate 
supply of carbbn dioxide and hydrogen is available. I'his phenomenon is 
illustrated in figure 1. 

Since a long period of changing rate is obviously undesirable in mano- 
metric experiments, an attempt was made to find conditions under which 
the phenomenon could be eliminated. This attempt was not entirely suc- 
cessful; however, it was found that the maximum rate is reached much 
sooner with cell suspensions not more than one day old than with older 
cells. With old but not with young cells a two-hour pretreatment with 
hydrogen shortens the lag period considerably. The addition of 0.03 per 
cent Na2S-9H20 has no effect. In acid media (pH < 6) the lag period is 
greatly prolonged. 

Influence of CO 2 Concentration are two methods for studying 
the influence of carbon dioxide concentration upon the rate of a process 
in which carbon dioxide is used up. The multiple vessel method consists 
in comparing the initial reaction rates in a number of vessels to which dif- 
ferent amounts of bicarbonate have been added. In the second, single 
vessel method, tlie decline in reaction rate is followed as carbon dioxide is 
used up. Preliminary experiments showed that the multiple vessel method 
cannot readily be applied with Mb, omelianskii because of tlie long lag 
period during which the initial carbon dioxide concentration is greatly 
reduced. If the initial concentration is small a constant rate is never at- 
tained. The single vessel method was therefore used for the final experi- 
ments. The well-known objection to this method, namely, that the ac- 
cumulation of reaction products retards the rate, appears to be unimpor- 
tant in the present instance. 

In applying the single veSvScl method, a strongly buffered medium was 
used so the pH and consequently the ratio of carbonic acid to total carbon- 
ate would not change appreciably during the experiment. A pH 6.6 phos- 
phate buffer was chosen in order that the rate would be nearly maximal 
and independent of pH (Fig. 3). The actual pH after addition of the bi- 
carbonate-carbonate mixture was about 6.8. A hydrogen atmosphere was 
used. After temperature equilibration the bicarbonate was mixed with the 
cell suspension and tlie pressure decrease was followed for several hours un- 
til exhaustion of carbon dioxide reduced the rate practically to zero. The 
concentration of carbon dioxide at any given time was calculated from 
the initial and final levels by making the entirely justifiable assumption 
that the disappearance of carbon dioxide was proportional to the pressure 
change. In control experiments, the dedine in bicarbonate was measured 
directly by adding excess acid after various intervals. 
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CO2 CONCENTRATION 


FlOlIRIi 2 

The influeiic'e of carbon dioxide concentration on the rate of 
hydrogen uptake (Curve A), The rate of hydrogen uptake is ex- 
pressed in cmm. H*/hr./ing. cell-N X 10*. Carbon dioxide concen- 
tration is expressed in inoles/liter X Curve B: The ordinate 

(right) is C/V, where C is carbon dioxide concentration and V is 
the rate of hydrogen uptake. 

The primary data of a ty[)ical experiment are presented graphically in 
figure 1 and the derived carbon dioxide concentration-rate curve is given 
in figure 2, Curve A. In this experiment two vessels were used, one with 
0.3 ml. M/25, the other with 0.3 ml. M/10 bicarbonate. With both ves- 
sels, about 100 minutes elapsed beiore a maximum reaction rate was 
reached. In vessel No. 1, with the smaller amount of bicarbonate, the 
rate immediately began to decline as a result of the decrease in carbon di- 
oxide concentration. In vessel No. 2 with more bicarbonate, the rate re- 
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mained almost constant for more than an hour following the maximum 
since carbon dioxide was not at first a limiting factor. The two vessels 
together cover most of the range in which carbon dioxide concentration 
controls the reaction rate. The points on Curve A, figure 2, are derived 
from the portions of the smooth curves of figure 1 to the right of the ar- 
rows. 

Curve A of figure 2 shows that the rates of hydrogen uptake and carbon 
dioxide reduction change greatly with carbon dioxide concentration. The 
shape of the curve is similar to that for other enzymatic processes. The 
data fit the Michaelis-Menton equation only approximately as can be 
seen from Curve B (Fig. 2) in which C/V is plotted against C? The de- 
parture from linearity is greatest at low carbon dioxide concentrations 
where the experimental errors are largest. 

The position of the rate-concentration curve on tlie concentration axis is 
of some interest. The half maximum rate is attained at a carbon dioxide 
concentration of about 7 X 10“® M. With photosynthetic algae, the corre- 
sponding concentration is much lower, about 7 X 10“® Af for Chlorella 
pyrenoidosa^ and 1 X 10“® Af for the fresh water diatom Nitzschia palea,^ 
Half saturation of the formic hydrogenlyase of coU^ occurs at a higher 
concentration, about 1.5 X 10“* Af. These comparisons indicate that bac- 
teria are adapted to higher carbon dioxide tensions than algae. This dif- 
ference can be correlated with normal differences in the carbon dioxide 
content of the environments in which the two groups of organisms live. 

InJIuence of pH . — The above experiment does not allow one to decide 
whether the rate is determined by free carbon dioxide or by bicarbonate ion, 
since the concentrations of both substances vary simultaneously and pro- 
portionately. In order to decide which factor is the more important, the 
reaction rate was determined when the ratio of carbonic acid to bicarbonate 
was varied by changing the pH. Two types of pH-rate experiments were 
carried out. In one, the carbon dioxide concentration was kept constant 
by equilibrating the medium with a mixture of 8.75 per cent carbon di- 
oxide in hydrogen. At this concentration (2.2 X 10“* Af), carbon dioxide 
does not limit the rate. The pH was controlled by varying the bicarbonate 
concentration. The results of two experiments are given in table 2. In the 
second type of pH -rate experiment the total carbonate concentration was 
kept constant while the pH, carbon dioxide and bicarbonate ion concentra- 
tions were varied. The maximum rates of hydrogen uptake were deter- 
mined in a medium containing 0.1 Af phosphate or phosphate-acetate buffer 
and 0.010-0.015 Af NaHCOs. The quantity of bicarbonate was large 
enough so that the carbon dioxide concentration would not decrease 
greatly in ^ort experiments and was small enough to avoid any consider- 
able change in pH of the buffer. The pH was determined with a glass 
electrode at the end of each experiment. The results of five experiments 
are summarized in figure 3. 
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FIGURE 3 

The influence of pH on the rate of hydrogen uptake, expressed in arbitrary 
units, when the total carbonate concentration is low (0.010' 0.015 M) and 
constant. 


TABLE 2 

Influence of i*H on the Rate of Carbon Dioxioe Reduction at a High CO2 Ten- 
sion (Oas phase: 8.75 per cent CO* in H*) 


APPROX. HCOi* CONC. 

pH 

KltI.ATlVIC RATR 

O.CXX) 

5.80 

81 

0.002 

fl 67 

82 

0.008 

6.94 , 

87 

0.012 

7.11 

82 

0.03 

7.42 

82 

0.06 

7.72 

100 

0,10 

8.00 

74 

0.20 

$.10 

57 


The data of table 2 diow that when the partial pressure of carbon di- 
oxide is kept constant, the rate is nearly independent of pH and bicarbon- 
ate concentration over the range from pH 5.8 to 7.4. At pH 7.7 the rate is 
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slightly greater while in more alkaline media it declines rapidly. On the 
basis of this experitnent it is impossible to decide whether the decline is due 
to tlie alkalinity or to the high bicarbonate concentration. 

Figure 3 shows that the rate declines with increasing pH over the range 
6.4 to 8.6 in which carbon dioxide tension decreases and bicarbonate con- 
centration increases. Since in this experiment the rate decreases with car- 
bon dioxide tension, while in tlie previous experiment where the carbon 
dioxide tension was kept constant the rate was largely independent of both 
pH and bicarbonate concentration, one must conclude that carbon dioxide 
is the substance which combines with the catalytic system and primarily 
determines the rate at least over the pH range 0.0 to 7.8. A similar con- 
olusioti has been reached in the case of green plant photosynthesis.® Above 
pH 7.8 and below pH 0 the rate is determined mainly by the concentrations 
of hydrogen or bicarbonate ions. 

* The ability of the orgatvisni to use molecular hydrogeu was discovered about 1940 
by Charles Schnellen, working in the laboratory of Prof. A. J. Kluyver. Because of the 
war, Schnellen 's thesis is not yet available. 

* Barker, H. A., Arch. Mikrohiol., 6 , 141 (1935). 

* Barker, H. A., Leeuwenhoek, 6, 201 (1939-T940). 

■ Barker, H. A,, Jour, Biol. Chem., 137, 153 (1941). 

* Barker, H, A., Ruben, S., and Kamen, M. D., Broc. Nal. Acad. Sci., 26, 426 (1940). 

* Emerson, R., and Green, L., Plant Physiol., 13, 157 (1938). 

* Kluyver, A. J., private coinmunication (1941). 

^ Lineweaver, H., and Burk, D., Jour. Am. Chem. Soc., 56, 658 (1934). 

* Woods, D. D., Biochem. Jour., 30, 515 (1936). 


EFFECT OF COLCIJICJNE PRErREATMENT ON THE FRE- 
QUENCY OF CHROMOSOMAL ABERRATIONS INDUCED BY X- 

RADIATION 

By Robert T. Brumfield 

llAMPUKN-SYDNIiV COLLEGE, H A MPDEN -SYDNEY, VIRGINIA 
Communicated May 4, 1943 

Recent investigations indicate that the frequency of chromosomal 
aberrations induced by x-radiation is influenced by the amount of chromo- 
somal movement during radiation. Increased chromosomal movement 
results in a higher frequency of aberrations since there is a greater oppor- 
tunity for broken ends to fuse in new combinations. Thus centrifuging the 
cells during radiation tends to increase the frequency of induced aberrations 
(Sax‘). Prophase stages are more sensitive than resting stages partly be- 
cause of greater movement in the prophasic nucleus. The differential 
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sensitivity of different types of cells and tissues to x-rays is apparently 
associated with differences in the amount of chromosomal movement at the 
time of radiation (Sax and Swanson’*). Radiation at high intensity results 
in a greater aberration frequency than the same dose given at a low inten- 
sity, indicating that the frequency of illegitimate fusions depends on the 
time interval that the breaks remain ‘‘open'* as well as the amount of move- 
ment during this interval (Sax*). 

Colchicine inhibits anaphase movement of chromosomes and apparently 
retards other stages of the mitotic cycle (Eigsti^*). Thus the use of col- 
chicine offers another means whereby the relationship between the amount 
of chromosomal movement and the frequency of x-ray induced aberrations 
can be tested. The results presented here indicate that treatment with 
colchicine prior to radiation reduces the frequency of aberrations induced 
by x-radiation at the prophase stages. 

Methods . — (jnion bulbs of the White Marglobe variety were used. Four 
bulbs were germinated in water until a number of roots 2.0”2,5 cm. in 
length were developed. Two of them were placed with their roots dipping 
into a 0.05% solution of colchicine for 45 minutes, the other two serving as 
controls. The roots of the contn)l bulbs and colchicine treated ones were 
then subjected to 300 r units of x-radiation, the x-ray treatment being 
given both lots simultaneously. Following radiation both lots were placed 
with tlieir roots in a 0.05% .solution of colchicine for 48 hours. At the end 
of this time the root tips were fixed in 3 : 1 alcohol-acetic, stained with the 
Feulgen stain and smeared. 

Treatment with colchicine following radiation inhibits anaphase, thus 
insuring that none of the aberrations is lost by cell division subsequent to 
radiation and at the same time increases the number of metaphases avail- 
able for study. vSome tetraploid cells were found after this treatment, how- 
ever, this report is limited to the effects observed in diploid cells of the pre- 
treated roots and controls. A comparison of the types and frequencies of 
breaks in tetraploid and diploid cells will appear in a separate report (Sax 
and Brumfield*), 

Experimental Restdis . — The types of aberrations observed in both the 
experimental and control roots were the same as those reported by Sax for 
x-irradiated Allium roots (Sax*) and Tradescantia microspores (Sax^). 
However, because of the use of the colcliicine after radiation, secondary 
rings and dicentrics did not occur. The results are presented in table 1 
which shows the frequencies, expressed as number of aberrations per 100 
chromosomes, of different types of induced aberrations. As seen from the 
table, total aberration frequency in the controls was about twice that of the 
colchicine pretreated material. Chromosome effects were found with 
about the same frequency in both lots. Significant differences (p < 0.01) 
were found in the frequency of chromatid effects, both the one-hit and two- 
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hit aberrations being about 3.5 times as frequent in the controls as in the 
colchicine pretreated roots. 

Discussion . — Chromatid effects are induced in cells irradiated during 
prophase stages when the chromosomes are effectively split while chromo- 
some aberrations result from radiation of resting nuclei, the chromosome 
then being effectively single. I'hus those cells having chromatid effects 
were evidently in prophase at the time of the colchicine pretreatment and 
x-radiation while those showing chromosome effects were in resting stages. 
The results presented here indicate that the colchicine pretreatment did not 
appreciably affect the frequency of aberrations induced in resting nuclei, 
but significantly reduced the frequency of aberrations induced in prophase 
stages. Chromosome movement is presumably at a minimum during the 
resting stage. Accordingly, colchicine pretreatment, by reducing chromo- 
some movement, should have little differential effect on the frequency of 
chromosome aberrations induced in the pretreated roote as compared 
with the controls. During prophase, however, with the development of 
new minor coils and reduction in the number of relational coils, there is con- 
siderable movement of the chromosomes. This gives a greater oppor- 
tunity for broken ends to fuse in new combinations and is partly responsible 
for the sensitivity of prophase nuclei being greater than that of resting 
nuclei. Slower movement would evidently result in reduced sensitivity to 
x-rays and this is most probably the mechanism whereby colchicine pre- 
treatment affects a lower frequency of chromatid effects induced by x- 
radiation. 

Guyet and Clark,® found that cancer tissue pretreated with colchicine 
for 15 hours was more sensitive to x-radiation than untreated controls, and 
Levine® reported that onion roots treated with a 0.01% colchicine solution 
for 48 hours were more sensitive than untreated roots. In these cases, 
however, the colchicine pretreatment was of sufficient duration to cause a 
considerable increase in the number of metaphases present, a stage of high 
sensitivity to x-radiation. Consequently these results are not directly 
comparable to the experiment presented here, since in this case, the 45- 
minute colchicine pretreatracnt was not sufficient to appreciably increase 
the number of metaphase stages (cf . Levine and Gelber^®). 

Summary . — Treatment of onion roots for 45 minutes with a 0.05% solu- 
tion of colchicine prior to x-radiation resulted in less than dne-third as 
many chromatid aberrations as found in non-colchicine treated controls. 
The frequency of x-ray induced chromosome effects was about the same in 
pretreated roots and controls. The colchicine pretreatment presumably 
reduces the amount of chromosome movement in prophase where chromatid 
effects are induced, thus resulting in less opportunity for fusion of broken 
ends into new combinations. 
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TABLK 1 

Showing the FRBguENCv of Aberrations, Expressed as Number of Aberrations 
PER 100 Chromosomes, Induced by X-radiation in Onion Roots Treated with a 
0.05% Colchicine Solution for 45 Minutes Prior to X-radiation, and Controls, 

300 R 



TOTAL, 

CHROMO* 

CHBOMATtO ABBRRATtONtt 

CHItOMOSOHlI ABEEHATIONS 

TOTAL 

AHKRXA- 


AOMBft 

ONB-UIT 

TWO-M,T 

TOTAI. 

ONB'HIT 

TWO-HIT 

TOTAU 

TlONfl 

Colchicine 

pretreated 

4448 

0.79 

0.24 

1.03 

0.94 

0.81 

1.75 

2.78 

Controls 

6272 

2.66 

0.85 

3.51 

0.65 

1.18 

1.83 

5.34 


This experiment was carried out at Harvard University while the author 
was holder of a National Research Fellowship* The author wishes to ex- 
press his sincere appreciation to Prof. Karl Sax for suggestions and criti- 
cisms. 

» Sax, K.. Proc. Nai. Acad. Set., 29, 18-21 (1943). 

* Sax, K., and Swanson, C, P.,Amer. Jour, Bot., 28, 62-'69 (1941). 

* Sax, K., Prac. Nat Acad, Set., 25, 225-233 (1939). 

^ Eigsti, O. J., Amer, Jour. Bot., 27, 612-524 (1940). 

* Sax, K., and Brumfield, R. T. (in press), 

« Sax, K., Genetics, 26, 418-426 (1941). 

' Sax, K.. Ibid,, 25, 41-68 (1940), 

* Ouyer, M. F., and Clark, P. E., Proc, Soc, Exp. Biol, and Med., 42 , 565-568 (1939). 

* Levine, Michael, Amer. Jour, Bot., 29, 13s (1942) (Abstract). 

« Levine. Michael, and Gelber, Sydney, BuU. Tor Bot Club, 70, 175-181 (1943). 


SOME TOPOLOGICALLY INVARIANT METRIC PROPERTIES 

By a. N, Milgram 

Department of Mathematics, University of Notre Dame 

Communicated May 5, 1943 

According to the well-known duality theorem of Alexander, each simple 
dosed curve C in cartesian n-space jS» is linked by an n-2 cyde Z in £«-C. 
In the sequel it will be shown that Z can frequently be taken to be a metric 
n-2 dimensional sphere. A generalization will be formulated which holds 
not only in £*, but in an arbitrary metric space. As an application, solu- 
tions will be given to two hitherto unsolved problems proposed, respec- 
tively, by L. M. Biumenthal and L J. Schoenberg. 

Let p and q be two points of a metric space M; Dip, q) the set of points 
X such that px ^ xq^ pq; S{pt q) the set of points x such that px ^ xq^ 
pq; mp^ 2) of points x such that px » xq. D{p, 3), S(p, q) and 
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/7(p, g) will be called, respectively, the disc, the sphere, and the subspace 
dual to p and q in M. q) has two sides; the p-side consisting of the 

points of M whose distances from p are less than their distances from y, 
and a ^-side similarly defined. 

An arc A in M will be said to be in general position relative to a disc 
9 ) if neither end-point of A is in P(/>, q) and A does not intersect 
S{pt q)* A is in general position relative to a disc D{p, q), then, in close 
analogy to the procedure for cartesian it is possible to define an inter- 
section number I (A; p, g) between A and Dip^ g). Taken mod 2, 1{A; p^ 
q) will be either 0 or 1 . For any arc A ' sufficiently close to A , and points 
p\ g' sufficiently near p and g, we have J{A; p, q) = I(A'; p\ g')* For 
. any sum of arcs 2>4, each in general position relative to Dip. g), we have 

1{^A; p,q)^mA; P^q). 

We define I {A; p,q) “ 1 if the eud-points of A are on opposite sides of 
^^(Pt 9 ) and A does not intersect H{pt q)-D{p, g). We define I {A; p, q) = 
0 if A does not intersect D{pj g), or if both end-points of A are on the same 
side of //(/>, g) and A does not intersect //(/>, q)-D{p, g). Each arc in 
general position relative to the disc X>(/>, g) can 1 k‘ expressed as a finite sum 
of arcs of these three types, A — 2^4', and I{A; />, g) = 2/f ^ pt g), mod 
2. It can be shown that I{A; p, q) is independent of the way A is decom- 
posed into the sum 2A\ 

We may now state our principal theorem. 

Intersection Theorem: Let A be an arc with etul-points a and b con- 
tained in the metric space M. If S is a segment in A , then 

1. S contains two points p and g such that D{p, q) does not intersect the 
subarcs (ap) and (qb); distance [(a/>), (g^)] = Pq: 

2. If S contains no equilateral triple, i.e., three points p\, Pi and such 
that pip 2 “ p 2 p 2 — pzph then for any such p and q we have I{A ; />, g) ~ i. 

Corollary L If a simple closed curve C co7ttains one subsegment S 
mthout an equilateral triple, then S contains two points p and q such that 
KC; P, q) = I. 

This corollary can be interpreted as a linking theorem since, in S{p, g) 
will be an w-D dimensional metric sphere, and will link C. 

Corollary 2. If in £« a simple closed curve C possesses a tangent at a 
point pt then each segment containing p contains two points whose dual sphere 
links C. 

Lemma 1. EAich simple closed curve C in any metric contains an equi- 
lateral triangle,^ 

Assume the contrary. Then /(C; x, y) is defined for any jr, y in C and 
continuous in atr, y. Being an integer it is constant. But if p' and g' are 
two points of C whose distance is maximal then clearly I(C; p\ g') = 0, 
but corollviry 1 , together with this, yields a contradiction. 

Lemma 2. If T is a tripod, that is, the sum of three free arcs having one 
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and the same end-point in common^ theVf in each mttricy T contains an egm- 
lateral triangle. 

Call A the sum of two of the three arcs. Assuming the Lemma false, 
I {A; X, y) is defined for each x, y in J*. It is continuous, hence is readily 
seen to be constant. For two points p, g close together on this third arc 
but not near A^ we have I (A; pj g) — 0. The Intersection Theorem 
applied to A combines with this observation to yield a contradiction. 
These two lemmas combine to yield 

Theorem 2. Each continuous curve which is not a simple arc contains in 
each metric an equilateral triple, 

A sequence of n points pupt, . • i contained in an arc A and arranged 
in natural order will be called a polygon on A . Similarly we may have a 
polygon on a simple closed curve. If Pi ™ pn the polygon is called closed, 
and is called equilateral if pip^ = p^p^ ==...= pn^ipn^ 

The ^-Lattice Theorem, due to Meiiger, states that on any arc, for each 
integer and in each metric, there exists an equilateral polygon of n sides. 
Menger's proof of this theorem was incomplete. Alt and Beer gave a 
pn>of for arcs contained in Later, I. J. Schoenberg gave a proof of the 
theorem for general arcs. vSehoenberg raised the question as to whether 
the theorem is true for closed polygons on closed curves. As an application 
of our Intersecton Theorem, together with the well known theory of the 
degree of a mapping of an w-1 sphere into £« we can prove 

The Closed A^-Lattice Theorem. A simple closed curve contains, in 
each metric and for each positive integer n, a closed equilateral polygon of n 
sides. 

In conclusion we should like to mention the following open problem: 
Does the conclusion of Corollary 1 hold without assumption of the existence 
of no equilateral tripleon Sf 

^ Ivcnuuas 1 atid 2, together with Theorem 2, were conjeetured by L. M. BlumenthaL 
The author presented a pnwf of these to the American Mathematical Swdety at the 
November meeting, 1942. 
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ON A STATISTICAL GENERALIZATION OF METRIC SPACES 

By Abraham Wald 

Bltl'ARTMHNT OF KCONOMICS, COLUMBIA UNIVERaiTY 
Communicated April 2(), 1943 

In a very interesting paper Karl Menger^ has recently introduced a 
statistical generalization of semi-metric and metric spaces. According to 
Menger a set 7? of elements (points) is called a statistical semi-metric space 
if with each pair of points p and q of the space R a real function F{x; p, q) 
is associated satisfying the following conditions; 

1. F(x; p,q) a= Oforx < Oand lim F{x; p^q) = 1, 

CO 

2. F{x; pf 2 ) is a non-decreasing function of x and continuous to the 

left. 

3. F(x; pf q) “ F(x; g, p) for any pair of paints p and q, 

4. F(x; ptp) — I for any x > 0. 

The function F(x; p, q) can be interpreted as the probability distribution 
function of the distance of p and q: i.e., for any value x, F{x; p, g) denotes 
the probability that the distance of p and q is less than x. In all that fol- 
lows a distribution function will mean a function of a real variable x which 
satisfies conditions 1 and 2, 

As a statistical generalization of the triangular inequality in metric 
spaces the following inequality has been proposed by Menger: For any 
three points />, q and r we have 

5 . r[F(3c; p,q), Fiy; g, r)] < F{x + y; p,r) 

where r(a, i) is a function of two variables 8 atisf 3 dng certain conditions. 
A statistical semi-metric space is called a statistical metric space if in- 
equality 5 is satisfied for all triples, q and r. 

Menger’s generalization of the triangular inequality has the drawback 
that it involves an unspecified function T{a, b) and one can hardly find 
sufficient justification for a particular choice of this function. Further- 
more the notion of ‘‘between'' introduced by Menger on the basis of in- 
equality 5 has the properties of the between relationship in metric spaces 
only under restrictive coxiditions on the distribution functions F(x; p, g). 
Here we propose another statistical generalization of the triangular in- 
equality which is free from the above mentioned difficulties. 

By the symbolic sum F{x) 4- G{x) of two distribution functions Fix) and 
G(x) we mean the distribution fimction Hix) given by the Stieltjes integral 

= fJ'dlF(u)G(v)] 

where the integration is to be taken over the domaiti of the («, ») plane 
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given by the inequality u + v < x. Thus if X and Y are independently 
distributed random variables with the distribution functions F(x) and 
G(x), respectively, then F{x) -|- G{x) is the distribution function of + F. 

In all that follows for any two distribution functions F and G the symbol 
F < G will mean that the inequality Fix) < Cr(:r) holds for all values of x. 
The symbol F<G will mean that F < G and F is not identically equal to 
G. The symbols F > G and F > G are synonymous witli the S3anbols 
G < F and G < F, respectively. 

As a statistical generalization of the triangular inequality we propose 
the following inequality; For any three points p,q,r we have 

5'. F{x; p, q) + F{x; q, r) < Fix; p, r). 

We will say that two points p and q are different, in symbol p 7^ q^ ii 
there exists a positive value x such that F{x; />, ^) < 1. We will say that a 
point q lies between the points p and r if 

6. p ^ g 9 ^ r ^ p, 
and 

7. F{x; p, q) + Fix; q, r) = Fix; p, r). 

Let the symbol pqr denote the relationship that q lies between p and r. 
It can be shown that the * ‘between’* relationship defined here has the same 
properties as the between relationship in metric spaces, ^ i.e., our statistical 
between relationship satisfies the following conditions: 

L From pqr it follows that rqp, 

II. From pqr it follows that qrp and rpq cannot hold. 

Ill, From pqr and prs it follows that pgs and qrs, 

* Menger, K., Proc, NeU. Acad, Set., 2d, 535 (1942). Reference is also made to a paper 
presented to the Mathematical Society, Notre Dame, Ind , November, 1942. 

< Mengcr, K., Mathematische Annalen, 100, 77 (1928). 
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A SUFFICIENT CONDITION THAT A CXHARACTERISTIC BE 

GEOMETRIC 

By Gerald B. Huff 

Department of Mathematics, Southern Methodist University 

Communicated May 6, 194 »S 

Introduction. If {7} = { To; 7i, 72, . , 7p} is the characteristic of a 

homaloidal net defined at a set of p points, then \ 7 } must satisfy Cre- 
mona 's equations 

-j- X2^ + ... + “ .To® = — i 

X\ “i~ Xfl “f- . . . "t' Xp — (1) 

Further, if the multiplicities 7; are ordered so that 71 > 72 > 73 > ... > 7pf 
{ 7 } must satisfy the set of inequalities 

To > 7i + 72 

^Tu > 7i + 72 + ... +76 

370 > 271 + 72 + • - ' + 77 (2) 

370 > 7i + 72 + * • • +79 


These inequalities express the fact that no curve of order k and defined at 
the p points can meet the net in more than 70 A points. Coble^ has con- 
jectured that the conditions ( 1 ) and ( 2 ) are sufficient as well as necessary. 

In this paper we will show that the conditions (2) are actually sufficient. 
Indeed, the less stringent set of inequalities given in (5) will suffice. The 
notation and point of view is that used in "Cremona's Diophantine Equa- 
tions."^ 

We begin with the proof of 

Lemma: If ca > 0 in a solution (c} of eguations (i), then 2co > + 

ct + Ci, where 

Cx> > Cs > ... > Cp (3) 

It is clear that Cq > ci> €%> Cz< Let us write 

Cl Co dll C2 ^ C[) — dil Cj == Co — Uij 

where ai, (h, are all positive. Substitution in ( 1 ) yields 

+ ... + “ 2(ai + 02 + az)cQ — 2co* — (ai* + aa® + a«*) — 1 

C 4 + . . . + Cp “ (ui + Oa + Ua) 3. 

If Ui + aa + aj — 3 = 0, then Ui = aj = as = 1 and it is easily verified that 
in this case {c} = {l; (F} or {2; 1 * Both of these satisfy the 

conditions of the lemma. 
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If ai + a* + a» — 3 > 0, it follows that ^4 + . . . + Cp > 0 and C 4 * + • • • + 
Cp* > 0. Then, 

2(ai + Oa + Oa)co > 2c:o* + + <!** + Oi*) + 1 

2(/Xi + Oi + as)co > 2co*, 

wh^ce, since Co > 0 

Oi -f* Oa + Oj > Co* 

Then 

2co > (co “ ai) + (co “ az) + (co “ 

From this inequality we readily deduce 

If a solution {c} of (1) has Cq > 0, then the conjugate {c'} of {c} 
under Am has cq > 0. W 

Am has the equations Xo' = 2xo — aci — xj — x»; x/ = x< + (xo “ Xi — 
xi - xj), t = 1, 2, 3. Thus Co' = 2co - Ci - Ca - Cj and is, in accordance 
with (3) , alwa 3 rs positive. This means that the property Co > 0 of a solution 
of (1) is invariant under the group generated by Am and the permutation 
group t(xu X|, . . . , Xp). We are now in a position to demons^ate ^ 
Let { y } be a solution of eguations (1), arranged so that yi > 7« > • • • 

7 p. Further, let [y] satisfy the set of inequalities 

Po7o > piyi + p^yt + • • • + Pp^p^ 

where the characteristics {p} run over the finite set of all geometric P-charac- 
terisHcs with p(t > y^^ and are ordered $0 that px > pt> > Pp* Then { 7 } 
is geometric. (6) 

We remark that {O; 0'*"'^*— ijisa geometric P-characteristic so that 
7 p > 0. Also 70 > 7i + y% and 70 > 0. Since all the multiplicities 74 are 
positive, it follows that 70 < 7i + 7* + 7#* Thus under Am* { 7 } 

{ 7 ' } , where 7 o > 7 o^ > 0. This process of reduction may be continued 
until one of two things happens. { 7 } may be reducible under Am and ir 
to { 1 ; (y* } , in which case { 7 } is geometric. On the other hand, after a 
certain number of reductions, an irreducible characteristic { 7 } may be 
obtained. In accordance with (3), 70 > 0. Since {f } is irreducible, it 
follows that at least one 7 <, say fp, is negative. Now let T, 

Xo ^ ffXo ^ 1 X 1 ** » * * ** ^ 

T; Xi <= — «H*J - ... - aiA 



Xp ® ^pXo OpiXi ... aippXp, 

be the transfonnatiem which sends { y} — » {f } . Then 


( 6 ) 
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ip “ ^pyo “ ot^pjp^ 

Since 7^ < 0, we have 

< ctpiji + . . . + «pp7p‘ 

That is, the P-characteristic {s^; a^i, . . does not satisfy the condi- 
tion of the theorem. If < 70, we will have a contradiction; i.e., an irre- 
ducible characteristic cannot arise under the conditions given in (6). 

To prove that < 70, consider the inverse of P. 

Xq' — nxo “ SiXi — ... — 
p-i; Xi ^ 5iA:q — aiiXi — ... — 


x/ - s^Xq “ ai^Xi — ... — a^pX^. (7) 

Write 7 = {70, 7i, 72, . 7p-i, O} -f ^{O; ^ > 0. Under 

P“S {fo; 7i» 72, 7p-i, 0} —> (do; di, d2, d^} with do > 0, For 

otherwise, the net defined at p + 1 points \n; Sit 0, would 

3deld a T* which sends {7} into a {7'} with 70' < 0, which is impossi- 
ble, according to (3), Under P“^ Jb{0; l} «pb “pp}* 

Butsince {7} {7}, wehave {7} = (d©; d<}+A{5p; a^i},and 

7o = do + ks^. 

Since do, k are positive, it follows that Sp < 70 the contradiction is complete, 
and (5) is established. 

* Coble, A. B., ^‘Algebraic Geometry and Theta Functions,” Am. Math. Soc. CoUoq. 
Pub. (New York City), 10, 11 (1929). 

* Coble, A. B„ ^'Cremona's Diophantine Equations,” Am. Jour. Math.t 56, 459-489 
(1934). 
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FURTHER OBSERVATIONS ON THE SPECIFICITY OF HYPO- 

XA NTHINE FOR PHYCOMYCES 

By William J. Robbins 

Nbw York Botanical Garden and Department of Botany, Columbia University 

Communicated May 25, 1943 

In a previous communication Robbins and Kavanagh^ reported hypo- 
xanthine to benefit tlie spore germination and early mycelial growth of 
Phycomyces in a basal mineral-dextrose solution containing asparagine and 
thiamine. The benefit was more marked in the presence of the filtrate 
from a potato extract fraction) which had been treated with charcoal. 
A comparison of the activity of hypoxanthine with other compounds led 
to the conclusion that the active substance must have the eighth position 
and the seventh or ninth position on the purine ring open for substitution, 
oxygen in the sixth position and hydrogen or NH« in the second position. 

Through the courtesy of Dr. George Hitchings I have been able to test 5 
additional compounds. These were 8-oxypurine, 6-amino-8-oxypurine, 
6,8-dioxypurine, 7-methyl guanine and 1,7-dimethyl guanine. The effect 
of each of these compounds on the percentage of Phycomyces spores which 
germinated at 25°C. on a mineral-dextrose medium containing thiamine, 
asparagine and one per cent purified agar was compared with that of hypo- 
xanthine and guanine. Each compound was used alone and in the presence 
of a Dr fraction prepared from potato tubers. A comparison was made 
also between the action of hypoxanthine, of guanine and of each of the five 
analogs on the dry weight of the mycelium produced in 48 hours at 27®C. 
in 10 ml. of the basal liquid medium and the same medium to which the Dr 
fraction was added. Each compound was used per flask or per petri dish 
in the following amounts : 100 mRv 10 Mg*i 1 Mg and 0.1 Mg- 

The 8-oxypurine, 6-amino-8-oxypurine and 6,8-dioxypurme were in- 
effective. Although identical otherwise with hypoxanthine the 8-oxy- 
purine has hydrogen in the 6th position and the 6-aniino-8-oxypurine has 
the amino group in the 6th position. The inactivity of these two com- 
pounds agrees with the earlier observations which indicated that the active 
compotmd should contain oxygen in the 6th position. The 6,8-dioxy- 
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purine is identical with hypoxan thine except that the hydrogen in the 8th 
position in hypoxanthine is replaced by oxygen. This change rendered the 
(i,8-dioxypurine inactive; a result which agrees with the earlier conclusion 
by Robbins and Kavanagh that the 8th position must be opened for i>ossi- 
blc substitution. 

It was anticipated that the two guanines also might prove to be inactive 
since both had the CHg group in the 7th position and the previous results 
indicated that iti order to have an active compound the 7th or 9th position 
should be open for substitution. However, both the 7-niethyl guanine and 
the 1,7-dimethyl guanine proved to be partially active. It is not possible 
to determine relative activities accurately with the methods used. It ap- 
peared, however, that the 7-methyl guanine and 1,7-dimethyl guanine had 
between 1 /lO and 1/100 the activity t)f hypoxanthine. 

These results support the idea that the action of hypoxanthine on 
Phycomyces has a considerable degree of specificity. Guanine is the only 
other compound* which has been found to approach the activity of hypo- 
xanthine. 

Pennington^ reported hyjKixanthine or an equimolecular mixture of 
adenine and guanine to be essential for the growth of Spirilhitn serpens. 
Neither adenine nor guanine alone was effective and sufficient amounts of 
either interfered with the physiological effectiveness of hypoxanthine. 

An increasing number of observations on various organisms'* show that 
the purines probably function as growth substances. There seems, how- 
ever, to be little uniformity since the specific purines which are active ap- 
pear to vary from organism to organism, 

1 Robbins, W. J., and Kavliiagh, F., 2*roc. Nai. Acad. Sci., 28, 65 ”69 (1942). 

* W. J. Robbins and F. Kavanagh found a purine, kindly furnished by Dr. D. W. 
Wooley, to have about one-half the activity of hypoxanthine. This compound is 
aspurine and is not fully defined chemically. See Wooley, D. W,, 16th International 
Physiological Congress, Proc. II, 120 (1938). The formula given is C«H 7 NftOa. The 
picrate was found to be similar in all of its physical properties to the picrate of adenine. 
We prepared the silver nitrate crystals of aspurine and found them to be very small, 
isolated and not in clusters, nearly straight and pointed. The silver nitrate crystals of 
aspurine treated with nitrou.s acid were identical in appearance with the silver nitrate 
crystals of hypoxanthine. 

* Pennington, I). E., Proc, Nat. Acad, Sci., 28, 272-276 (1942). 

* For references to earlier work, sec the papers by Robbins and Kavanagh and by 
Pennington, 
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A MUTANT OF DROSOPHILA MELANOGASTF.R RESEMBLING 
THE SO-CALLED UNSTABLE GENES OF DROSOPHILA VIRIUS 

By Richard Goldschmidt 
Department ok J^IoOlogy, University of California 
Communicated May 17, 1943 

In a number of papers Denierec (see 1941) described genetic phenomena 
in Drosophila virilis which he interprets as due to unstable, ever-niutating 
genes. The best analyzed case is that of alleles at the miniature (small 
wings) locus. The decisive facts are: Among a series of mZ-alleles two 
called 3 and 5 showed the phenomenon in question. This means that the 
offspring consists of mt individuals, mosaics and normals, the latter breed- 
ing true, the others not. A mosaic is a fly with more or less miniature 
patches on normal wings, or one norma! and one miniature wing (see be- 
low). Unstable ml appears in three well-defined “sub-alleles.” Of these, 
mi^ is stable, mf produces only miniature and mosaic offspring, and mf 
normal, miniature and mosaic offspring. Demerec considers these facts 
the consequence of, in instability of the mi gene both in somatic and 
germinal cells and, in mf, of instability only in somatic cells. From the 
size of the mosaic spots and the number of wild-type flics, it is concluded 
that the “mutability” begins rather late in development and the mutation 
is always one from miniature to nonnal, both in somatic and sex cells. In 
addition, a series of modifiers exist. One increases the number of normals 
(called germinal mutability) but only in the mf line, which always segre- 
gates normals. Another series of modifiers (called 5-genes) increases only 
the mosaic spots (i.e., are supposed to act only upon somatic mutability). 
Without these enhancers a small percentage of flies show mosaic spots and 
these extend rarely to an entire wing. In the presence of the modifiers the 
percentage of mosaics is increased up to 95 per cent, and one of the 5-genes 
frequently produces flies with one normal and one miniature or mo.saic wing. 
There is, in addition, a sexual difference in all these effects. Finally, the a, 
b, c forms may change into each other and in a reversible way. 

I had always expected that these important facts would, one day, find 
their explanation without recourse to “unstable genes.” The case dis- 
covered in Drosophila melanogaster seems to furnish such an explanation. 
In the course of a study of spontaneous mutation (soon to be presented in 
detail) a number of alleles were found at the silver (1st chromosome) and 
arc (2d chromosome) loci. The silver alleles produce predominantly 
pointed wings and are therefore called svr^**^, svr^^* \ etc. The arc alleles 
are expressed, if at all, as broad and angular wings called bran, bran\ 
bran^^, etc. These two loci have, in addition, a typical interaction which 
characterizes the different combinations of the alleles at the two loci and 
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some alleles can be distinguished only by this combination effect in which 
either the bran or the poi phenotype is more or less epistatic or a compro- 
mise form is produced. Thus bran homozygous with svr^ has a soft, 
shortened, more or less pointed and blistered wing called soft blistered. 
Among these combinations one was found between svr^^ and a bran allele 
called bran"^^ which simulated completely the case in Drosophila virilis. 
The offspring in this line, i.e., bran^^ fbran^^ ; svr^^/svr^^^ (or hemizygous 
male) consists of a majority of pointed flies, a minority of flies with one 
wing pointed, one wing truncated (abbreviated poi dp) and a percentage of 
transitions from a pointed to a tnmeated wing in all conditions of asym- 
metry down to a symmetrical, truncated (dumpy-like) wing. All types, if 
selected, produce the same offspring, but modifiers for higher percentages 
of the not pointed wings can be selected. The constitution of this line, 
i.e., homozygosity of the two loci is easily tested in outcrosses as well as 
with different alleles of the two loci. Whenever the parental combination 
is recovered, and also in a few compounds of bran^^ with another bran 
allele, the characteristic variation of the phenotype appears. The homo- 
zygote bran^^ (bran ^^ — and this is an important fact — has no visible effect 
if the svr^^* mutant is absent. 

The first question is whetlier tlie series of phenotypes from pointed to 
dumpy, which we may call in brief the poi dp effect, can be assumed to be 
comparable to those described by Demerec. There is no doubt in regard 
to the unchanged wings, i.e., miniature in virilis, pointed in my case, nor 
for the type with one wing + , one mt in virilis, one pointed, one dumpy in 
my case. The decisive types are the mosaic types in virilis and the inter- 
mediates in my case. Demerec assumes that the mosaic spots of miniature 
cells are genetically miniature, and the normal wing parts are genetically 
normal by somatic mutation. If one thinks of such mosaics in a general 
way, comparing them with gynanders or mosaic spots analyzed by markers, 
one is led to such an interpretation. But in the case in question this is not 
conclusive. A miniature wing is essentially one in which cell growth after 
pupation is inhibited (see Dobzhansky, 1929; Goldschmidt, 1935; Wad- 
dington, 1940). If this inhibition had a narrow threshold condition so that 
it would act only partially in the presence of a certain genetic condition, a 
mosaic-like structure of the wing would appear in the varying and asym- 
• metrical patches of miniature tissue, including also the normal and the +> 
mt wings. Actually we know of no case of a real mosaic within a wing, but 
many cases in which such an asymmetrical threshold effect occurs (see my 
discussion of the nicking effect, in Goldschmidt, 1940, p. 222 ff.). In my 
case the decision is between a pointed and a ^ truncated wing. As trunca- 
tion is a phenomenon at the wing edge, no mosaic in a plane can become visi- 
ble. The mosaic produced by the transgressive thieshold action appears 
in the form of a wing edge showing aU transitions from pointed to dumpy, 
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more or less asymmetrically. Thus I believe that also in the miniature 
case there is no necessity for the assumption that the normal wing cells are 
genetically different from the miniature cells, A threshold condition acting 
within narrow limits can produce the apparent mosaic within the genetically 
miniature cells. 

The data in my case indicate clearly the reason for the variable effect. 
The bran*^^ allele, interacting with the svr^^ locus, is responsible for the 
threshold condition. Other bran alleles have a truncating effect alone and 
together with svr^^* produce wing types like soft blistered, truncated blis- 
tered, rudimentary blistered, etc. But bran^^ is an allele which alone has 
no visible effect but with svr^""* hardly succeeds in pushing the pointed wing 
over the threshold toward a dumpy wing. In other words, the bran allele 
acts near the level of epistasis between bran and pointed with the effect of a 
scintillating epistasis for whole wings or parts of them. In our case the 
explanation is clear ; (1) a combination of two interacting loci, (2) the 

presence of one Eillele affecting epistasis near the threshold level; (3) the 
developmental physiology of the wing. As the parallelism with miniature 
is practically complete (including also modifiers and sexual difference), I 
conclude that tnl^ collaborates with another allele which, like bran'^^t has no 
visible action alone, but, if epistatic, pushes wing cell development toward 
normal just as bran^^ pushes it towards truncation, and, further, that mf 
is not an mt allele but ordinary mt in the presence of the other locus, say e, 
which has an epistatic action near the threshold, but no visible effect alone. 

In my case the location of bran^^ in the arc region is clear because alleles 
with visible action exist. In Demerec's case the second locus e is difficult 
to locate because it also had no action alone, and no alleles with visible 
effect have been reported. It might even be linked with the miniature 
locus, as suggested by some data. But there are no general difficulties to 
an understanding of mt!" without unstable genes. We turn now to mf. 
Here another group of facts found in my case comes in. It turned out that 
within the poi dp stock an allele of bran is present occasionally, called bran^, 
which together with svr^^ produces a wing with a phenotype like rudi- 
mentary and blistered. This combination is less viable and, if produced 
by mating brarf^lbrar!^ appears in less than a quarter of the expected 
number. The allele brari alone produces a kind of truncated wing. The 
segregating brar! Ibrarf ; svr^^^ flies breed true. Returning to our former 
comparison of the two cases, the svr^^ locus paralleled the mt locus in virilis; 
bran^^ paralleled an unknown locus in virilis with the discussed effect upon 
epistasis, otherwise produdng a normal wing. If we had now in addition 
another allele of the latter (called e') which if homozygous produces com- 
plete epistasis of its normal effect over the mt effect, thus paralleling the 
action of bran\ a true breeding normal fly would result from this combina- 
tion mtfmt; A line containing e and e' with a chance for segregation 
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of e*/e* would be the complete explanation for Demerec's nif, throwing the 
“mutation’' to normal. There is one detail, however, which cannot be 
explained as long as the detailed data on the virilis case are not available, 
namely, the normal constitution of the line in regard to e* and e. What 
I termed e' may be more than one locus with complicated segregation in 
addition to the possibility of linkage with mL The results of outcrosses as 
well as the details of the so-called reversible changes of mf into and 
vice versa, ought to furnish this information. I do not doubt that a re- 
check of the facts, abandoning the idea of tlie unstable gene and trying to 
apply the interpretation of my so similar case would result in a simple ex- 
planation of all details in terms of factor interaction, epistasis and threshold 
conditions. 

It would be interesting to try to apply this interpretation also to the 
cases of variegation in plants, though there is the basic difficulty that 
nothing is known of developmental genetics of color, which prevents a 
discussion of the possibility of a purely phenotypical threshold effect. The 
most interesting case of this kind is the one beautifully analyzed by 
Rhoades. Looking at his data I am struck again by the great parallelism 
to my case: A homozygous condition for colorless is made to produce 
mosaics by the recombination with another mutant Dt which alone has no 
visible effect at all. Thus we have the parallel: m (colorless) parallels 
svi^^\ Dt parallels bran!^^, Rhoades himself emphasizes that up to this 
point unstable genes are not needed as an explanation. But he thinks to 
have proven his point by finding that from colored or mosaic anthers pres- 
ent in a stock made up by outcrossing, pollen may be derived which acts 
either as aa or as heterozygous for a and a color allele (A). This again 
parallels completely my case when the allele bran^ is present which then, 
here, would be represented by a new Dt allele which produces color with the 
tester allele of a and which seems to have been introduced when making up 
the stock with spotted atithers which rex^uired a special constitution. The 
parallel is so close that a test may be suggested which should be easy to per- 
form in the maize stock of Rhoades. In the published account I cannot 
find results which exclude such an interpretation, but the decisive tests 
would still have to be made, e.g., numerous crosses with the tester stock 
and pollen from green anthers in the mosaic stock which gave the “mu- 
tants" from colored anthers. 
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A TABLE DETERMINING LD.50 OR THE FIFTY PER CENT END- 
POINT 


By Jank Worcester and Edwin B. Wilson 
Harvard School or Public Health 
Coititnunicaied June 12, 1943 

It has been shown ^ that if we may use the growth curve in bio-assay and 
if we have three proportions Pi, Pj, Pa of the population affected by doses 
Df Dff Dr^ of some biological, the values of the parameters y and a of the 
curve may be obtained in terms of the two simple combinations 

A - 2(Pi + P, + P,) - 3 and P - P, ™ Pj (1) 


of these proportions provided the number n of animals used at each dosage 
be the same. It is therefore possible to give a double entry table which 
states the values of "y’' — y/c and of = ca, where c = log r, and of 
their standard deviations as computed by the formulae of R. A. Fisher* 
for « = 1 : to obtain the standard deviations for any value of ft it is merely 
necessary to divide their tabulated values by \/n. 

In the table the values of B go by intervals of 0.05 from 0.30 to 0.95, 
inclusive. Because the standard deviations of y are large for small values 
of B, the table is not carried below B - 0.30. The values of A are given 
by ititervals 0. 1 from 0 to the highest value possible for the given values of 
P, which ranges from A = 1,0 for P = 0.95 to ^4 — 2.3 for P — 0.30. If 
n is 20 or any divisor thereof the values of “7” and and their standard 
deviations (for n ^ 1) can be read directly from the table; for other 
values of «, interpolation is necessary. The table is restricted to positive 


values of A and B; for negative values of either or both, tlie numerical 
values of **y’* and “a*' will be in the table but signs of “7’' or “a ’ or 
both will have to be taken in accordance with this scheme: 


A>0 A<0 

B > 0 7 neg., a pos. 7 pos,, a pos, 

P < 0 7 I>os., Of neg. 7 neg,, a neg, 

t 

Bacteriologists will prefer to work in terms of dilutions 1 :a, 1 1 :af* 

rather than dosages. Dilutions atid dosages are reciprocals, which means 
that as logarithms are used each is the negative of the other. To use the 
table to obtain that dilution 1 :6 which for the amount of the biological ad~ 
ministered affects half the population one has merely to take 

log B «= log ar ‘*7'* log r log r (2) 

and convert to antilogarithms. This can be illustrated on an example more 
clearly than stated in words. 



Vai^UBS fob = yfc AND ” 0 *^ = Cct FOR SPECIFIED VALUES OF A AND B AND FOR ThEIR STANDARD DEVIATIONS If » = 1 

B 0.65 0.70 0.75 0.80 0.85 0.90 0.95 
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Suppose that we have 20 guinea pigvS iimoculated with dilutions 1:4, 1:8, 
1 : 16 of a standard toxoid and also of one to be tested against it, that subse- 
quently a dose of the toxin is given, and finally the number of survivors be 
recorded as follows:® 

^ — — 8TANUAHD TO MB TKSTKM — s 


DILUTION 

ft SUKVIVAt.jt 


n 

SURVIVALS 


1:4 

20 

20 

P, - 1.00 

20 

15 

Pi -0.75 

1:8 

20 

15 

Pi - 0.76 

20 

6 

Pi » 0.30 

1:16 

20 

8 

Pi = 0.40 

20 

1 

Pi -0.05 

From (1) we have A 

= 1.30, 

= 0.fK),.4' = 

-0.80, B' = 0.70, with f = 2 


and log r — 0.301. 

From the table, entering with A == 1.30 and B = 0.60, and neglecting 
for the moment the standard deviations we find = —0.73. Hence 
from (2) with ar = 8 for the middle dilution 

log 6 = log 8 - (-0.73) (0.301) = 0.903 + 0.22 1.123, 3 13.3. 

The 50% end-point is at dilution 1 : 13.3. For the biological to be tested 
A' =5 —0.80 is negative which means that “y" must be positive and equal 
to 0.44. Hence, stiU neglecting the standard deviation both in the table 
and in (2), 

log 6' « log 8 - (0.44)(0 301) 0.903 - 0.13 0.773, 3 = 5.9. 

The strength of the toxoid to be tested is thus only 5.9/13.3 = 0.44 or 44% 
of that of the standard at the L.D.50 points. 

To discuss the significance of the ratio it is best to test the significance of 
the differences of the values of log 6 and log 3' as given in (1). The standard 
deviation of ‘*7" in the table for w — 1 is entered as 0.83 and for “7"’ as 
0.77. Dividing by \/20 since n — 20 we have 0.19 and 0.17, respectively. 
Then multiplying by log r we find finally 

log 3 = 1.123 ^ 0. 057, lo g d' ^ 0.773 ^ 0.051 
diff. = -0.36 * V'(0.057)» + (0.051)’ = -0.35 * 0.076. 

The difference is therefore highly vSignificant.^ 

In comparing these two biologicals the L.D.50 points have been used. 
If the comparison is to remain valid at other points, the values of a must 
be nearly enough alike so that the difference between them may be ignored. 
In this particular case 1.00 and a « “a'7c « 1.00/0.301 = 3.32; 

further, (r(“a’') - 0.28 for w « 20 and a(a) - 0.93 so that a « 3.32 * 
0.93. The value of a' would not be significantly different from that of a 
unless it were outside the limits 5.18 and 1.46 which are rather wide open 
limits. As a matter of fact a* in the illustration is the same as a and the 
8tandardi^ation is valid over the whole range.^ 
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It s(3metinies happens that animals arc lost during the experiment so that 
one cannot be sure whether they would have been survivals or not. Sup- 
pose, for example, that in the group treated with the standard biological 
we had had at 1:16 one animal lost, 7 survivors and 12 deaths. If the one 
lost be taken as surviving we have 6 = 13.3 as before, but if it were taken as 
not surviving we should have Pi — 0.35, A — 1.2, >0 = 0.65 which would 
give “7” = —0.66 and 5 — 12.7 which cannot be considered a significant 
change; but what we know is that 6 = 12.7 or 13.3. The change in a 
would also be well under the sampling allowance; and furthermore the 
standard deviatiotus whether of 7 or a would not be much different on the 
two different hypotheses. 


* See these Proceedincjs, 29, 79 -86, 114-120, 150-154 (1943). 

* These formulae assume that tlie numbers are large and may therefore give inaccurate 
values for the standard deviations when the numbers are as small a.s they often are in the 
case of bio-assays; but some estimate of standard deviations seems better than none 
provided the estimates are used with discretion. 

* It will be observed that we have used Pa for the lowest dilution (largest dose) and Pi 
for the highest dilution (smallest dose) which is in accord with our previous convention 
that Ps represented the greatest effect, which in this case is a protective effect. 

* If we take the limits specified by the standard deviation itself, we have —0,426 and 
— 0.274 which correspond to rat ios of 0.38 and 0.63 in place of the value 0.44 ; if we should 
allow twice the standard deviation we should have limits of —0.602 and —0.198 which 
correspond to ratios of 0.31 and 0.f)3. We carmot safely assign probabilities of 0.32 and 
0.05 for the ratio being outside these respective pairs of limits, but that is always the 
case with the use of the standard deviation to estimate significance when the true dis- 
trilnition of the ratio of the variable to its standard deviation is unknown. 


* If two biologicals have a ratio of strength of R when compared at their 60% end- 
points, the ratio of strength Pj. when compared at any percentage P will bePi* ■« R^, 

/ 1 1 \ ^ 

where «= 2.05 ) log logm r. For comparison well away from the L.D. 50, 

\ (* (If / () 

may differ considerably from 1 even if and do not differ significantly. 
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GROUPS CONTAINING FOUR AND ONLY FOUR NON-INVARIANT 

SUBGROUPS 

By Cl. A. Miller 

Department ok Mathematics, University ok Illinois 
CottiTnunicated May 17, 1943 

If a group G contains four and only four non-invariant subgroups these 
subgroups are transformed under G according to a permutation group of 
degree 4. We shall begin with the case when this pennutation group is 
transitive. It could not be either the symmetric or the alternating group of 
degree 4 since each of these groups contains more than four non-invariant 
subgroups and to each of these subgroups there would correspond a non- 
invariant subgroup of G, This is impossible since G is supposed to contain 
only four non-invariant subgroups. These subgroups could not be trans- 
formed under G according to the octic group because this group itself con- 
tains foiu* non-invariant subgroups and these are not transferred transi- 
tively under the octic group while the four non-invariant subgroups of G 
are assumed to be transformed transitively under G. Hence G would 
have to contain more than four non-invariant subgroups, which is contrary 
to the hypothesis. 

It remains to consider the case when the four conjugate subgroups of G 
are supposed to be transformed under G according to one of the two regular 
permutation groups of degree 4 and hence the invariant subgroup of G 
which corresponds to the identity of this regular group contains the four 
non-invariant subgroups of G invariantly and is itself cither Hamiltonian or 
abelian. In the former case it could not be the quaternion group since this 
group does not involve four similar subgroups. Its order could not l>e a 
power of 2 since it would then be the direct product of the quaternion group 
and the abelian group of type 1”* and hence it would involve the abelian 
group of type T" ^ as a characteristic subgroup.^ Not all the subgroups 
of this characteristic subgroup could be invariant under G since the non- 
invariant subgroups of G are supposed to be conjugate under G. For simi- 
lar reasons the order of the Hamiltonian group could not be divisible by 
two distinct prime numbers. 

If G would contain exactly four non-invariant subgroups and would 
transform them according to the non-cyclic regular permutation group of 
degree 4 then G would involve a subgroup H of index 2 which would have a 
commutator subgroup of order 2 and an invariant abelian subgroup of 
index 4 under G. All the operators of II which would not be contained in 
this abelian subgroup would separately generate the commutator subgroup 
of H. Since another subgroup of index 2 under G would contain a different 
commutator subgroup there would be more than four non-invariant sub- 
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groups in C. This method of proof applies also to the case when the four 
non-invariant subgroups are supposed to be transformed according to the 
regular cyclic permutation group of order 4. It therefore results that when 
G contains exactly four non4nvariant subgroups it must transform them 
according to an intransitive group. 

It remains to consider the groups which separately contain four and only 
four non-invariant subgroups such that these subgroups are conjugate in 
pairs under the group. These subgroups are transformed under G accord- 
ing to an intransive group of degree 4 whose order is either 2 or 4. In the 
former case G contains an invariant subgroup of index 2 which corresponds 
to the identity of the group of transformation of its four non-invariant sub- 
groups. As this subgroup contains no non-invariant subgroup it is cither 
abehan or Hamiltonian. In the former case G may be the direct product 
of a group of prime order and an arbitrary group in the infinite system of 
groups which is composed of groups which separately involve two and only 
two non-invariant subgroups. This is obviously tlie only case in which the 
order of the abelian subgroup of G which corresponds to the identity in the 
group of transformation of its four non-invariant subgroups has an order 
which is divisible by as many as two distinct prime numbers. 

When this order is divisible by only one prime number the order of G is a 
power of 2 and the given abelian subgroup of G which corresponds to the 
identity in the group of transformations of its four non-invariant sub- 
groups and is of index 2 under G must have exactly three independent gener- 
ators one of which is of order 2, At least one of the other generators of this 
invariant subgroup must have an order which exceeds 2 and hence the 
order of G is at least 32, Each of the four non -invariant subgroups of G 
may be of order 2, Each of the groups in . this infinite system of groups 
contains a commutator subgroup of order 2 which is generated by its oper- 
ator of largest order. We therefore arrived at the following theorem: 
There are two infinite systems of groups which are separately composed of 
groups such that each of them contains four and only four non4nvariant sub- 
groups tvhich it transforms according to the intransitive group of degree 4 and 
of order 2, The orders of the groups in one of these systems are a power of 2 
while the orders of those in the other system are a power of 2 multiplied by an 
arbitrary odd prime number. 

It remains to consider the possible groups which separately contain four 
and only four non-invariant subgroups and transform them according to the 
intransitive permutation group of degree 4 and of order 4. Such a gtoup G 
contains two subgroups of index 2 which separately transform each of two 
non-invariant subgroups into itself and the other two among themselves. 
These two subgroups have a subgroup of index 4 under G in common which 
is invariant imder G since each of the two given subgroups is invariant 
under G. Hence G contains also a subgroup of index 2 which transforms 



VoL. 20, 1943 


MATHEMATICS: G. A. MILLER 


216 


the four non-invariatit subgroups in pairs and involves the given invariant 
subgroup of index 4. This invariant subgroup of index 2 involves no non- 
invariant subgroup of G atid hence it is either at^elian or Hamiltonian. 

When this subgroup of index 2 is the cyclic group of order 4 then G is the 
octic group and when it is the cyclic group of order 8 then G is the dicyclic 
group of order 1 G. When it is the abelian group of order 8 and of t3rpe 2, 1 
then G is the group of order 16 obtained by extending this abelian group of 
order 8 by an operator of order 4 which transforms into their inverses all 
the ()perators of thi>s abelian group of order 8 and has for its square an oper- 
ator of order 2 which is not the commutator of this order. It will be proved 
that these three groups include all those which satisfy the conditions under 
consideration. In fact, in such a group the given subgroup of index 2 could 
clearly not be Hamiltonian. If it is abelian it cannot have more than two 
independent generators since the remaining operators of the group must 
transform each of its subgroups into itself. It it is cyclic the remaining 
operators of the group transfonn its operators according to one of the three 
operators of order 2 in its group of isomorphisms. Hence there results the 
theorem : There are three and only three groups which separately contain four 
and only four non-invariaht subgroups and transform them according to the 
intransitive group of degree 4 and of order 4. 

In closing we may direct attention to the fact that if a group G contains 
five and only five non-invariant subgroups they cannot be transformed 
imder G aca)rdiiig to an intransitive permutation group. Such a group 
could not be a 3, 1 isomorphism between the symmetric group of degree 3 and 
the group of order 2 since the permutations which arc not found in the in- 
variant subgroup of order 3 could not transform the two conjugate sub- 
groups into each other. It could not be the cyclic group of order 6 since the 
permutation of order 6 could not be non-commutative with each of the non- 
invariant subgroups of (3. As it could also not be the group of order 12 and 
degree 5 it results that whenever a group contains five non-invariant subgroups 
and all its other subgroups are invariant then its non-invariant subgroups 
appear in a single set of conjugates under the group, 

» Cf. G. A. MiUer, Collected Works, 1, 266 (1935). 
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ON INFINITE DIMENSIONAL LINEAR SPACES 

Hy Georgk W. Mackey^ 

Department of Mathematics, Harvard University 
Comniunicated June 1 !, 194t3 

The study of infinite dimensional linear spaces’* seems to be most fruitful 
when the spaces considered are more than at)stract linear spaces; that is, 
when further structure has been added by introducing some undefined no- 
tion such as a topology, an inner product or a partial ordering. It is the 
purpose of this note to describe the results of introducing such structure in 
still another way. 

Let us begin by observing that the theory of tlie classification of abstract 
linear spaces is quite simple. It is well known that in any linear space 
there exists a Hamel basis; that is, a set of linearly independent elements 
whose finite linear combinations constitute the whole space and L6wig* 
has shown that any two Hamel bases for the same space have the same 
cardinal number. Calling this number the dimension of the space, it is 
clear that two linear spaces are isomorphic if and only if they have the 
same dimension and that given any cardinal number there is a linear space 
with this number as its dimension. 

Since most of the commonly studied linear spaces have tlie same dimen- 
sion, namely, C, one may, to a large extent, regard the different topological 
linear spaces, linear lattices, etc., as obtained from a single linear space by 
introducing different topologies, different partial orderings, etc. This 
point of view becomes rather suggestive in the case of normed linear 
spaces because of a theorem of Fichtenholz* to the effect that two norms in 
the same linear space give the same topology if and only if the same linear*^ 
functionals are continuous with respect to both of them. Thus if X is an 
abstract linear space of dmieiision C and X* is the linear space of linear 
functionals on A' it is clear that there is a natural one-to-one correspondence 
between an im]KirUmt class of nonhable topological linear spaces and a cer- 
tain class of subspaces of A'*. 

The method of introducing structure with which this note is concerned is 
suggested in two different ways by the considerations of the preceding para- 
graph. First, since each nonn topology in X uniquely determines and is 
uniquely determined by the family of linear functionals which are continu- 
ous with respect to it, the structure in X obtained by introducing such a 
topology is identical with that obtained by distinguishing a certain sub- 
space of AT*. Secondly, if one asks what subspaces of an AT* can appear as 
‘‘norm sets’* one is led to seek means of differentiating between subspaces of 
A"* s. Although the problem of classifying the subspaces of an abstract 
linear space is as trivial as that of determining all abstract linear spaces, 
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this is not the case for the norm set characterization problem. X* is not 
merely an abstract linear space but has added structure by virtue of being a 
space of linear functionals. Furthermore, and this is what is of interest 
here, this structure may be regarded as induced in by distinguishing a 
certain subspace o/ JV**. In precisely what sense this is true will appear be- 
low, If X is any linear space we shall call the result of distinguishing a 
subspace L of A' * the linear system X x,. 

It is easy to show that, setting aside a few uninteresting exceptions, for 
every linear system X l there is a topology in X with respect to which X is a 
topological linear space and the continuous linear functionals are precisely 
the members of L. Hence linear systems are not strictly speaking new 
mathematical objects and our method of introducing structure is at most a 
new method. However it does lead to a rather unconventional point of 
view, two features of which we now describe. 

We begin with some definitions. Two linear systems X t and Ym will be 
said to be isomorphic if there exists an isomorphism T between X and Y as 
abstract linear spaces such that m is in M if and only if there is an / in L 
with the property that ni{T{x)) = l{x) for all x in X. An isomorphism of 
a linear system with itself will be called an automorphism. If oc is a member 
of a linear space A" and L is a subspace of A"* then the member /of L* such 
that/(/) == l{x) for all I in A"^* will be called the member of L* associated 
with X. In terms of these the following easily proved theorem may be 
stated. Let A"^ be a linear space and let L and M be subspaces of A"'*. Let 
Xx* he the linear system obtained from A"'* by distinguishing those members 
of associated^with members of A, Then the linear systems Xl and 
Xu are isomorphic linear systems if and only if there is an automorphism of 
the linear system Xx* which carries L into M. 

This theorem justifies the statement about the structure of A'* made 
above and tells us that the problem of classifying the linear systems defin- 
able on a fixed linear space is identical with the problem of classifying the 
subspaces of a certain linear system. Thus methods which occur naturally 
in one problem may be applied to the other and every definition which we 
may make differentiating subspaces of systems of the form Xx* carries with 
it a definition differentiating linear systems and conversely. 

The other feature is a natural conjugacy relation that exists between 
linear systems. If Xl is a linear system one may consider the linear sys- 
tem whose linear space is L and whose distinguished functionals are those 
associated with members of X> This linear system will be called the 
conjugate of Z It is easy to see that a linear system Xl is isomorphic to 
the conjugate of its conjugate if and only if L is total. Such a linear system 
will be said to be regular. It should be pointed out that the conjugate of 
the linear system of a normed linear space is not isomorphic to the linear 
^tem of the conjugate space unless the normed linear space is reflexive and 
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the linear system of any normed linear space is regular whether the space is 
reflexive or not. 

The systematic study of linear systems centens around two principal 
notions each of which is ati obvious generalization of a corresponding notion 
in the theory of normed linear spaces. The first of these is that of closure 
of a subspace. Let A" /, be a linear system. For each subspace M of X{L) 
let M' denote the set of all I in L {x hi A") such that l{x) — 0 for all x{l) in 
M. If M is a sub space of A" then AH will be a subspace of A' which ajn- 
tains M. We call it the clostire of AT and call the subspaces of X which 
coincide with their closures the dosed sub.spaces of the system X 'Fhe 
family of closed subspaces of a linear system X l fonns a complete lattice 
under partial ordering by inclusion. The operation ' sets up a dual iso- 
morphism between this lattice for X /, and that for its conjugate system. If 
X L is regular every finite dimensional subspacc of A' is closed and the Lattice 
of all closed subspace as an abstract lattice determines X l up to an iso 
morphism The lattice of A^ l is modular if and only if whenever A/ and N 
are both closed subspaces of A’^ the smallest subspace A/ + N which coii' 
tains both A/ and N is also closed. The notion of disjointness of subspaccs 
of a Banach space introduced by Kober’ and by Lorch^ readily generalizes 
to linear systems and it is possible to prove that the lattice of A" ^ is modular 
only if any two closed subspaces with only zero in common are disjoint. 
Applying these considerations to normed linear spaces using a con- 
struction suggested by P. Erdos and vS. Kakutani it may be shown tluit 
the lattice of closed subspaces of a normed linear space is modular if and 
only if the space is finite dimensional. 

'fhere are several useful facts about automorphisms of linear systems 
which may be established with tVie aid of the notion of closed subspace. 
For example, it is quite easy to show that if X l is a regular linear system 
and .Ti, .Vii, ... Xn and Vi, y 2 , . . . y» arc two finite sets of linearly independent 
members of A' then there is an automorphism of AT y, carrying each Xi into 
Thus in particular the group of automorphi.sras of A' l is transitive on the 
non -zero elc-ments of A". It follows also that if A/ and N are two finite 
dimensional sub.spaces of A\ then there is an automorphism of X i. carrying 
Af into N if and only if AI and N have the same dimension, and that if M 
and N are closed subspaces of Al, such that X/M and X/N are finite 
dimen.sioTial, then such an automorphism exists if and only if X/M and 
X/N have the same dimension. An immediate consequence of this last 
remark is the following theorem about normed linear spaces. Let Jf be a 
nomicd linear space. Then X has all of the following properties if it has 
any one of them, (a) X is isomorphic to its direct product with a one 
dimensional normed linear space, {b) X is isomorphic to one of its maxi- 
mal closed subspaces, (r) A" is isomorphic to its direct product with any 
finite dimensional normed linear space, (d) X is isomorphic to each of its 



VoL. 29, 1943 


MA THEM A TICS: G. W, MA CKE V 


219 


closed subspaces which has a finite dimensional quotient space. This result 
suggests that spaces with one and hence all of these “stability” properties 
might be interesting to study. 

The greater part of our results are concerned with our second principal 
notion, that of boundedness. If X l is a linear system a subset A of A'* will 
be said to be a bounded subset of A" i if for each / in L the set of real numbers 
of the fonn l{x), where .v runs through >1, is a bounded set of real numbers. 
This notion leads at once to a new sort ot closure for subspaces of linear 
systems of the form Ay. Let X be a linear space and let L be a subspace 
of A *. The set of all members of A * which carry bounded subsets of X l 
into bounded sets of real numbers is a sub.space which contains L. We 
call it the bounded closure of L and denote it by 7^. If L “ L we say that L 
is hotindedly closed. It is readily verilied that the bounded closure of any 
subspace is itself boundedly closed. Examples of boundedly closed sub- 
spaces of an A' y include all closed stibspaces, all Kn dimensional subspaces, 
and all norm sets. It is easy to show that the intersection of any number 
of boundedly closed subspaces of an X x is again boundedly closed. On the 
other hand it is not known whether or not the bounded closure of M -j. N 
follows from that of M and N. If M is linite dimensional, if M and N are 
both norm sets or if M is a norm set and X is ttn dimensional then M ^ N is 
boundedly closed, but only the last of these theorems is easy. The 
natural questic^n as to whether or not A" is a boundedly closed subspace of 
Xx* can be shown to be completely equivalent to a certain problem 
in measure theory which has been |>artially solved by IJlam’*. More particu- 
larly, A is a boundedly closed subspace of Ay* if and only if the dimension 

of A is such that any countably additive measure function defined on all 
subsets of a class of cardinal K taking on only the values 0 and 1 and van- 
ishing at points is identically zero. 

Let X be a member of the linear system A l and let (a*,, j be a sequence of 
members of A If there exists a sequence of positive real numbers l7„l 
converging to zero such that ((.r,, — 7')/7nl is a bounded subset of A l we 
say that lr„ j converges to x. 'Llie notion of convergence so defined plays 
an important role in the discussion of bounded closure. There are several 
theorems connecting the two notions some of which appear to be indis- 
pensable in proving certain theorems about bounded closure alone. By 
regarding the regular linear system A /. as a subsystem of tlie linear system 
Li and considering the closedness of A in L* with respect to the conver- 
gence of sequences, one is led to a notion of completeness for linear .systems. 
If X /, is the linear system of a normed linear space then A l is complete if 
and only if the normed linear space is complete and if Xl is an arbitrary 
regular linear system then Ajt, is complete if and only if every total sub- 
space of L contains L in its bounded closure. 

A classification of subspaces of linear systems of the form Xx which in a 
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sense supplements that given by the notion of bounded closure is suggested 
by a study of the natme of the boundedness in the linear systems Xl 
which they define. Let X be a linear space, let L be a subspace of X* and 
consider the bounded sets in the linear system Xx*. If there is a bounded 
subset of X X, which is contained in no proper subspace of X we say that L is 
relatively hounded. If there is a countable family of bounded subsets of X jt 
such that no proper subspace of X contains them all we say that L is almost 
relatively bounded. If for every countable family of bounded subsets 
\Bn\ oi Xl there is a sequence {7„} of positive real numbers such that 

72)U(^a/73)U ... is a bounded subset of X l we say that L has 
the first countability property. If there exists a countable family of bounded 
subsets of X i such that for every other bounded subset B there is a 
and a positive real number 7 such that B/y contained in Bn we say 
that L has the second countability property. If the sequence {Bn} in the 
immediately preceding definition may be replaced by a single bounded set 
we say that L is simple. Every simple L has the other four properties 
listed above. Moreover there are enough implications between the proper- 
ties to assure us that of the 32 disjoint classes into which they divide the V% 
at most eight are not empty. We have examples of L’s in seven of these. 

There are a number of theorems describing the behavior of Us with 
various of the above properties. Typical of these the following. L is 
relatively bounded if and only if it is contained in a norm set. If L is rela- 
tively bounded then there is an automorphism T* of the linear system XjJ 
such that Ln 7 "*(L) = 0. If L has the first countability property then 
every maximal subspace of L also has the first countability property. 

Let X L be a linear system. We say that a subset ^4 of X is uniformly 
bounded if for each bounded subset B of the conjugate system l.u.b.(i < b) 
(l,u.b.(jc , ^)/(x)) < CO . There always exists a subspace Af of X* such that 
the uniformly bounded subsets of X x. are identical with the bounded sub- 
sets of Xjtf . M is not unique but our proof of its existence leads to a unique 
result which we call the reach of L. If every bounded subset of X x, is uni- 
formly bounded we say that X l is a uniform linear system and that L is 
uniform. It is not known whether or not the bounded closure of a uniform 
L is uniform, nor whether or not the operation of taking the reach is idem- 
potent. Among the things that may be said about uniformity are the 
following. Every complete linear system is uniform. The linear system 
of a normed linear space X need not be uniform but will be if X is of the 
second category or is such that X^/X is finite dimensional where X^ denotes 
the completion of X . Every relatively bounded uniform linear system is 
simple. 

By making use of the general theory of linear systems one can obtain 
information about the nature of norm sets. In doing this it is convenient 
to introduce a concept slightly more general than that of norm set. A real 
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valued function defined on a linear space which has all of the properties of a 
norm except that it may be zero at non-zero elements of the space we call a 
pseudo-norm^^ The set of all linear functionals continuous with respect to 
a pseudo-norm we call a pseudo-norm set. A pseudo-norm set is a norm 
set if and only if it is total. Among our theorems on pseudo-norm sets are 
the following. If Zri, ... is a sequence of pseudo-norm sets then L — 
+ ^2 4“ * • • is bounded closed but is a pseudo-norm set if and only if for 
some w, L = Li -j- La 4- ... + L^. The intersection of a finite number of 
pseudo-norm sets is again a pseudo-norm set and if the underlying linear 
space is infinite dimensional, any pseudo-norm set is the intersection of two 
norm sets. A subspace of an 4^* is an intersection of pseudo-norm sets if 
and only if it is relatively bounded and boundedly closed. Such a sub- 
space need not be a pseudo-norm set. On the other hand if A' ^ is a com- 
plete regular linear system then L is a norm set if and only if it is relatively 
bounded and boundedly closed. The dual of the above theorem on se- 
quences of pseudo norm sets is not true. However, by using uniform 
boundedness a notion of regular inclusion may be introduced in terms of 
which the following true analog may be stated. If L© is a total subspace of 
an A* and Li, Lz, ... is a sequence of norm sets each of which contain Lo 
regularly then L = LiflLaH • • is a norm set if and only if for some », L ~ 
Li|P|L 2 ^ . . . ^L^. 

In a subsequent note we shall describe the results we have obtained by 
applying the theory of linear systems to the study of convex topological 
linear spaces. The proofs of the theorems announced in these notes as well 
as those of a good many others will appear in two longer papers to be 
published later. 

^ This note is a highly condensed r4sum4 of the major portion of the author’s doctoral 
thesis, Harvard, 1942. 

• By a linear space we mean a real linear space. See Banach, ThSorie des opSrations 
IwSaires, 1932, p. 26. 

•L6wig, H., *'Ober die Dimension linearer Raume/’ S^udia Mathematical 5, 18-23 
(1934). 

^ Pichtenhok, G., ''Sur les fonctionelles Un^aires, continues au sens g6n4ralis6,” 
Rec. Math, (Mat. Sbornik) N. S„ 4 , 192-213 (1938), 

• In this note linear means additive and homogeneous. 

• Cf. Mackey, G. W., ’Tsomorphisms of Normed Linear Spaces, Ann, Math.^ 43 , 
244-260 (1942). 

^ Kob^> *’A Theorem on Banach Spaces," Contpositio Matkematica, 7, 135-140 (1939). 

• Larch, E. R., "On a Calculus oS Operators in Reflexive Vector Spaces," Trans. 
Amer. Math. Soc., 45, 217-234 (1939), 

• Ulam, S., "Zur Masstheorie In der aUgemeinen Mengenlehre," Fund. Math.^ 16 , 
Satz 1 146 (1930). 

^ Not to be confused with the pseudo-norm of Hyers; Hyers, D. H., "A Note on 
Linear Topoloi^cal Spaces," BuU. Amer. Math. See., 44 , 76-iTO (1938). Cf., however, 
Wefaausen, J. V., "Transformations in Linear Topological Spaces/* Duke Math. Jour., 4, 
157-^109 (1^8), where the term is used in our sense. 
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ON CERTAIN NON-LINEAR DIFFERENTIAL EQUATIONS OF 

THE SECOND ORDER 

By Norman Levinson 

Department of Mathematics, Massachusetts iNSTrruTE of Technoloov 

Communicated June 11, 1943 

The qualitative nature of the solutions of second order non-linear 
differential equations with a periodic forcinj? term is still largely an open 
matter. Here we shall state certain results we have succeeded in demon- 
strating for a class, C, of such equations of considerable impt)rtance in 
applied mathematics. Rather than define the Class C here, we indicate 
the nature of C by stating that included in C as a subclass are the equations 

^ + f(x) ± + g(x) ^ e(t) 

where (1) f{x), and e(t) are analytic functions for real values of x and 

respectively; (2) there exists some a > 0 such that/(;c) ^ a; (3) x^{x) > 0 
for large |a"1, and lg(A;)| oo as jx] ; (4) there exists some 2>> 0 such 
that for large x > 0, g(f) > hgix)^ ^/zx < { < x; and (5) e{i) has period L. 
(L we assume is the smallest period of e{t),) 

It is known that an equation of class C possesses at least one solution 
of period L. 

Our results state that each equation of Class C falls into one of four ex- 
haustive and mutually exclusive cases according to the qualitative behavior 
of its solutions as / + <» . We now list for each case a necessary and 

sufficient condition to assure that an equation of Class C falls under that 
case and then give some further properties of the case. 

Case I. — A necessary and sufficient condition for Case I is that the equa- 
tion have more than one solution of period L. 

Further properties of Case I : 

ia) There are an odd number, 2n + 1, of solutions of period L of which 
M + 1 are stable and n are unstable as / ® . 

(b) All solutions, other than the n unstable ones of period L, tend to one 
of the « + 1 stable solutions of period L as / . 

Case II, -A necessary and sufficient condition for Case II is that there 
exist at least one periodic solution of least period qL, q an integer > 1. 
(Such a solution is called subharmonic,) 

Further proj,>erties of Case II : 

(a) There exist no subhannonics with period distinct from qL, 

(b) The one solution of period L is stable if g > 2. 

(c) Tber^ are an even number of subharmonic solutions, half of which 
are stable and the other half unstable. 
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{d) All solutions, other than the several unstable subhannonic ones, tend 
to the stable subhannonic ones or to the solution of period L as / — ► + oo . 

Case III . — A necessary and suificient condition for Case III is that there 
exists only one periodic solution and that all other solutions tend to this 
one as ^ + 00 . 

Case IV. A necessary and sufllcient condition for Case IV is tliat there 

exist only one periodic solution and that not all solutions tend to this one 
as t -h 00 . 

Further properties of Case IV : 

(a) The periodic solutioti is stable. 

{b) There are solutions which are of the type Birkhoff calls discontinuous 
recurrent. 

We observ e that any cquatif)n of Class C which has more than one peri- 
odic solution falls under Case T or Case II. Cases I, II and III are all 
known in practice. What conditions are required to exclude the possi- 
bility of Case IV, which we shall term the singular case, may be a hard 
question to answer. Case IV is intimately related to the singular case for 
motion on a torus. 
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THE STRUCTURE AND FUNCTION OF THE GOLGI SYSTEM 
IN THE LIVING CELLS OF DEVELOPING MOLLUSCS 

By Leonard G. Worley 

Dbpartmbnt of Biologv, Brooklyn College and The Scripfs Institution of 

Oceanography* 

Coinmt4nicated July 14, 1943 

Practically all of our knowledge of the Golgi apparatus has been built 
up through the study of fixed, osmic or silver, preparations, it not being 
generally realized that this important cytoplasmic inclusion can be re- 
vealed in many living cells by means of vital methylene blue staining. 
Rdiance on the fixed preparations has created a great deal of confusion 
with regard to the structure of the Golgi bodies, because their nature is 
such that they only rarely lend themselves to faithful preservation by 
fixing fluids. In molluscs, these inclusions are of such large size that it has 
been possible to follow their behavior in intact embryos over periods of 
several days and considerable new information has been gathered regarding 
their structure and function. 

Such observations reveal that the generalized Golgi body in molluscs 
is typically a more or less spherical, simple vesicle, posseting a chromo- 
philic, gel-Hke, relatively lipoidal pellicle covering a relatively more pro- 
tein, fluid, chromophobic core. The pellicle is thickened over one surface 
of the sphere forming a bowl-shaped structure which, through the micro- 
scope, looks like a crescent (Fig. 1 (.4)). The relation between the thick- 
ened, bowl-shaped portion of the chromophile and the chromophobe is 
somewhat like the relation that exists between the ^'crescent** moon 
and the moon as a whole, except that in the Golgi body a thin layer of 
chromophilic material completely encloses the chromophobe. These gen- 
eralized bodies are clearly endowed with the ability to keep the lipoidal 
and protein components segregated, hence the visible differentiation into 
chromophile and chromophobe. But they are the immediate descendants 
of homogeneous droplet-like forms where no such ability is manifest (Pig. 
1 (B)). These droplets, in turn, are derived from smaller and presum- 
ably more solid granules which may be considered '^reserve*’ forms (Fig. 

1 (C)). 



226 


ZOOLOGY: X. G. WORLEY 


Proc. n. a. a 


The enlargement of the granules to form droplets aaid the development 
of the droplets into larger, simple vesicles are due, with very little doubt, 
to the absorption of substances from the cytoplasm. This absorbing 
quality, together with the segregating tendency already referred to, con- 
stitute the two most fundamental physiological characteristics of the Golgi 
substance in these species. 

In developing molluscs, the generalized Golgi bodies give rise, following 
gastrulation, to exceedingly active and highly specialized forms. By this 
period, quantities of the original yolk have been dissolved in the cyto- 
plasm and although much has, no doubt, been oxidized, the Golgi elements 



lOOURE 1 

laving Goigi bodies seen in tnK'hophore of the teclibraiich Navanax 
(X 1000). A, generalized form, showing "‘crescent’ 'dike chromophilc, 
and chtoinophobe ; B, droplet; C, granule; D, compound vesicular 
forms, each showing several chromophobes. 

absorb large amounts of the material and increase eonsiderably in size, 
forming elaborate, compound vesicular bodies (Fig. 1 (/))). Within the 
chromophilic material, new vesicles continually make their appearance 
and, in the trochophore larva, small (I'*) fat droplets are continually dis- 
charged into the cytoplasm. In the pelccypod Mytilus, the absorption by 
the Golgi bodies of all of the ultramicroscopic, pigmented fat particles of 
the single-celled egg results in the freeing of the ground cytoplasm of pig- 
ment and the de|K)sition of this pigment in the C^dgi inclusions. 

The discharge from each enlarged Golgi body of large (4-6'*) protein 
spheres (the original chromophobes) is characteristic, in nudibranchs and 
tectibranchs, of the early veliger larva. In this process, the chromophilic 
portion of the stnicture withdraws from around the chromophobe and 
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condenses into a chroniophilic, i>ycnotic mass, which can be shown to be 
rather solid. The pycnotic phase, however, is soon followed by a stage in 
which tile mass becomes resolved into a number of spherical, relatively 
fluid, droplets. Each of these soon differentiates into a generalized vesicle 
as the segregating tendency is resumed and the cycle of the system begins 
anew. 

The breaking up of the jiycnotic (jolgi body into droplets is the repro- 
ductive phase of the cycle and is the only method by means of which the 
Golgi elements increase in number during early development. In other 
words, there is no “dictyokinesis" accompan3dng every division of the cells, 
all multiplication being a mass division of the sort just described and al- 
ways occurring after the assumjition of a pycnotic. condition following a 
period of marked synthetic activity. I'his also appears to be the situation 
during oogenesis where the synthetic period results in the deposition of 
large quantities of fat and protein yolk in the oocyte. The multiplication 
period clearly increases the number of Golgi elements, thereby in tecti- 
branchs providing a sufficient number for the new cells of the growing 
embryo. In the event that the embryo is not increasing in size during this 
period, as in Mytilus, this increase in mmiber may be offset by a fusion 
phase preceding the active synthetic period. The fusion phase reduces the 
total number of Golgi bodies, but the original number is approximately 
restored during the multiplication period. 

In the account just given, the internal chromophobe of each Golgi 
body is a potential protein or fat product which gradually becomes much 
more viscous as development proceeds. The elaboration of such products, 

i 

in molluscs, occurs chiefly ivithin the Golgi vesicle, but elaboration outside 
the vesicle is employed in Mytilus in the. development of certain large 
oily yolk droplets. In this case, the product first makes its appearance 
within a group of small Golgi bodies, all of which appear to contribute to 
the single common yolk sphere. The mechanism involved in this process 
is not clear, but it is significant that elaboration of a product can take 
place merely through contact of the Golgi body with the ground cyto- 
plasm. 

In developing molluscs, the function of the Golgi system appears to be 
the continual mobilization of the fat and protein reserves within the cell. 
Why the embryo should continually dissolve its formed yolk inclusions, 
only to elaborate new one>s is not immediately evident, but that the phe- 
nomenon is of fairly general occurrence in animals is indicated by the work 
of Schoenheimer^ who finds that almost all of the proteins of the body are 
continually undergoing synthesis and breakdown. Should the Golgi 
system be found to be concerned in this protein turnover in higher animals, 
as it seems to be in the molluscs, it would prove to be a cytoplasmic con- 
stituent of greater metabolic significance than we have realized. 
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Summary. ^T ot the first time, the Golgi system has been continuously 
followed in livings developing animal eggs. The multiplication of the 
Golgi elements has been observed and the r 61 e of the Golgi substance as an 
absorbing mechanism and protein and fat elaborating system is described. 
The active Golgi bodies are found to originate from minute, chromo- 
phiHc “reserve** granules. 

* Contribution from the Department of Biology, Brooklyn College, No. 45, and 
Contribution from The Scripps Institution of Oceanography, New Series No. 208. 

^ Schoenheimer, R., The Dynamic Body Constitnenis^ Cambridge, Mass., 1042. 


THE RELATION BETWEEN THE GOLGI APPARATUS AND 

^^DROPLETS^^ IN THE CELL STAINABLE VITALLY WITH 

METHYLENE BLUE 

By Leonard G. Worley 

Department op Biouksy, Brooklyn College ano The Scripps Institution op 

Oceanography* 

Communicated July 14, 1043 

There has been considerable difference of opinion concerning the na- 
ture of certain “droplets** that become visible in cells when the tissue is 
stained with various basic vital dyes. One group of workers, notably 
Beams, ^ Ludford,* Chang* and others, holds that these are “neoforma- 
tions* ’ resulting from the vital dye treatment and that they have no counter- 
part in the unaltered, living cell. Another group of investigators, notably 
Covell and Scott, ^ Cowdry and Scott, ^ Ma,® Owens and Bensley^and Parat,® 
are of the opinion that these “dye droplets** represent the living Golgi 
material and that the classical Golgi apparatus of the fixed and osmicated 
cell results either from a precipitation of the osmic salt in and around these 
droplets, or from their running together and fusion as the result of fixation. 
In recent years, the tendency has swung in favor of the first contention, 
but crucial proof of neither of these views is at hand. 

In my work, '^droplets" of this kind have been revealed by means of 
supra- or intravital methylene blue staining of the tissues of many inverte- 
brates, including the salivary gland cells of the larva of the midge Chirono- 
mus, and the smooth muscle, pancreas, liver and gall bladder of the frog 
and the smooth muscle, adipose tissue, pancreas, liver, kidney, thymus, 
bladder and pars distalis of the kitten. Usually, these “droplets** are 
opaque and show, in life, no internal structure and the reasons for their 
being considered “dye droplets*' by so many workers are evident. 

However, in all cases thus far examined, when living tissues containitig 
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these *'dye droplets’' are treated witli hypertonic salt solution, thus simu- 
lating the shrinkage that so frequently attends osmic acid fixation, the 
“droplets" rupture and form in each cell a group of fixtures that collec- 
tively so closely resemble the classical Golgi apparatus that there is little 
doubt but that the two are ideiiticaL 

Experiments with hypertonic salt solution have shown that each ‘'excre- 
tion droplet" is in reality a duplex structure, consisting of a rather thick, 
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FIGURE 1 

Living Golgi vesicles in the salivary gland of the larva of Chirononius. stipravitally 
stained with methylene blue (X 500). 

figure 2 

Same five minutes later after treatment with hypertonic salt solution ( X 1000). The 
vesicles have ruptured, producing the classical Golgi figures. Compare with figures of 
Beams and Goldsmith.® 


chromophilic, gcl-like pellicle and a fluid core, the latter corresponding to 
the chromophobe or osmiophobe of many invertebrate Golgi bodies. 
The fluid interior appears to be held under some slight pressure by the 
pellicle and the structure, far from being a mere droplet of dye is actually 
a simple turgid vesicle. 

When these Golgi vesicles in the relatively inactive gland cells of Chi- 
ronomus (Fig. 1), for example, are treated with hypertonic salt solution. 
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many chromophilic rings are immediately formed, each of which usually 
shows a localized thickening (Fig. 2). These vesicles, therefore, have an 
internal structure which no ordinary dye droplet could possibly be claimed 
to possess. Furthermore, the pellicle is revealed by these experiments 
to be much thicker than would be the case of a surface membrane that 
might conceivably be accredited to an excretion droplet. When relatively 
active gland cells are similarly treated, the fluid vesicle content squirts 
out into the cytoplasm forming chromophilic “streamers” which immedi- 
ately solidify, or the entire vesicle may elongate forming a coarse thread. 
Under favorable circumstances, these threads and streamers, in the mam- 
malian acinar cells of the pancreas, contact each other forming a chromo- 
philic pseudoreticulum which bears a striking resemblance to the classical 
Golgi app^atus of the osmicated cell. This resemblance may be ftxrthcr 
increased by allowing the material to desiccate on the slide, thus simulating 
tissue dehydration. Frequently, both intact, and ruptured or elongated, 
vesicles may occur side by side in the same cell. This probably accounts 
for the widespread belief that since “dye droplets” or “vacuome (?)” 
(unruptured Golgi vesicles) and Golgi apparatus (ruptured or elongated 
Golgi vesicles) can be demonstrated in the same cell, the two are not iden- 
tical. Indeed, this may be true in some tissues, but it is certainly not the 
case in those mentioned above. 

When vitally stained amphibian smooth muscle cells are treated with 
hypertonic salt solution, tlie Golgi vesicles become flattened into discs 
which, upon desiccation, due to their soft gel-like consistency often fuse to . 
form a longitudinal plate-like structure. It is probably in this manner 
that the classical lamellar form of the fixed Golgi apparatus in these cells 
is brought about by the fixing fluid. When vitally stained tissue is treated 
with hypertonic salt solution after a considerable delay followng its re- 
moval from the animal, distortion of the vesicles is less marked, probably 
because on standing the vesicles undergo a considerable increase in viscos- 
ity. 

These statements are not intended to imply that true excretion droplets 
never occur in vitally stained tissues, but it is perfectly clear that in the 
tissues thus far examined, the classical Golgi apparatus of the fixed cell is 
formed from chromophilic vesicles of the living cell that have frequently 
been considered “neoformations.” It appears very probable that there is a 
correspondence between the “vacuome” and the Golgi system in far more 
instances than we have been accustomed to believe. At the same time, 
the vital methylene blue staining technique has revealed true Oolgi pud- 
dingstone-like masses in invertebrate odeytes and devdoping embryos 
which, in section, appear network-like. 

Summary . — ^The living Golgi system in many invertebrate and verte- 
brate cells consists of a series of chromophilic vesicles, each with a rath^ 
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thick gd-like pellide enclosing a fluid core. Upon treatment of the vitally 
stained tissue with hypertonic salt solution, thus simulating fixation 
shrinkage, these vesicles can be observed to collapse, discharge the fluid 
veside content or elongate forming a pseudoreticulum similar to that ex- 
hibited by the Golgi apparatus of the osmicated cell. Desiccation, super- 
imposed upon the shrunken material, provides an even more striking pic- 
ture of the classical Golgi apparatus. 

* Contribution from the Department of Biology, Brooklyn College, No. 46, and 
Contribution from The Scripps Institution of Oceanography, New Series No. 209. 

* Beams, H. W., Anat. 45, 137-162 (1930). 

* Ludford, R. J„ Proc. Roy. Soc. London, B107, 101-114 (1930). 

* Chang, H. C., Anai. Rec., 62, 96-104 (1935). 

* Coveil, W. P., and Scott, G. H., Ibid., 38, 377-400 (1928). 

» Cowdry, E. V., and Scott, G. H., Arch, de VInstitut Pasteur de Tunis (1928). 

« Ma, W.. Chinese J. Physiol., 4, 381-386 (1930). 

^ Owens, H. B., and Benslcy, R. R., Am. J, Anat., 44, 79-110 (1929). 

» Parat, M., Arch. d*Mik. Anat., 24, 73-367 (1928). 

» Beams, H. W., and Goldsmith, J. B., /. Morph., 50, 497-516 (1930). 


MATTER, ELECTRICITY AND GRAVITATION IN FLAT 

SPACE-TIME 

By George D. Birkhoff 

Harvard UNiVBRSiry 
Communicated July 13, 1943 

In 1927 I presented two Notes^ in which there was attempted a con- 
ceptual approach to the then new Schrodingcr wave equation. This was 
done by taking matter to be a “perfect fluid,” defined against the back- 
ground of the curved space-time of Einstein^s celebrated gravitational 
theory of 1916. 

In Februaiy of last year I had the honor of presenting at Puebla and 
Tonantzintla, Mexico, before the Astrophysical Congress convening there, 
a new gravitational theory based on the same perfect fluid in the much 
simpler flat space-time characteristic of modem electromagnetic theory 
and special relativity. Already in 1912 Nordstrbm had proposed a gravi- 
tational theory founded upon this type of space-time;^ but his theory 
failed in that it did not account for the observed slight advance of the peri- 
helion of Mercury beyond the amount indicated by the classical Newtonian 
theory. 

My theory was obtained by laying down those demands which seemed 
most natural and elegant from the mathematical point of view. 
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In the present Note I wish to indicate in outline the modified account of 
matter, electricity and gravitation thus arrived at. The appropriate 
mathematical language is no longer that of tensors as in my two Notes of 
1927, but is that of 4-vectors. It should be emphasized that, from the 
mathematical and philosophical p<3int of view, the new theory is very 
simple. 


1. Normal Coordinates in Flat Space-Time 
Let d$ denote the element of local time so that 

ds'^ dt'^ - dx^ - dy2 ~ 

where dt and dx, dy^ dz refer to the usual time and space coordinates in 
seconds and light-seconds, respectively. If now we replace /, x, y, z by 

“ a/ — l:r, — V^— ]y^ — \/— 12 , this foimula takes the form 

ds^ = (dx^)^ + {dxT + (dx^y + {dx^y, 

and die corresponding coordinates x* are called normal codrdinates. In 
such normal coordinates the language of 4- vectors becomes the same as 
that of 3- vectors in ordinary space. For this reason it is possible to use 
subscripts throughout rather tlian the subscripts and superscripts charac- 
teristic of tensor theory. Thus we have 

ds^ = dxa^ ( 1 ) 

For brevity we shall use such normal codrdinates almost cKclusively. 


II. The Perfect Fluid 

By genera] consent the energy tensor of the homogeneous adiabatic 
fluid is written in essentially the form 


— p6ij 

and, in terms of it, the equations of motion are written 





( 2 ) 

(3) 


Here p and ^ = f{p) designate, respectively, the density and pressure of the 
fluid, Ui is the velocity vector dxt/ds, is the usual Kronecker iy, and/, 
stands for the body force vector per unit of volume. 

T. he perfect fluid is singled out by the further requirement that dis- 
turbance velocity is to be that of light at aU densities, with the correspond- 
ing equation of state, 


P p/2, 


(4) 
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Only with this type of fluid can essential mathematical difficulties be 
avoided at collision of portions of the fluid.* It is also assumed that there 
is an equilibrium density po corresponding to a cosmic pressure po/2. The 
precise value of this density nowhere enters, and it would be equally pos- 
sible to suppose that the equation of state has the form p == (p — po)/2 
and that the pressure is 0 at the free boundaries in the customary manner. 

We recall that the force vector is necessarily orthogonal to the velocity 
vector Ui 

faUa = 0. (5) 


III, Thk General Hypotheses on the Forces 

We propose now to make the following assumptions: (a) the force vector 
ft is rational and integral in the velocity components, of not higher than the 
second degree; and ( b ) the coefficients are homogeneous and linear in the 
first partial derivatives of the corresponding potentials, namely, the atomic 
potential ^ which I introduced in 1927 (loc. cit.), the usual vector electro- 
magnetic potential tpu and the symmetric gravitational tensor potential 
ht^ defined in the present Note. We shall furthermore suppose that (c) 
there are no degenerate quadratic terms in the velocities, i.e., no terms re- 
ducing to terms independent of Ui in view of the fundamental identity 
== 1 . These three types of potential seem appropriately designated, in- 
asmuch as they refer primarily to matter, to electricity and to gravitation, 
respectively. 


IV. The Atomic Potential \p 

The components of the external forces acting on unit volume of the 
perfect fluid due to the atomic potential will, according to our general hy- 
pothesis above, be given by a vector of the form 

of degree 0 in the velocities. Since is itself a vector it follows that 

Cij must be a (numerical) tensor, and it is immediately obvious that it can 
only be a multiple of In fact if and are any two vectors, the associ- 
ated rational invariants are their squared lengths and the cosine of 

Ihe angle between them, This fact shows that 

must be cda 0 tMf 0 , Hence as was stated, and the force 

vector under consideration must be ^/bxt up to a constant multiplier 
which may be absorbed into 

But the condition (5) upon this component of /< obviously yields 
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dyf^ 

d$ 




i.e,» the atomic potential remains constant along the world line of any particle 
of the perfect fluid. It is assumed that ^ vanishes along the free boundaries 
and in empty space. 

The formula for the corresponding atomic body force is, of course, 



The primordially given atomic potential p supplies a useful mathematical 
instrument in the construction of a conceptual theory of matter and elec- 
tricity. Thus in 1927 (loc. cit.) I showed how the atomic potential might 
be used to obtain an atomic frequency equation which closely. resembled the 
celebrated wave equation of Schrodinger. 

The model atom which I proposed was not positively unstable, although 
without rigidity. If it be required that the elementary constituents of 
matter, such as the proton, electron and neutron, cannot become locally 
concave this difficulty disappears (see my Oslo paper). We would have to 
suppose then that, in the moment when such concavity tends to be pro- 
duced, there arises a tensional normal force at the surface just sufficient to 
prevent it. Under such a condition a closely packed set of elementary 
constituents would necessarily have polyhedral forms, and this property 
would seem to indicate a possibility of crystalline structure and rigidity. 
There would obviously be a tendency of such everywhere convex bodies to 
maintain a roughly spherical form under collisions and other strong dis- 
turbances. 


V. The Electromagnetic Potential tpi 

As indicated above, the electromagnetic force vector/,*, which arises from 
the terms linear in the velocities, is to be a vector of the form 

d^a 

Since it is our intention to identify the potential <Pi with the usual electro- 
magnetic vector potential, we impose the condition 



where v is the density of electricity. Now the only possible constituent 
tenns in Sax are to be obtained from 
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dXg 


Ur 


by a single contraction of indices and choice of a subscript i, in the three 
possible ways: 


bXa 


Ua» 


dXi 


u 


at 


dXa 


Ui. 


Consequently the force vector in question is of the form 


. , 

Of T — "f“ 0 


dxi 


u^ + c 


bipa 

bxa 


Uf , 


But by the general requirement (5) this has to vanish for t = 1 when lii « 1, 
Wji Wj “ Wi = 0| i.e., 


(a + b) + c s 0. 

UXi 


Since there is no necessary relation between bipi/bxi and bipa/bx„t we infer 
that a + 6 » c « 0, Hence this electromagnetic force vector is essentially 






since the ponderomotive force is proportional to the electrical density <r. 


VI. The Gravitatiokal Potential ha 

By analogy with the Poisson equation in classical gravitational theory, 
we shall assume that a similar equation holds in each separate component 
of the symmetric energy tensor T tj and the corresponding component ht^ of 
the symmetric gravitational potential htj, namely, 

where the multiplier Sir is selected for reasons of convenience. This condi- 
tion (Gi) is evidently the simplest analogous equation from the formal point 
of view. 

According to our initial hypothesis the types of terms which may enter 
in the corresponding gravitational force vector /«<, arising from the quad- 
ratic terms in the velocities, are derived from 
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by a double contraction of indices and choice of the index i. 
six possible types : 


bx0 


U„Uff, 


dk 




dx{ 




bhaj 


UfiUu 


dxfi 


UfiUu 


dhia 



This yields 


dXi 



But the last two types reduce respectively to dhux/^a and bhaa/^Xi since 
U 0 ^ = 1, and so are of the degenerate type excluded by the hypothesis (c). 
Thus the most general available gravitational force vector is of the form 


a — + b ~~~ UaUft + c — — U 0 Ui + d r — UfiUf 

A 


fi bXi 

But by (5) this must vanish for i 


bXa 
1 if — 1, 


Uz = Ui = 0, so that 


f , r \ - bheta ^ 

{a + b) — + c + d -- == 0. 
OXi OXa OXi 


Since the quantities bhn/bxu bha\/bxa and bhaa/^^i are independent of 
one another we must have a + 6 = c = d~0. This yields for the gravi- 
tational force vector essentially the following expression 




where the factor p is introduced since the gravitational force is proportional 
to the density p. 


VII . The Complete Theory 

We have then an energy tensor given by (2) with p *= p/2. The equa- 
tions of motion are given by (3) where 

/( = fxi “t“ fsi H" foi» 

The three terms on the right are defined by (^ 2 ), {Ez)^ (ft), and are of degrees 
0, 1, 2 in the velocities. Furthermore the equations (i4i), (£i), (ft) deter- 
mine, respectively, the atomic, electromagnetic and gravitational poten- 
tials involved. Thus we have 21 dependent variables, p, <r, Uu ipu hut 
and we have 20 equations in these variables, namely, the 4 equations of 
motion (2), the single equation the 4 equations (£ 1 ), the 

10 equations (Gi) and in addition the relation uj » 1. This is as it 
should be since the electromagnetic potential <Pi is only determined up to the 
gradient of an arbitrary function, b V/bXi, It is to be remembered that in 
empty space we take the atomic potential ^ and the energy tensor to 
vanish. 
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This system of equations is complete and consistent as a mathematical 
embodiment of matter, electricity and gravitation. The corresponding 
system in the generalized theory of Einstein is incomplete to the extent 
that the equation of state of the homogeneous adiabatic fluid is not speci- 
fied, and it is inconsistent in that when two portions of the fluid collide, the 
equation of motion may break down. 

VIIL R^sum6 of the Nriw Gravitational Thbory 

Ixit us now disengage as far as possible the new gravitational theory and 
consider to what extent its predictions are in agreement with the known 
facts. 

Matter is supposed to be either that special, mathematically satisfactory, 
homogeneous adiabatic fluid for which p = p/2 or, presumably, any form 
of matter in which the disturbance velocity is that of light under all circum- 
stances. 

We take T to designate the energy tensor of matter and suppose that 
the equations of motion iti the absence of a gravitational field (i.e., when 
only a small quantity of matter is present) may be written in the usual 
form: 


to _ ~ 

where /< is a suitable force vector. It is then assumed that in tlie case of 
a gravitational field we may write the force vector /| in the form 

/<=/<+ fau 

where designates tlie gravitational force vector.* 

We assume further that there is an associated symmetric gravitational 
tensor potential hts such tliat a Poisson equation (Gi) holds in each com- 
ponent of hi) relative to Tij, In empty space is taken to vanish. 

Under these circumstances foi cannot be independent of the velocities 
since a proper force vector must be orthogonal to the velocity vector. 
Moreover since gravitational theory is reversible in time (in contradistinc- 
tion to electromagnetic theory), and since in the classical theory the gravi- 
tational force components are given by the components of the gradient of 
the gravitational potential, we assume that the gravitational force vector is 
homogeneous and quadratic in the velocity components, and homogeneous 
and linear in the first derivatives of the components of the gravitational 
potential, and furthermore that none of its components are degenerate, i.e., 
involve a factor ** 1. 

In this way we obtain for the gravitational force vector the unique 
expression (A). Thus our complete system of equations is 
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8irr„. 


where we regard /©( and 7 \j as replaced by their explicit expressions. 

It is our intention in conclusion to indicate why this simple theory of 
gravitation set in the framework of flat (i.e., classical electromagnetic) 
space-time is in agreement with the observed facts. 


IX. Gravitation in the Quasi-Stationary State 

Let us suppose first that the portions of the perfect fluid are moving at 
small velocities relative to some frame of reference so that we have approxi- 
mately «i = 1, “ Wa ” W4 “ 0. In this case we find in the co5rdinates 

r* = X, r* ^ y,x^ — z, 

( 5* d* \ 

approximately so that is negligible for i 5^ j while hu for t =* 1, 2, 3, 4 
reduce to the ordinary gravitational potential g. The gravitational force 
vector per unit of mass then reduces to the gradient of g. Thus the theory 
is in first order agreement with the Newtonian theory. 


X. The Centrally Symmetric vState 

vSuppose next that we have a sphere of the perfect fluid at rest with its 
center at (x, y , z) « (0, 0, 0) . Of course T ^ and htj will then be independent 
of the time and ovar Poisson tensor equation reduces to the equation writ- 
ten above in the same coordinates so that we obtain for all i and 7 the exact 
equation outside of the sphere 

fK 

(r, radied distance) 
f 


where m is the mass of the fluid sphere. 

’ Thus the three exact equations of motion for a particle at (x, y, z) at 
tracted by the sphere are found to be of the t)rpe 




tnx 

“F 


2 m 


(x'* + + *'>) + 


mV 


where the accent ' indicates differentiation as to s. It is to be observed 
that the first terms on the right yields the dominant Newtonian force com- 
ponents, the other two small terms being rdativistic in origin. 

Now there is no essential restriction in assuming that the initial plane of 
the motion through (0, 0, 0) is the s-plane, whence we can at once condude 
thats » 0 for all time. Hence we have only to solve the first two equations 
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with s 0, r = /rc* + y®. This is a readily integ;rable pair of equa- 

tions with x\ y* and y, —a: as two pairs of integrating factors. 

The differential equation of the path of the particle is seen to be 

S) 

where u ~ Xjr and 9 is the longitude; h and C are arbitrary constants of in- 
tegration. lliis may be integrated by an obvious quadrature. 

It is thus readily established that the resultant formulas for the advance 
of perihelion of the particle {x, y, s) and the deviation of a ray of light 
(thought of as the path of a photon) in the gravitational field of the central 
sphere of matter are the same in their principal parts as in the Einstein 
theory. Furthermore the formula for the spectral shift toward the red is 
also in essential agreement with that theory. The exact expressions are, 
however, different.^ 

Thus the simple theory of gravitation here outlined seems well adapted to 
explain the known physical facts. Like the Einstein theory, it has the ad- 
vantage of involving no arbitrary constants whatsoever. However, it is 
essentially different in that it presupposes a framework of flat space-time 
instead of space-time curved by matter, and a basic form of matter in which 
the disturbance velocity is that of light. 

^ '"A Theory of Matter and Electricity,” "The Hydrogen Atom and the BaUner 
Formula,” these Proceedings, vol. 13, 1927. See also my article, “The Foundations of 
Quantum Mechanics,” in the Proceedings of ike International Mathematical Congfess at 
Oslo, 1 (1930), 

■ "Relativitatsprinzip und Gravitation,” Physikaliscke Zeitschift, 13 (1912). 

* In a paper about to appear in the Revista de Ciencias de Lima, entitled “Sobre el 
Fldido Perfecto,” I have shown by direct integration that at least in two-dimensional 
space-time, such difficulties do not arise with the perfect fluid. 

* It is a mistake to believe that the Einstein theory of gravitation does not similarly 
superimpose a gravitational force upon the other forces. It is only the mechanism of 
the superimposition which is different in the Einstein theory. In fact any physical 
theory without gravitation in flat space-time becomes one with gravitation in curved space- 
time when ordinary derivatives are replaced systematically by the covariant derivatives 
of the tensor calculus. 

* The details of the new gravitational theory will appear in my article '*£1 conoepto 
de tiempo y la gravitaci6n” in the Proceedings of the Astrophysical Congress held at 
Puebla and Tonantrintla, Mexico, in Febniaiy, 1942. 
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GROUPS OF TRANSFORMATIONS OF THE NON^INVARIANT 

SUBGROUPS 

By G. a. Miller 

Department of Mathematics, University op Illinois 
Communicated June 24, 1943 

All the non-invariant subgroups of a given group G are transformed under 
G according to a permutation group K whose degree is equal to the number 
of these subgroups, but not every permutation group of an arbitrary de- 
gree n is the group of transformations of the subgroups of some group. In 
particular, it will be proved in what follows that no imprimitive permuta- 
tion group is the group of the transformations of all the non-invariant sub- 
groups of some possible group and all the possible primitive permutation 
groups which are the groups of the transformations of the non-invariant 
subgroups of some group under this group will be determined. It therefore 
will remain only to determine some of the possible intransitive permutation 
groups which can be the groups of the transformations under a group of 
all its non-invariant subgroups of G. 

The operators of G which correspond to the identity of K are composed 
of all the operators of G which transform each of its subgroups into itself 
and they constitute a subgroup of G which has been called the norm of GA 
To emphasize the fact that they constitute an important special character- 
istic subgroup of G we shall call this subgroup the citaracter subgroup of G. 
A necessary and sufficient condition that the character subgroup of G is G 
itself is that G is either abelian or hamiltoiiian. In all other cases the 
character subgroup of G is a proper subgroup of G whose index under G is 
at least as large as 2, and when it is of this index it cannot be hamiltonian 
and it must therefore be abelian. 

To prove this fact it may first be noted that whenever the character 
subgroup of G is of prime index under G it involves all of the non-invari- 
ant subgroups of G. In particular, it involves all the operators of prime 
order contained in G. If the character subgroup of G is of index 2 under G 
it must therefore contain all the operators of order 2 which appear in G. 
There must be operators in G whose order is a power of 2 and which are 
not contained in the character subgroup of G. If this subgroup were non- 
abelian and would have an order whicli is a power of 2 it would also contain 
all the operators of order 4 which appear in G. If this were not the case an 
operator of order 4 which would not be found in the character subgroup of 
G would generate an invariant subgroup of G but its square could not be 
the square of the operators of order 4 found in the character subgroup of G 
since this subgroup contains all the operators of order 2 which appear in G. 

It therefore results that the operators of order 4 which would not appear 
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in the character subgroup of G would have different squares. As this is 
clearly impossible and since not all of the operators of G which do not ap- 
pear in its character subgroup could be of order 8 as a result of the proper- 
ties of the possible groups of order 16 it has been proved that whenever 
the character subgroup of G is of index 2 it must be an abelian subgroup of G. 
When the character subgroup of G is of a larger prime index under G it is 
not necessarily abelian as results directly from the fact that a direct prod- 
uct of the quaternion group and a group which involves a prime number of 
conjugate subgroups, while all its other subgroups are invariant, contains 
a non-abelian character subgroup of prime index, where this prime is an 
arbitrary odd prime number. 

It is known that a regular group of any prime order is the group of the 
transfonuations of all the non -invariant subgroups of some group.* We 
proceed to prove that no regular group of composite order can have this 
property. This will be done by showing that we arrive at a contradiction 
by assuming that a regular permutation group of composite order is the 
group of the transformations of all the non-invariant subgroups of some 
group. Two facts which should be kept in mind in this proof are that all 
the non-invariant subgroups contained in G would be conjugate under G 
and that all these non -invariant subgroups would appear among the opera- 
tors of G which would correspond to the identity of K. 

To simplify this proof we shall first consider the case when tliis regular 
group is of even order. To a permutation group of order 2 in A there 
would coi9*espond in G a group whose character subgroup would be of 
index 2 under the group and hence this character subgroup would be abelian. 
Hence this group would have a commutator subgroup of order 2 and all of 
its operators which do not appear in the given character subgroup would 
generate this commutator subgroup since each of these operators would 
generate an invariant subgroup of G. tf would involve an operator of 
order 4 it may be assumed without loss of generality that this operator 
would generate the given permutation of order 2 contained in K, This 
clearly leads to a contradiction since the operators of G which correspond 
to the given permutation group of order 2 in K would transform all the 
non-invariant subgroups of G among themselves. This would also be 
true if K would involve a non-cyclic subgroup of order 4. 

The fact to be emphasized in this connection is that the given subgroup 
of order 2 in iC would be invariant under K since the corresponding sub- 
group of G would be invariant under G. If the order of K is not divisible 
by 4 then K must contain a permutation of odd prime order which is 
commutative with the given permutation of order 2. To this permutation 
there would correspond in G an operator which would give rise to a com- 
mutator of odd order. As this is impossible we have arrived at a con- 
tradiction by assuming that the order of K is on even number. If K would 
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have an odd order it is easy to see that the character subgroup of G could 
not have an order which is a power of 2 and hence that this subgroup would 
again be abelian. It therefore results that K cannot be a regular group of 
composite order. 

If K would be an irnprimitive non-regular group its subgroup composed 
of all its permutations which omit a given letter could not be maximal and 
hence G would contain tion -invariant subgroups of different orders. These 
could not be conjugate and hence a proof of the fact that a non-regular 
imprimitive group cannot he the group of the transformations of all the non- 
invariant subgroups of some group under this group is a direct consequence of 
the fact that in such a group the permutations which omit a given letter 
form a non-invariant proper subgroup which is contained in a larger non- 
invariant proper subgroup of the imprimitive group. 

When K is primitive and non-regular its subgroups composed of all its 
permutations which omit a given letter omit only one letter and hence the 
number of these subgroups in K is the same as its degree. It therefore 
results that these subgroups are of prime order and hence that K involves 
a regular subgroup as an invariant subgroup. Moreover, this subgroup 
must be of prime order since the number of the non-invariant subgroups 
of K cannot exceed its degree. It therefore results that if a non-regular 
primitive group is the group of the transformations of all the non-invariant 
subgroups of some group under this group Us order is the product of two dis- 
tinct prime numbers which are such that the larger of these two prime numbers 
diminished by one is divisible by the smaller. This condition is obviously 
both necessary and sufficient. 

The intransitive permutation group of prime order and of a degree which 
is an arbitrary multiple of this order is the group of the transformations 
of all the non-invariant subgroups contained in some group. In particular, 
it is dearly the group of the transformations under the group of all the 
non-invariant subgroups of the group obtained by forming the direct prod- 
uct of a prime power cyclic group and groups which satisfy the condition 
that each contains a number of conjugate subgroups which is equal to this 
prime number but contains no other non-invariant subgroup. It was noted 
above that such groups exist for every prime number and that when the 
prime is odd the group itsdf may be the group of the transformations of its 
conjugate subgroups, as is the case, for instance, when the group is the sym- 
metric group of order 6. 

* Cf, Baer, R., Amer. Jour^ Moih.t 61, 700 (1939). 

* These Procbbdinos, 29, 106 (1943). 
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ON THE UNIFORM CONVERGENCE OF THE SOLUTIONS OF THE 

NAVIER-STOKES EQUATIONS 

By T. Y. Thomas 

DBPARTMBm' OF MATHEMATICS, UNIVERSITY OP CALIFORNIA AT LOS AnOBLBB 

Communicated July 6* 1943 

Let SR be a fixed region of space completely filled by a viscous fluid. 
We assume fR to be finite and to be bounded by one or more surfaces each of 
which may be at rest or in motion. In the case of a fluid occupying an 
infinite region, for example, a hypothetical infinite pipe, 5R, may be taken to 
be the periodicity cell which it is customary to introduce for convenience in 
such discussions. 

Denote by ^ (a — 1, 2, 3) and p the contravariant velocity compo- 
nents and the pressure function of a particular {stationary or non-stationary) 
fluid motion in 5R. Similarly and p will represent the corresponding 
functions for any other motion of the fluid in {R, It will be assumed that 
the viscosity /x and density p of the fluid are constant and that all motions 
satisfy the Navier-Stokes equations and the equation of continuity. The 
quantities and p are the components of an invariant 

{ called the disturbance. We shall derive general conditions under which 
all such disturbances converge uniformly to zero in SR whereupon the above 
particular motion it p will be said to be stable relative to the class of mo- 
tions p (or disturbances {) in question. 

Consider the following inequality 

g" ({.; + gy. rme + g^ ff‘) ^ o d) 

valid in any Riemann space (positive definite form). In (1) the quantities 
i are the components of the covariant derivative of the spatial part of 
the disturbance ( and the functions f* are assumed to be continuous and 
have continuous first partial derivatives in the region 9}. Expanding the 
left member of (1), integrating over 9?, making use of Green’s Iheorem and 
the boundary condition « 0 on the boundary of SR) we find 

fgat g" U iUViiJ’ ill - gy, /V*) gaf rfdV. (2) 

In the case of periodic disturbances for which is the periodicity cell the 
condition of spatial periodicity combined with the above boundary condi* 
tion over the actual surfaces limiting 91 suffices for the derivation of this 
inequality. From (2) and the energy equation for the disturbance (de- 
rived from the Navier-Stokes equations) we obtain the inequality 
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+ fMi: “ ^y6rf) Sa0 + PD^0] SO, (3) 

in which the 0^$ are the components of the symmetric deformation tensor 
of the motion w" p and K is the kinetic energy of the disturbance. 

Now the functions can be chosen so that the form 

(/; - gy> fT)g<.0 e f ( 4 ) 

is positive definite in the closure of 3{, the condition for this being merely 
the existence of tlie condition > 0 over SK, It is easily seen 

that this condition can be satisfied. For example if we introduce rectangu- 
lar Cartesian codrdinates x, y, z with origin in SR and take/^ == F(x), P = 
P ~ the condition will be met if dF/dx — ^ where c is a constant 

different from zero. Integration of this equation gives F — c tan cx and 
hence F will be. continuous and differentiable in if c is sufficiently small. 
It follows that (4) cati be made positive definite in 5{ as above stated. 
Hence if the deformation tensor D is sufficiently small (at all times) the 
integrand in (3) will be positive definite. Under this condition it follows 
from (3) that K, the kinetic energy of the distmbance, will continually 
decrease and from the physical standpoint one must expect that this will 
result in the gradual “damping out” of the disturbance. A strict mathe- 
matical proof of the fact that the disturbance converges uniformly to zero 
can be made on the basis of certain assumptions concerning the con- 
tinuity and finiteness of the disturbance and certain of its derivatives and 
application of Ascoli’s theorem on the convergence of sequences. The de- 
tails of proof are essentially the same as those of a proof given in a previous 
paper: “Qualitative Analysis of the Flow of Fluids in Pipes,” Am, Jour, 
of Math,, LXIVy 754-767 (1942). Understanding that these conditions 
are met we are thus led to the following result. Any motion it p is stable 
in the region SR relative to arbitrary finite disturbances provided that its 
deformation teftsor D is sufficiently small. It follows in particular that if 
tlie deformation tensor vanishes the motion is always stable. 

As a specific example consider the stability of Poiseuille motion in a cir- 
cular pipe relative to arbitrary spatially periodic disturbances. For this 
motion the deformation tensor has the components Du = Dn ** — 
where we have referred the motion to cylindrical coordinates r, z (the 
s-axis coinciding with the axis of the pipe) and where a is the radius of the 
pipe and Wo the velocity of the fluid along the axis. The other components 
of the deformation tensor vanish. The conditions for the integrand in (3) 
to be positive definite can be expressed in the usual manner in terms of the 
elements of the symmetric matrix 
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On observation we see that these conditions reduce to the single inequality 


/; - gy>rf' > 




where R = Woo / v is the Reynolds number, the quantity p being the kine- 
matical coefficient of viscosity. To treat the condition (5) let us make the 
substitution / a = The inequality (5) then becomes 

Rr 

^ < 0, (?k> 0), (6) 

a* 


where the condition ^ > 0 is necessitated by the above requirement that the 
functions /« shall be continuous and differentiable in 5R. We can suppose 
the inequality sign in (6) to be replaced by the equality sign as a limiting 
case. Or if we like we can think of this equation as involving a slightly 
increased value of R in wliich case it will he equivalent for our purpose to 
the strict inequality (C). With this in mind we now suppose that ^ is de- 
pendent on r alone and make the change of independent variable x — 
whereupon the condition (b) becomes 

dH^ 1 4R 

^ ^ = 0, (^ > 0)- (7) 

dr^ X 

A solution of (7) is given by the Bessel function Jq. In fact we have 


The requirement ^ > 0 in SR means that the argument of the above function 
Jo shall not exceed the value of the first root of this function in the interval 

0 ^ r < a. This gives V^4R/9 g 2.4 or R ^ 13 (in round numbers). 

There seem to be two distinct mathematical problems concerning the 
above Reynolds number R according to experimental evidence. First, it is 
well known that large disturbances are damped out when R does not exceed 
a value around 1000. However, recent experiments have shown that even 
for very large values of R disturbances are likewise damped out provided 
they are sufficiently small. ^ There appears in fact to be no upper limit to 
the value of R beyond which small disturbances will not converge to zero. 
To account for this one may have recourse to the so-called linearized equa- 
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tions of the disturbance which can be justified strictly only under the as* 
sumption of aibitrarily small disturbances and this theory should thus lead 
to the stability of Poiseuille motion relative to such disturbances for any 
value of the Reynolds number. In spite of this, stability has been proved 
only for comparatively small values of R and even then only under the ad- 
ditional assumption of axial symmetry. Thus Orr* has arrived at the value 
R < 180 for stability of Poiseuille motion relative to infinitely small axial 
symmetric disturbances. The problem of showing the existence of a criti- 
cal value of R at approximately 1000 is a problem involving finite distur- 
bances and the general theorem of this paper has led only to the insuffi- 
cient value i? ^ 13 for tlie stability of Poiseuille motion relative to these 
disturbances. As far as I am aware there is no previous discussion in the 
literature of the stability of Poiseuille motion relative to finite disturbances 
on the basis of the Navier-Stokes equations. 

‘ See Prandtl, L., and Tietjens, O. G., Applied ITydro- and Aeromechanics , McGraw- 
Hill, 32-35 (1934) for a more complete discussion and references to the literature. 

• Orr, W. McF., ^'The StabiUty or Instability of the Steady Motions of a Liquid. 
Part II : A Viscous Liquid,’' Proceedings of the Royal Irish Academy, (A), 27, 136 (1907). 

For a comprehensive discussion of stability relative to small displacements see Synge, 
J. L., ’’Hydrodynamical Stability/’ Am. M(Uh. Soc. SemicmUennial Publications, 11: 
Addresses, 227-269 (1938). 


RjELATIONSHIP between PARTICLE SIZE AND EFFICIENCY 
OF PALLADIUM^POLYVINYL ALCOHOL {Pd--PVA) CATALYSTS* 

By Louis D. RAMPiNO,t Kevin E, Kavanaoh and F. P. Nord 
Dbpaktubnt op Organic CaBMxsTRy,^ Fordham UNivBRaiTY 

Communicated June 21, 1943 

Spectrophotometric measurements^ carried out on PVA and silver have 
proved that freezing is a suitable means for obtaining reproducible changes 
of the size of particles of colloids. Continued investigations in this labora- 
tory on colloidal noble metals, such as palladium, platinum and rhodium, 
in conjunction with synthetic hijgh polymers and vanadium resulted in 
preparing supported catalysts, which have shown themselves to be ex- 
tremely efficient not only from a kinetic^ but also from a chemical* stand- 
point. 

It was shown in a recent communication* that oriented nickel films with 
the same available surface as unoriented films had five times the activity 
as measured by ethylene hydrogenation. An attempt was made, ac- 
cordingly, to obtain Insight into the causes for increased activity of Pd- 
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PVA catal)^ts by coordinating ultracentrifugation of such solutions with 
measurements of hydrogen consumption, the rate of hydrogenation of 
nitrobenzene^** and determination of the size and shape of catalyst particles 
through electron micrographs. 

Mmsuremenis of Gas Consumption. — First, it was attempted to deter- 
mine whether any difference existed between the surface area or particle 
size of Pd in two types of colloidal supports. PVA was chosen as the repre- 
sentative member of the synthetic polymer series, and gum arabic (GA) 
as the representative of the naturally occurring type of colloid. The 
amount of gas adsorbed served as a means of measuring the surface area: 
for the surface area can be measured by the volume of gas adsorbed. Thus 
a difference in the volume of gas adsorbed by the Pd supported by PVA and 
by Pd supported by GA would serve as a means of distinguishing between 
the size of Pd particles in each medium. 

Apparatus . — ^A thermostat was set at 30 **0. ^ 0.01. Special flasks were 
designed to fit constant pressure manometers, whereby the amounts of gas 
adsorbed were measured. The volume of the vessels which were cylindrical 
in shape was approximately 300 cc. Mercury served as the confining 
liquid in the manometers and dibutylphthalate was used in the supple- 
mentary capillary manometers. 

Two hundred and fifty cubic centimeter samples of 1% PVA solution 
containing 50 mg. of Pd were prepared from 125 cc. of a 2% PVA solution, 
120 cc. of distilled water and 5 cc. of a PdCU solution containing 10 mg. of 
Pd per cubic centimeter, i.e., 1% with regard to Pd. As a blank, a 1% 
PVA solution was made up from 125 cc. of 2% PVA and 125 cc. of distilled 
water. 

These solutions were immersed in the thermostat overnight to bring 
them to constant temperature. The next day, the special flasks, immersed 
in the thermostat and attached to the manometers, were evacuated by 
aspirator, filled with hydrogen and then flushed with H* seven times. 

The hydrogen adsorption on the colloidal palladium was the difference 
between the PVA-Pd solution and the blank. The blank reading was 
added if the volume in the blank solution increased ; subtracted if the volume 
in the blank solution decreased. 

The total gas consumption figure thus obtained was diminished by the 
amount of hydrogen which is necessary to reduce the PdCli (20 mg. Pd) 
to metallic IM. Thus, the absolute adsorption is the total gas consump- 
tion figure minus 4.20 cc. For comparison purposes, however, the total 
gas consumption figure was used. 

The results obtained with PVA-Pd and GA-Pd, in which the colloids 
were pr^ent in a concentration of 1 % and 0.5%, respectively, are pre- 
sented in table 1. 
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TABLE I 

Hydrogen Consxjmption by GA-Pd and PVA-Pd Solutions (100 Cc,) Which Have 

Stood in Thermostat 16-20 Hours 

CC. OV lit aosombbd 

COLLOID AI^ CATALYST 0.5% 1% 

GA-Pd 8.30 -fc 0.20 8.30 0.20 

PVA-Pd 6.50 0.20 3.90 =*« 0.20 

Two observations are of interest. First, a greater hydrogen consumption 
indicating a greater surface, is possessed by the inferior GA-Pd catalyst; 
further, an increase in consumption is shown by the PVA seriCvS when the 
concentration is decreased to 0.5%, whereas the GA series shows identical 
hydrogen consumption for both concentrations. 

It had been noticed that the reddish coUoulal solution containing PVA 
and PdCU had turned to a blackish solution on standing for several hours 
(without hydrogen) in the thermostat. The GA-PdCU solution did not 
exhibit this property but retained its light yellow translucent color. 
To circumvent this darkening, the PVA solutions were made up, let stand 
in the thermostat overnight and then on the next morning, immediately 
before introduction into the measuring vessels, made up to volume of 
250 CC. by the addition of 5 cc, of the PdCU solution. The same was 
done with the GA catalyst. By this treatment, no darkening occurred in 
the PVA solutions. 

With the GA-Pd solutions, no change in hydrogen adsorption was noted. 
However, striking results were obtained with the PVA catalysts. PVA 
(1%)-Pd showed a total hydrogen consumption of 8.05 cc. =*= 0.20; while 
a PVA (0.5%)-Pd showed a gas consumption of 8.25 cc. 0.20. The 
values given here as well as all other figures previously recorded, were the 
mean values of six measurements. It was apparent, then, that there was 
no significant difference between the adsorption of 1% and 0.5% PVA 
when the solutions were made up immediately before placement in the 
measuring vessels. These results are recorded in table 2. In table 3, all 
values are converted from “Total Gas Consumption” to “Absolute Adsorp- 
tion,” i.e., the amount of hydrogen required for reduction of PdCU is sub- 
tracted. 


TABLE 2 

H* Consumption by ‘'Freshly Prepared’"* PVA-Pd and GA-Pd Catalysts. 100 
Cc. OP Solution Containing 20 Mo. op Pd Are Used in All Cases 

cc. OP Hi AoaoxuiBO 

CATALYST SOLUTION 0.5% 1% 

OA'Pd 8.30 .k 0.20 8.30 .>> 0.20 

PVA-Pd 8.26 * 0.20 8.06 -■ 0.20 

“ "Freshly prepared" is used to designate solutions which had the PdCk added im* 
mediately prior to the placement in measuring vessels. 
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TABLE 3 

Absolute H, Adsorption by "Standing"* and "Freshly Prepared" PVA-Pd and 

GA-Pd Catalysts 

CC. Ht ATiaORBBD 


CATALYST SOLUTION 

GA-Pd (sUndiug) 
GA-Pd (fresh) 
PVA-Pd (standing) 
PVA-Pd (fresh) 


0 . 6 % 

4.10 ■*= 0.20 
4.10 ^ 0.20 
2.30 0.20 

3.86 * 0.20 


1 % 

4.10 * 0.20 
4.10 * 0.20 
0.00 

4.05 -= 0.20 . 


O *ii 


'Standing” is used to designate vSoliitions wherein the PVA and PdCh stood in con- 
tact at least 17 hours before transfer was made to the measuring vessels. 


On analysis of these figures it is evident that the adsorptions observed 
in FVA“Pd solutions which are “freshly prepared, approximate those 
shown by GA-Pd. However, in “standing” PVA-Pd solutions a much 
smaller hydrogen adsorption than in GA-Pd was measured, and the 1% 
“standing” PVA-Pd showed no actual hydrogen adsorption at all, when 
allowance was made for the amount of hydrogen required for reduction. 

The explanation of these anomalous results was that the PVA upon 
standing in contact with PdC !2 caused a reduction of the PdCb to 
metallic Pd. This would make intelligible the acquisition by the col- 
loidal solutions on standing of a blackish .shade. It appejirs from the data 
that 1% PVA is able to accomplish this stoichiometrically whereas 0.5% 
PVA does not fully reduce PdCli, only effecting a partial reduction in the 
oveniight time interval. 

This explained the apparent non -adsorption of hydrogen by “standing” 
PVA (1%)-Pd solutions, while a less active catalyvSt GA-Pd exhibited an 
adsorption of 4 cc. 

Thus there was no significant difference in hydrogen adsorption displayed 
by PVA-Pd or GA-Pd solutions. Therefore, by this procedure no differ- 
ences in particle size or available surface could be established between 
GA-Pd and PVA-Pd to explain the superiority of the PVA-Pd catalyst. 

Additional proof for the fact that PVA reduced the PdCb to Pd is af- 
forded by the observation that upon determining the pH of the PVA- 
PdCh solution immediately after mixing and then after standing, an in- 
crease in acidity was noted, due to the formation of HCl by the reduction 
of PdCb. 

Ultracentrifugation and Rate of Hydrogenation. — ^Meanwhile, the prob- 
lem of the relationship between particle size and rate of catalytic hydrogen- 
ation had been attacked from a different angle. The method of approach 
in this instance was to ultracentrifuge colloidal PVA-Pd solutions at various 
speeds, thus effecting a separation of the colloid into small Pd particles 
which would remain in the supernatant liquid and into the large particles 
which would be precipitated by the centrifuging. By quantitative deter- 
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mination of the Pd present in supernatant liquid and in residue and then 
by measuring the hydrogenation rates of equivalent quantities of Pd from 
both, an insight could be obtained into the effect of particle size and avail- 
able surface on the activity of the catalyst. Through the courtesy of Dr, 
R. W. G. Wyckoff, of Lederle Laboratories at Pearl River, New York, 
PVA (1%)-Pd solutions were ultracentrifuged at 200 and 500 r. p. s. There 
was a noticeable difference in the shade of the two supernatant liquids, 
that which was centrifuged at the higher speed being much lighter. 

The supernatant liquids were analyzed in the following way: A 1% 
PVA solution, which had been centrifuged at ,500 r. p. s., was analyzed to 
determine the quantity of PVA in the top one-third and in the bottom one- 
third. Two cubic centimeters of the top one-third contained 18.02 mg. 
of total solid. The bottom one-third contained 20.50 mg. of solid per 2 cc. 
of solution. This gave a total solid in the two portions of 38.52 mg. per 
4 cc. instead of the theoretical 40.00 mg. for a 1 % solution. The total solids 
were then ignited for an hour to give 1.76% ash. This percentage of ash 
was then used to determine the quantity of Pd present in 5 cc. of super- 
natant liquid from the PVA-Pd solutions centrifuged at 200 and 500 
r. p. s. Five cubic centimeters of supernatnat liquid were taken to dryness 
and weighed to give total solids. Total solids were ignited and weighed to 
give "ash.** This "ash’* was in fact ash plus Pd. The weight of ash present 
could be obtained by multiplying the total solids by the percentage of ash 
previously found, i.e., 1 .76%. The weight of Pd could then be determined 
by substracting the weight of the ash thus obtained from the weight of Pd 
plus ash. 


TABLE 4 

Determination of Mg. of Pd Present in 5 Cc. of Supernatant Liquid at Differ- 
ent Rates of Ultracbntrifucation 


SAMPLB 

TOTAL 

SOLID 

Pd + AIM 

IN MO. 

% AftK 

IS PVA 

ASH IN MO. 

(TOTAL 
90UD X 
% Ash) 

Pd IN MO. 
(ash + 
Pd)^ABa 

5 cc. (S. S.)* at 

200 r. p. s, 

44.43 

1.73 

1.76 

0.78 

0.96 

5 cc. {S. S.) at 

500 r. p. 8. 

43.94 

1.28 

1.76 

0.77 

0.51 


* S. S. stands for supernatant solution. 


From the data it is seen that there was twice as much Pd present in the 
supematnant liquid of the sample ultracentrifuged at 200 r. p. 8. as there 
was in the sample centrifuged at 500 r. p. s. Using these data, it was pos- 
sible to set up a kinetic experiment in which the hydrogenation rate of 
equivalent quantities of Pd of different particle size could be compazed; 
it is self-evident, of course, that the size of the Pd particles in the sample 
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centrifuged at 500 r. p. s. was smaller than that of the particles in the 
sample centrifuged at 200 r. p. s. If volumes of the supernatant liquids of 
the two centrifuged samples were taken which contained equivalent quanti- 
ties of Pd, the hydrogenation rate of the supernatant liquid from the sample 
centrifuged at 500 r, p, s. should be greater than that of the sample cen- 
trifuged at 200 r. p. s. because of the greater surface of the former. This 
assumption, which correlates catalyst efficiency and particle size, proved 
correct. 

The hydrogenation rates obtained with these two catalyst solutions con- 
taining equivalent quantities of Pd, i.e., 2 mg., are shown in figure 1, 
where it is demonstrated that the larger surface area in the 500 r. p. s. 
centrifuged sample is responsible for a greater efficiency of the catalyst. 

Next the residues from the ultracentrifuging were analyzed to determine 
their Pd content so that aliquots containing 2 mg. of Pd could be taken and 
then compared with the activity of the particles of much smaller size in the 
supernatant liquids whose hydrogenation rates were just established and 
plotted in figure 1. 

The results of analyses are recorded in table 5. 


TABLE 5 


32.ee. SAMPLE 

Fd 

VOL. OF 

MO. Pd FBK 

TOTAL MO. 

MO. Pd IN 

CBNTitmraBD 

32 cc. 

s. s.« 

6 cc. S. S. 

Pd IN S. 8. 

RBSIDVB 

200 r. p. s. 

12.48 

27.0 

1 

6.40 

7.08 

600 r. p. 8. 

12.48 

26.4 

0.6 

2.64 

9.84 


• “S. is used to designate the supernatant solution. 


In order to conveniently apply the sediments, 5 cc. of distilled water were 
added to each bringing the volumes up to 6.3 cc. and 5.1 cc. for the 500 
r. p. s. and 200 r. p, s., respectively. Thereby, 9.84 mg. of Pd and 7.08 mg. 
of Pd were present in 6.3 cc. and 5.1 cc., respectively. By calculation, 
the proportional volumes containing 2 mg. of Pd were determined and it 
was found that 1,28 cc. of the 500 r. p. s. sediment solution and 1.44 cc. 
of the 200 r. p. s. sediment solution were required. These volumes were 
then made up to 40 cc. in the same manner as were the supernatant liquids. 

From figure 1, a convincing view of the effect of particle size on the hy- 
drogenation rate may be obtained. For therein is presented the hydro- 
genation velocity toward a common substrate of analogous colloidal solu- 
tions of PVA-Pd catalysts containing equivalent quantities of Pd, viz., 2 
mg. The difference between the rates of supernatant liquid and sedi- 
mented residues is striking. In the 500 r. p. s. sample, the sedimented ma- 
terial is about 13 times less active than the supernatant liquid using the 
adsorption of hydrogen at the end of five minutes as a basis for comparison : 
using fifteen minutes' adsorption as a basis, the sedimented material is 
about 7Vi times less active* With the 200 r. p. s. sample, the sediment 
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is about 5 times less active than the supernatant using the adsorption at 
the end of five minutes as a basis of comparison ; using fifteen minutes* ad- 
sorption as a basis, it is about 4 Vj times less active. Certainly, these 
ratios may only be attributed to the differences in surface area of the par- 
ticles. 

It was understood that the concentrations of PVA in the residue and in 
the supernatant solution were different, viz., 25 mg, and 90 mg., respec- 



FIOURE 1 

Comparison of Supernatant Liquids and Residues 
Substrate: 2 mg. Pd in 40 cc. of 60% alcohol. Acceptor: 0.6 cc. 
COtiNOn. A, supernatant liquid of sample centrifuged at 600 r. p. s. 

B, supernatant h^nid of sample centrifuged at 200 r. p. s, C, residue 
of catalyst centrifuged at 200 r. p. s. D, residue of catalyst centri- 
fuged at 600 r. p. s. AH measurements are converted to 26 ®C. and 
760 mm. 

tively, in the 200 r. p. s. centrifuged sample and 21 mg. and 176 mg., 
respectively, in the 500 r. p. s. centrifuged sample. From the data ob- 
tained by Rampino,® it can be seen that the effect of PVA concentration 
would be insufficient to explain the striking differences in the measured 
eflSciencies of the palladium in the residue- and supematant-Kiatalyst. 

The superiority of the supernatant liquid of the gOO r. p. s. centrifuged 
sample to the supernatant liquid of the 200 r. p. s. sample is also noteworthy. 














FIGURE 8 




FIGURE 4 
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It appears from these results, that the bulk of catal)iic activity rests pre- 
ponderantly with the smaller particles. Thus surface area and particle size 

m 

play a paramount rdle in hydrogeiiations performed with PVA-Pd catalysts. 

Correlation of Electron Micrograph} Measurements and Kinetic Experi- 
ments* — Since no significant differences in particle size could be established 
by the gas consumption experiments previously described, it was deemed 
necessary to resort to a more accurate and direct means of measuring the 
particle size, viz., by applying the electron microscope. 

Figure 2 represents an electron micrograph of PVA alone. This showed 
a tendency to crystallize in acncular crystals of from 0.03 to 0.4 micron in 
length; the shape and density of these crystals was very different from 
that of the Pd seen in later micrographs. This micrograph was obtained 
from 0.5% PVA solution magnified 30,000 times. 

In figures 3 and 4 two PVA-Pd catalysts are shown. They are identical 
in composition : they are both 0.5% in PVA (Du PonVs*Rh-391) and con- 
tain 10 mg. of Pd per 50 cc. of H 2 O. They only vary in the method used 
to reduce the palladium chloride to metallic Pd. The catalyst shown in 
figure 3 has been reduced by hydrogen, i.e., by introducing the aqueous 
PVA-PdCla solution into a vessel and shaking for five minutes, The cata- 
lyst shown in figure 4 has been reduced by PVA itself, i.e., by letting the 
PdCla stand in contact with the PVA whereby the slow reduction of the 
PdCU to Pd, takes place. This micrograph, with its characteristic Pd par- 
ticles clearly visible, conclusively proves the fact that PVA reduces PdCl* 
to Pd, which was proposed to explain the anomalous gas adsorption results. 

In these two micrographs, the black dense metallic Pd particles are 
clearly visible in hexagond crystals, in which allotropic form palladium is 
known to exist.* By far the greater number of particles assume an ultra- 
microscopic hexagonal configuration but some triangular shaped crystals 
can be noted. In these micrographs, the magnification is also 30,000 di- 
ameters. In both of these, there is no evidence of the PVA with its char- 
acteristic adcular crystals. 

The possibility had been considered that these two PVA-Pd catalysts 
might have different hydrogenation efficiencies. The different modes of 
reduction could have produced Pd particles of varying sizes and of different 
surface areas and consequently two catalysts of varying effectiveness 
could have been formed. This seemed probable since one method of reduc- 
tion, viz., by means of hydrogen, was of short duration, about five minutes, 
while the other, viz., by means of PVA, took in the case of 0.6% PVA, 
more than twenty hours. Kinetic experiments were run in on attempt to 
establish whether this difference existed. However, no significant difference 
could be established. Both catalysts gave hydrogenation rates of the same 
magnitude, wiUiin the experimental error, using nitrobenzene as an ac- 
ceptor. 
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A statistical evaluation, wherein a size frequency curve of the single 
particles is determined from the electron micrographs of these two catalysts 
provides an explanation of their identity in kinetic behavior, A size fre- 
quency curve on the micrograph in figure 3, i.e., the PVA-Pd catalyst in 
which the PdCla was reduced to Pd by hydrogen, gave a dg size^ (average 
particle size with respect to surface) of 0.07 micron. The same type of 



Comparison of '^SupematanP' and ''Normal^’ Catalysts 
Substrate: 2 mg. Pd per 40 cc. of 60% alcohol. Acceptor: 0.6 cc. 
C«H»NOs. At supernatant liquid of PVA-Pd centrifuged at 200 r. p. s. 

Bt normal Ha-reduced PVA-Pd. All measurements are converted to 
26 ®C. and 760 mm. 

analysis on the figure 4 micrograph, i.e., the PVA-Pd catalyst in which 
the PdCla was reduced to Pd by PVA itself, gave a ^ size of 0.08 micron. 
There is only a slight difference in particle size of these two differently re- 
duced catalysts, and this difference could not be expected to reveal signifi- 
cant deviations in the hydrogenation velocities produced by the two cata- 
lysts. Once again a relationship between surface area and catalyst effi- 
ciency is established. 

Figure 5 is an electron micrograph, at a magnification of 30,000, of the 
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supernatant liquid of the PVA-Pd catalyst which was ultracentrifuged at 
200 r. p. s. This micrograph was not made until a year and a half after the 
sample had been prepared and ultracentrifuged. As would be expected of 
a colloid which had been standing for such a length of time, a great deal of 
clustering had taken place, which is easily discernible in the micrograph. 

However, the presence of very fine grain Pd is unmistakable. An esti- 
mate of the 3$ size amounts to 0.009 micron. This value might have to 
be revised slightly upward because the larger particles cannot be ac- 
curately measured in the clusters. There can be no doubt, moreover, that 
the particle size of much of the Pd is smaller than in the previous micro- 
graphs. Using the approximation of 0.009 as the da size, the particle size 
seems to be about one-eighth that of the PVA-Pd H 2 reduced catalyst, 
wherein the 38 size was shown to be 0.07 micron by a size frequency curve. 

It has been previously described how a kinetic experiment was run on the 
supernatant solution of this 200 r. p. s. sample. For comparison purposes, 
the hydrogenation velocity of a non-centrifuged H 2 -reduced PVA-Pd cata- 
lyst, containing 2 mg, of Pd and of similar composition to the catalyst pre- 
pared from the supernatant solution of the 200 r. p. s. sample, was meas- 
ured. 

These two hydrogenation velocities are plotted in figure 6. 

It can be seen that the "supernatant’’ catalyst containing the same quan- 
tity of Pd as the analogous "normal" catalyst is more than twice as ef- 
ficient. The analogous "normal" catalyst had a particle size about 8 
times larger than that of the "supernatant" catalyst; 0.07 micron (statis- 
tically determined) to 0.009 micron (estimated). From the results of these 
experiments, it is evident that there is a definite relationship between the 
surface area of the catalyst and rate of hydrogenation. 

The only two organic colloidal catalysts to be investigated by von 
Ardenne* were Pt-Paal (sodium lysalbinate) and Pt-Sk.ca (GA). He esti- 
mates from his micrographs that the particle size in the former is about 
0.003 to 0.01 micron and in the latter, it averages about 0.025 micron. Of 
coursfe, these measurements are made on platinum catalysts but it is rea- 
sonable to assume that the Pd particle size in these colloids would be of a com- 
parable magnitude. If such an assumption is valid, certain conclusions may 
be drawn. The particle size of Pt and Pd, too (by analogy), in these two 
colloidal catalysts may be smaller, according to von Ardenne’smeasurements, 
than the partide size in PVA-Pd as determined from our micrographs; 
the Pt-Skita (GA) having a particle size diameter of 0.025 micron (esti- 
mated) to the 0.069 micron (calculated) diameter of PVA-Pd partides. In 
spite of this, the superiority of the PVA-Pd catalyst has been established. 
Also to be recalled is that no difference in partide size could be revealed by 
the gas adsorption measurements previously described. Consequently, 
although the preponderant effect of the partide size on the rate of hydro- 
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genation is definitely established, there seems to be another factor, a 
quality factor, the extent of which is, so far, not estimable, which is in- 
dependent of particle size and which makes the synthetic high polymer 
carrier far superier to other colloidal carriers, e.g., GA, even though the 
particle size in the two types of carriers may be the same. 

Whether the striking formation of ultramicroscopic hexagonal and tri- 
angular shaped Pd metal crystals in the presence of PVA has bearing on 
the original cause of the effectiveness of this type of catalyst, could be, 
perhaps, decided by comparing electron micrographs of catalysts deposited 
on solid bodies. 

Summary r By coordination of measurements of hydrogen adsorption, 
rates of hydrogenation and determination of the size and shape of catalyst 
particles it was established that the preponderance of catalytic activity 
lays with the Pd particles of smaller size. However, the superiority of the 
synthetic polymer supported catalyst over the GA type is to be attributed 
to an additional quality factor. 

* This work gained the support of grants of the Bache Fund of the National Acad- 
emy of Sciences, and the Penrhse Fund of the American Philosophical Society, and is 
abridged from a part of the dissertation of K. E. K,, submitted in partial fulfilment of 
the requirements for the degree of Doctor of Philosophy to the Graduate Faculty of 
Fordham University, 

t Present address: Shell Development Co., Emeryville, Calif. 

I Communication No. 30. 

§ Our appreciation i.s expressed to Mr. Ernest F. Fullam of Intcrchemical Corporation 
of New York for his courtesy m preparing numerous electron micrographs and a discus- 
sion of the restilts, and to Baker and Co., Inc., Newark, N. J., for donating the noble 
metal salts used in this investigation. 

^ Leichter, H., and Nord, F, F., Biochem, Z., 295, 226 (1938). 
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THE DErERMINAnON OF L.D.50 AND ITS SAMPUNG ERROR 

IN BIO-ASSAY, III 

By Edwin B. Wilson and Jane Worcester 
Harvard School of Public Health 
Communicated June 24, 1943 

1. The discussion of this problem has been conducted on the hypothesis 
that the number n of animals used in each of the dilutions is the same. This 
restriction is convenient in that it leads to the possibility of preparing a 
table for the determination of the constants and of their standard errors 
when there are three dilutions,^ Formulae can, however, be developed for 
the more general case where the numbers are not the same, but Wi, ns* 
The rule of maximum likelihood leads to the equations : 

~ = -a 2 ( 2 j< - »,) + aSw, tanh a{Xi - y) = 0, ( 1 ) 

07 

bL 

— = S( 25 < — ni){Xi — 7) — Xni{xt — 7) tanh a{Xi — 7) = 0. (2) 

OOf 

Placing Xi, equal to x — c, x, x + c and setting the derivatives equal 
to zero, introducing X = tanh a{x — 7 ) and C = tanh a c we have the 
simultaneous equations for X and C 

- AX» + (ni + n,)X] + C(na - ni){X^ - 1) + A - WX - 0, 

(3) 

C*[(n8 “ nx)X - 2BX^] + Cim + ni)(X* - 1) + 2B -- (n* - ni) X « 0. 

(4) 

where 

A 2(51 "h ^8 “i“ 2B = 2 s 8 — 2*vi — na -f- ni (5) 

and AT = ni + »8 + Ws is the total number of animals used. Here A and B 
which take the place of A and B in the earlier treatment are in terms of 
numbers, not of proportions, of the animals affected. The elimination of C 
gives a cubic equation for X only slightly more complicated than that 
found before, viz., 

NfhX^ - [A(W + fh) - 2B(«8 - 

+ [A* — 4B* + Ar(«8 + «i) («• “ »i)*]X 

— [A(»8 + »i) — 2B(n8 — »i)] * 0. 
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Having solved this numerical equation for X, one may obtain C from the 
equation 

~~A(nz ~~ Wi) + 2B(n8 + «i) + fhifts "" Wi) X 

ftiifiz — [A(wa + Wi) — 28(^8 — Wi)]X -[- 4wiWs 


1.00 



LOG DOSE 


and then 


a sa - tanh”^ C, y sk x tanh"*^ X, 

c a 

\ 

where the functions tanh~> may be rejjaced by their equivalents in 
logarithms. 
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The sampling errors may be obtained from 

dT* 
b^L 


— a*2)n<sech* a{Xi — 7) = — 


da® 

d®L 


'Eniixi — 7 )® sech® a(xi — 7 ) « "4S«*P,Q<(ac< - 7 )*, 


aXntiXi “ 7 ) sech® a(A:< 7) = 4aSn<P<^<(a:< — 7 ), 


dad7 

when Fi are the fitted values, by 

** H d 7 '' 


= 


Hba^' 


where H is the Hessian of L with respect to 7 and a. As a matter of fact 
these formulae are valid for any number of dilutions provided a solution 
for a and 7 and consequently for P<upon the curve has been found in any 
manner, presumably by successive approximation from the equations 



2 . In case one is working with a sufficient number of dilutions and in 
case the observed values P< do not fluctuate too much from a straight 
line on growth paper one may get an approximate solution by graphical 
methods. For example, if we have the following logarithmic doses x and 
proportions of population affected® 


X 

1.768 

1.784 

1.811 

1.837 

1.861 

1.884 

n 

28 

27 

30 

31 

80 

29 

s 

0 

14 

23 

29 

29 

26 

P 

0.329 

0.610 

0.767 

0.936 

0.967 

1.000 


we may plot the first 6 points (P » 0 or 1 .0 cannot be plotted) and draw 
the line. The 60% end-point is read as at 1.777. The fitted growth curve 
being ' 

n 1/ I i; ^ tanh-"‘(2P— 1) 

P/ * V* + V* tauh a (« - L777), a « — — — 


permits the determination of a from any values P/ and x read from the 
line. At « » 1.837, P, « 0.935. Hence a « 22.2 and P, » V* + 
Vt tanh 22.2 (x -- 1.777) is the line as determined graphically. 

3. The values of P/ as fitted may be read® from the line and the calcu- 
lation fmm may be filled out. 
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X 



1.766 

1.784 

Pf 



0.280 

0.687 

Of 



0.720 

0.413 

Pi 

- p 


- 0.049 

0.068 

Sj - 

- $ 


- 1.37 

1.84 

X “ 

. ^ 


- 0.022 

0.007 

(^/ 

- s)(x 

— 7 ) 

0.0301 

0.0129 

4 nP/Qr 


22.6 

26.1 

- 

“ 7 ) 

- 0.60 

0.18 

AnRfy{x - 

“ 7 )* 

0.011 

0.001 

Now, 




bL 


a2(5/ - 

- 5 ) = 77 . 3 , 

DL 

d7 

^ 2 
0 

dao 


1.811 

1.837 

1.861 

1.884 

0.810 

0.935 

0.976 

0.092 

0.190 

0.066 

0.026 

0.008 

0.043 

- 0.001 

0.008 

- 0.008 

1.29 

- 0.03 

0.24 

- 0,23 

0.034 

0.060 

0.084 

0.107 

0.0439 

- 0.0018 

0.0202 

- 0.0246 

18.6 

7.6 

2.9 

0.9 

0.63 

0.45 

0.26 

0.10 

0.021 

0.027 

0.021 

0.011 


= “*22(5/ ■“ 5)(ac — 7) == —0.161, 



-38,700, 



baby 


= 24.6. 


Then 77.3 - 38,70057 + 24.65a = 0, -0,161 + 24.657 “-0.0925a 0 

give as solutions 67 = 0.001 06, 5a = —1.47 and 7 == 1.77806, a = 20.73 
as a first arithmetic approximation subsequent to the graphical fit. If 
the graphical fit be considered an adequate approximation for computing 
Cy and Ca we have for the Hessian II =» 2955 and hence 


38,700 

2955 


13.1, 



0.092 

2955 


- 0.000031, 


which gives (r^ » 3.6, tXy = 0.0056 and we write^ 

7 * 1.7781 =fc 0.0056, a = 20.7 3.6. 


In this example the logaritlunic doses x did not advance by uniform 
amounts so that it is impossible satisfactorily to determine a and 7 from 
the table which was computed on the basis of an equal advance in x and 
constant values of n; but if one should ignore these points and take the 
1st, 3rd and 5th observed P’s we should find A « 1.126, B =» 0.638 giving 
“7’' “ "0,63 and ’’a" = 1,00. With c « 0.053 we have 7 « -0.033 and 
a “ 19. The 50% end-point would be at 1.811 — 0.033 » 1.778. The 
values 1.778 and 19 in place of 1.777 and 22.2 determined graphically or 
1.7781 and 20.7 obtained by the first arithmetic approximation are much 
the same thing in view of the standard errors estimated from the graphical 
solution. We could not expect to get the values of the standard deviations 
from the table because they would be estimated from only about one-half 
of the observations and furthermore the estimates depend on the actual 
points used on the growth curve as well as on the number of observations; 
in fact a calculation gives 1.778 ^ 0.0080 and 19 ^ 4.2 in place of 1.7781 
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^ 0.0056 and 20.7 ^ 3.6. In this case, however, the use of the table and 
only three of the six observed proportions gives a fairly good answer. 

4. There need be no restriction to three points or to identical values of 
If in (1) and (2) we write a:< = jc + assuming the logarithmic doses 
to proceed in a uniform manner (or the dilutions to be a ge<)metric progres* 
sion) we have for the determination of y and a 

— aX{2si — Hi) + aXfii tanh a(x + ic — y) — 0, 

B(2si — Hi) (x + ic — y) — Xfitix + ic “ y) tanh a(x + ic — y) = 0. 

If the first equation be multiplied by (x — y)/a and added to the second, 
the latter becomes 

Xi{2Si — Hi) “ Xifii tanh a (jc + ic — y) = 0. 

The equations will be algebraic in X = tanh a{x — y) and C = tanh c but 
of too high an order to be readily used. It will, however, be noticed that 
the solution depends on the particular two constants 

A = S(2s< -- fit), 2B - Xi (2Si - nt). 

For this reason, if some standard set-up involving more than three dilu- 
tions in geometric progression were to be adopted for wide-spread use it 
would be possible, and might be well, to compute a double entry table for* 
y and a and their standard deviations in terms of A and B. 

» These Procbbdinos, 29, 79-66. 114-120. 150-154. 207-212 (1943). 

* For growth paper, see Wilson, E. B,, these pROCBEOtNos, 11, 461-466 (1926). The 

data used in the illustration are taken from Bliss. C. I., p. 154 of Ann. Applied Biol., 22, 
134-167 (1935) or from Irwin, J. O., p, 17 of Suppl. Jour. Roy. Siai. Soc., 4, 1-60 
(1937). Those authors fit only the last six of the eight points. In the figure the limits 
of P at one standard deviation as determined from the formula on p. 2U9 of Jour. Amer. 
Siatis. Assoc., 22, 209-212 (1927) have been inserted and two lines have been drawn, one 
fitting (graphically) the last six and the other all eight points. It is clear that the 
graphical fit to the eight points is not bad; indeed if one actually fits the eight points 
arithmetically one finds y " 1.7714 *** 0.0066, a ■» 17,1 2.1 with a x* value of 3.36 

which for six degrees of freedom gives P » 0.76 with a probability that because of the 
small numbers in some of the cells, the true value of P would be even larger. It is true 
that the deviations seem to be of such signs as to indicate curvature of the observed 
points to the fitted line, but in view of the small value of x* and high value of P one 
might hesitate to draw that inference and to reject the first two points from this statis- 
tical evidence. The real reason for the rejection of these two points lies in the fact that 
in other corresponding sets of data the mortalities at low dosages seem also to be too 
high to fit the growth curve or probability integral curve. However, If the true form of 
the curve fitting such data were known, the values of the 60% end-point and of its 
standard error might be somewhat different from those found by fitting either of these 
curves to the last six pmnts. 

* It might be better to calculate the values of P/ from the analytic expression even for 
the first arithmetic approximation to improve the value graphically determined, and 
calculation would certainly be necessary for a second arithmetic approximation. 
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* If the arithmetic approximations were continued we should find 7 *» 1.7787, a 
20.63. The value of x* would be such as to give P = 0.92 for the fit to the six points, 
which would indicate that the variance of the observed from the fitted points was only' 
0.29 of the amount which on the average would be due to chance or that the variation of 
the observed from the fitted points would be only 0.64 of the chance amount. 

* For the actual compulation of such a table one would not go back to the general and 
approximative equations which one would use to determine a and 7 for given values of 
A and B. As the values of A and B are the same for the observated data and for the 
values fitted to them, one would start with assumed values of “ 7 ’' a*>d "«’* and deter- 
mine A and B from the equations. 


A « Xtii lanh “a" (f - '‘ 7 ''). 2 B === Stw,- tanh "a” (i - "7"). 

This would give a table for A and B in terms of '* 7 " and “a” from which the table for 
'* 7 ” and "a" could be obtained by inversion. 
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DYNAMICAL TRAJECTORIES IN A RESISTING MEDIUM 

By Edward Kasner 

Departmicni ok Mathematics, Coeumbia University 
Communicated July 15, 194.3 

1. In the Princeton Colloquium Lectures,^ we discussed the motion 
of a particle in the plane under the action of any positional field of force. 
The general equations of motion are^ 

X = y)y y = ^(a:, y), (1) 

where (0, are the rectangular components of the force acting at any 
point {Xy y). 

The total number of trajectories, for all initial conditions, is «> *. The 
differential equation of third order representing this system of trajectories 
(found by eliminating the time I from (1)) is 

- y'it>)y''' - bPx + - <t>x)y' ““ (2) 

This is not an arbitrary differential equation of the third order. We 
have given a completely characteristic set of five geometric properties of 
the dynamical trajectories in the Princeton Colloquium. The dynamical 
trajectories are projectively invariant, and recently Terracini has trans- 
formed each of the five properties into purely projective language.* 

2. In the subsequent discussion, we shall need only three of the charac- 
teristic sets of five geometric properties. These may be stated in the 
following manner. 

Property /. If for each of the <» ' trajectories passing through a given 
point in a given direction we construct the osculating parabola at the given 
point, the locus of the foci of these parabolas is a circle passing through that 
point. 

The most general systems of «> * curves possessing the Property I are 
given by differential equations of the forms* 

(G) : y"'' « G{Xy y, y')y*' + y, yOy''^ 


( 3 ) 
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Property IL The circle that corresponds according to the Property 
I, to a lineal element, is so situated that the element bisects the angle 
between the tangent to the circle and a certain direction fixed for the 
given point (the direction of the force acting at the given point). 

The most general systems with the properties I and II are defined by 
differential equations of the forms 

(6u): (.v' " wh'" - (3^' “ (4) 

where G is any function of (x, y, y'), and w is any function of (x, y). The 
type (G'li) thus involves 07te arbitrary function of three arguments and 
one arbitiary function of txvo aiguments. 

Property IIL In each direction at a given point there is one trajectory 
wliich has four-point contact with its circle of curvature: the locus of the 
centers of the ^ hyperoscnlating circles constructed at the given point 
is a conic passing through that point in the fixed direction described in 
Property II. 

Thus the most general systems of ^ curves possessing the properties 
I, II and III, are defined by differential equations of the forms 

{Guy ) : (3^' - co)y''' - (Xy'*^ + + v)y^ + Sy^\ (5) 

involving/owr arbitrary functions («, X, /i, p) each of two arguments (.r, y). 

If we impose the two additional geometric properties IV and V, we shall 
find that the ty])e (Guj) will finally define the dynamical trajectories of a 
positional field of force. However, we shall not write the two properties 
IV and V as they are not necessary for our purpose in this paper. 

3. We consider the motion of a particle moving in the plane under 
a positional field of force and influenced by a rcvsisting medium, the re- 
sistance acting in the direction of the motion and varying as some function 
of the speed v. In ballistics, the resistance R is usually taken as an em- 
pirical function consisting of various powers of the speed v for different 
intervals of time. In our work, we shall determine the form of the re- 
sistance R in order that the trajectories in the resisting medium shall 
possess some of the properties possessed by those in the case of no resistance. 

Let the resistance R be defined by the equation 

R — r/(»). (6) 

The equations of motion will then be of the form 

X - <t>ix, y) + i/(p), y » \p{x, y) + yf(v). (7) 

Upon eliminating the time t from these equations, we find that the differen- 
tial equation of the trajectories is 

- y'4>)y"' » hPx + (V-, - - Hy"* - 

( 8 ) 
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where the argument of / is to be expressed in terms of {x, y, y', y") by 
means of 


= 4 (1 + - y' 4 >). (9) 

y 

4. We wish now to obtain a fundamental intrinsic representation of 
the system of * trajectories in a positional field of force influenced by a 
resisting medium, the resistance R acting in the direction of the motion 
and varying as some function of the speed v. Upon decomposing the 
acting force into components iV, normal, and tangential to the path, 
we find that the equations of motion (7) may be written in the form 

j;2 = — r + R, (10) 

where i' denotes the speed, s the arc length and r the radius of curvature. 
By diflFerentiating the first of these equations with respect to .y, and com- 
paring with the second equation, we can eliminate w, obtaining 

{rN) = 2T + 2R, (11) 


a relation which defines the trajectories and is equivalent to (8). 

To reduce this to a more explicit form, we introduce an auxiliary vector, 
completely detenniued by the given field of force, namely the space 
derivative of the force (considered of course as a vector). The normal and 
tangential components of the original force vector are 



— y^tfi 

(1 ■+ysjv.> 


(j) y 



the corresponding components of the new vector are 


<31 


4's — y'4>3 
(1 


lAx + i't'y - <t>x)y' - ^yy'^ 

*1 I I -"T I -f-V .■ -J- II I ..<■ .,^11 .r I I I— — 

(1 + y’^) 


z 


J>s + y''Ps 


<i>x + i4>y + 4'x) y ' + 

(1 + y®) 



While the new vector is the s derivative ot the force vector, its components 
are obviously not the same as the s derivatives of the old components: the 
correct relations are found to be 


T/r, n « J + N/r. (14) 

These formulae are sufficient for the discussion of the trajectories* By 
means of (14) we can reduce (11) to the form 

Ntg » + Sr + 22?. 


(15) 
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I'his is ike fundamental intrinsic representation of the system of trajectories 
connected with a given field of force influenced by a resisting medium ^ the re^ 
sistance R acting in the direction of the motion and varying as some function 
of the speed v. 

From the preceding result, we may obtain the following theorem.® 
If a particle starts from rest^ the initial radius of curvature of the trajectory 
is to the radius of curvature of the line of force passing through the initial point 
as {3T + 3R) is to T. In most instances, R vanishes (when v = 0) so that 
this ratio of the corresponding radii of curvature is 3: 1. 

5. Consider now the oo * trajectories starting from a given lineal element 
(^1 3^1 jO* focal locus, that is, the locus of the foci of the osculating 
parabolas, varies in shape with the function /, that is, with the law of re- 
sistance. This focal locus {X, Y) may be given parametrically by the 
complex equation 


3(1 + if Yirl^ - y'<t>) 

2[(Z T7’F)‘ “ (x + iy)] 


= (1 4- iy')[4'x + {'I'y - 4>x)y' - <t>yy"^] 

3(d. + mv" - - Vd>y^'. 


a\ 


We know that, if there is no resistance, Property I is valid, that is, the 
focal locus is a circle passing through the given point. Are there any 
resisting media for which this property is prCvServed? By comparing (8) 
with (3), it follows that the last term of (8) must be of the form ay^ + by''^, 
where a and b are functions of (x, y, y') only. Hence it follows that / 
must be of the form Av + B/vt where A and B are constants. By (6), 
it follows that R = Av^ + B. 

The only appropriate media for which the Property I is valid are those for 
which the resistance R is of the form Av^ + J3, where A and B are constants. 

This result could have been obtained also from the equation (15) by 
imposing the condition that r, be linear integral in r. This will be the case 
if and only if B = Av'^ + B, 

Now if the resistance R is Av'^. + B, the last term of (18) is of tlie form 


■" ^2 'A "" y'<i>)y'^ + By*'*]. (i7) 

For such media, Property II will not usually be fulfilled. By comparing 
(8) together with (17) with equation (4), we see that the Property II will 
be fulfilled if and only if B = 0. 

The only medium preserving the properties I and 11 is that in which the 
resistance varies as the square of the speed. This is the particular law studied 
by Newton in the Principia, 

If we impose the Property III, both A and B must vanish, that is, the 
resistance vanishes and the force is purely positional. 
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6. It is of interest to examine the case where the resistance varies as 
any power v” of the speed. By (8), the differential equation of the tra- 
jectories is 

4- - ^^)y' - 

- 2k{\ + - y'<t,f-”'y'^. (18) 

where 


m 


^ 2(4 - n). 


(19) 


By (16), the focal locus in this case is given parametrically by the single 
complex equation 


3(1 + 1yn^|^ - y» 


(1 + iy'Kix + {iy - <t>x)y' - <t>yy'’^] 


2l(X + iY) - {x + iy)] ' 

- 3(<^ + i4>)y'' - 2*(l + iy'){l + 


ffl-l 


( 20 ) 


Therefore the focal locus is a curve whose inverse with respect to the given 
point is of the form 

X -- a + b{Y - yX) + c{Y - y'X)”"', (21) 

where (o, 6, c) are special functions of {x, y, y') only. 

The focal locus is a straight line (as in the case of no resistance) when 
m is 1 or 2, that is, when » is 2 or 0. 

The curve is a conic when w is 3, 0 or 3/2, that is, when n has one of the 
values —2 or 4 or 1. When « — — 2 the conic is a parabola with its axis 
parallel to the given element. When » = 4 it is a hyperbola, asymptotic 
to the line of the given initial element. When n = 1 it is a parabola 
touching the initial line (not at the given point). 

7. Corresponding results may be obtained in ordinary space. 
The only laws for which the spatial properties I and II (see the Princeton 
Colloquium) are valid are those included in R Av^ y B, If the spatial 
Property III is also preserved, the resistance must vanish. Property I 
is valid obviously for any medium. 

^ Kasner, "Differential-Geometric Aspects of Dynamics/’ Amer. Math. Soc. Collo- 
quium Publications ^ 3 (1912, 1934). Also set; a series of papers in Trans. Amer. Math. 
Soc., 7-11 (1906-1910), 

* Throughout this paper, dots indicate total differentiation with respect to the time 
/; primes indicate total diflerenlialion with respect to *; subscripts * and y indicate 
partial differentiation; finally the subscript s indicates the total differentiation with 
respect to the arc length s. 

* Terracini, "Sobre la ecuadon diferencial y”' - Gix, y, y*)y** + H{x, y, y')y''*/* 
Univ. Nac. Tucuman, Revista A, 2, 245-329 (1941). 
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* Any differential equation of the type (G) does define the <»• dynamical trajectories 
of generalized fields of force depending not only upon the point but also upon the direc- 
tion through the point. See Kasner and I)c Cicco, **A Generalized Theory of Dynamical 
Trajectories/’ Trans. Amer. Math. Soc., July 1943. 

* This theorem has been generalized to acceleration fields of higher order. See Kasner 
and Mittlenian» "A General Theorem on the. Initial Curvature of Dynamical Trajec- 
tories," Froc. Nat, Acad. Set., 28, 48-52 (1942). Also De Cicco, “Extensions of Certain 
Dynamical Theorems of Halphcn and Kasner/’ Bull. Amer, Math. Soc. (1943). 


DYNAMICAL TRAJECTORIES OF THE CURVATURE TYPE^ 

By John De Cicco 

Department of Mathematics, Illinois Institute of Technology, Chicago, Illinois 

Communicated July 15, 1943 

1. Kasner has determined all those fields of force in the plane whose 
dynamical trajectories are of the curvature type. The appropriate fields 
are those of the central or parallel type." In this paper, we propose to 
discuss this problem in three-dimensional space. We find that all fields 
of fora* in space whose dynamical trajectories are also curvature trajectories 
consist of three distinct types, one of which is the central or parallel type, 
and the other two are complicated and new. 

2. Kasner in his Princeton Colloquium Lectures,* studied the geometry 
of the dynamical trajectories in the plane and in space. In the plane, it 
is shown that the <» ^ dynamical trajectories may be characterized by a 
set of five independent properties, whereas in space, the <» » dynamical 
trajectories may be completely characterized by a set of four independent 
properties. 

Consider the motion of a particle of unit mass in space under the action 
of any positional field of force. The general equations of motion are 

d^oc f .f . f \ /i\ 

y, z), = Hx, y, z), ^ = x(x, y, z), (1) 

where (<^, x) are the rectangular components of the force acting at any 
point {Xt y, «). 

The total number of trajectories for all initial conditions, is By 
eliminating the time / from these equations, it is found that the «»® 
dynamical trajectories are represented by the differential equations 

“ y' 0 ) 2 '' « (x ^ 

* y'^)y''' « + y% + «Vt) - + y% + - a^y*'^ 

( 2 ) 
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3. The curvature trajectories of a given family of « * curves in space 
may be defined in the following way. A curvature trajectory of the given 
family is a curve which is drawn so that at each point it has the same 
osculating plane as, and also c times the curvature of the member of the 
family to which it is tangent at that point, c remaining constant along the 
trajectory. For a given value of c there will be a set of c» ^ curvature tra- 
jectories, one in each direction through each point. By varying c, there 
result 00 * such sets. Hence a given quadruply-infinite family generates 
a quintuply-infinite family of curvature trajectories. 

If the original family of cw ^ curves does not consist entirely of straight 
lines, it may be shown that it is represented by the pair of Monge differ- 
ential equations of second order 

log y" = F(,x, y, s, y', s'), z" - e^K{x, y, z, y', s'), (3) 


where F and K are two functions in the five variables. The curvature 
trajectories of this family (3) of < curves arc then given by the pair of 
simultaneous differential equations 


z" - Ky% y'" - {F, + y'F, + + (Fy + KF,,)y^\ (4) 

Kasner has discussed the innate projective character of dynamical tra- 
jectories. The concept of curvature trajectories is also projective. By 
Mehmke's theorem, it follows that the entire process of construction of 
curvature trajectories has projective meaning. 

4. It is observed that the co dynamical trajectories represented by (2) 
and the <» ** curvature trajectories defined by (4) are both special cases of 
systems of oo & curves of the three-dimensional type (G) given by differential 
equations of the fonns 


s'" == K{x,y,z,y\z')y'', 


3 ,''' = G{x, y, s, y\ z')y'' + II(x, y, z, y\ z')y*'^ 

(5) 


where (K, G, II) are arbitrary functions in the five variables. Kasner 
has shown that such systems of a? & curves of the three-dimensional type 
(G) are characterized geometrically by the following two properties.^ 

Property L The <» ^ curves which pass through a given lineal element JB 
all have the same osculating plane. 

Property II. If the osculating spheres are constructed at the lineal 
clement E to the « 1 curves passing through £, the centers describe a 
straight line. 

5. This resemblance between dynamical and curvature trajectories 
suggests the problem of deiermining all guintuply-dnfimte systems of curves 
in space v^ich are simultaneously dynamical and curvature trajectories. 
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Kasner has completely solved this problem in the plane. The appro~ 
priate families in the plane are exactly the trajectories of all central or parallel 
fields of force, (See reference 2.) 

Now we consider this problem in space. The proof of our result is long 
and complicated and will be published elsewhere. Our theorem is the 
following. 

Fundamental Theorem. The systems of curves which are simtd- 
taneously dynamical and curvature trajectories are the dynamical trajectories 
of the following three distinct types of fields of forces:^ 

(I) Those whose lines offeree all lie in a pencil of planes, 

(II) Those whose lines of force are orthogonal to a family of circular 
helices, all of which possess rhe same axis and the same period, 

(III) Those of the central or parallel type. 

Thus the answer in space contains more types than in the plane. We 
find that each of these types is projectively invariant. The three distinct 
types of our Fundamental Theorem may be characterized in the following 
way. They are those families of dynamical trajectories whose oo * ciu-ves 
can be analyzed into a series of sets, each set containing w * curves, in such 
a way that one of the sets will generate the otlieirs by the simple process 
of multiplication of curvatures described above. 

* Presented to the American Mathematical Society, November (1943). 

* Kasner, "Dynamical Trajectories and Curvature Trajectories,” Bull, Amer. Math, 
Soc., 44, 449-155 (1934). 

* Kasner, "Differential-Geometric Aspects of Dynamics,” Amer, Math, Soc, CoU 
loguium Puhlications, 3 (1913, 1934). Also see a series of papers in the Trans. Amer, 
Math. 7-n (1906-1910). 

* See the abstract of the paper presented before the American Mathematical Society 
in February, 1943: Kasner and De Cicco, “Generalized Dynamical Trajectories in 
Space.” Also see a forthcomiuK paper by De Cicco, “Extensions of Certain Dynamical 
Theorems of Halphen and Kasner,” Bull. Amer, Math, Soc., (1943). 
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UNION -PRESERVING TRANSFORMATIONS OF DIFFERENTIAL- 

ELEMENTS 

By Edward Kasnkr and John De Cicco 

Departments of Mathematics, Columbia University and Illinois Institute 

OF Technology 

Communicated August 6, 1913 

1. Sophus Lie studied transformations from lineal-elements into 
lineal-elements. The cotitact j^roup is obtained by requiring unions to be 
converted into unions. We generalize this theory by studying trans- 
formations from curvature-elements (.if, y, y\ y'') into lineal -elements 
(a, y. y'). An example of such a transformation arises in the ordinary 
theory of evolutes 

X y'^), y = r + i (1 + y'-), F = - 

y y y 

(E) 

We determine the general class of union -preserving transformations by 
means of a directrix equation. While Lie’s standard directrix equation is of 
the form Q(A', F, x, y) “ 0, we find that our new directrix equation is of the 
form QiXt F. x, y') — 0. From our work, we deduce a generalized 
theory of evolutes and involutes which contains the standard evolute 
theory of Huygens and Bernoulli as a very special case. Finally the 
entire theory may be extended to transformations from differential- 
elements of order n into lineal-elements. 

2* Any transformation from curvature-elements into lineal-elements 
may be given by the equations 

X = 4>ix, y, p, q), Y = yp{x, y, p, q), P == x{x, y, p, q), 

( 1 ) 

where, of course, p = y' sz dy/dx and q = y" = dp/dx — d^yldx^. 

A union-preserving transformation converts every union of curvature- 
elements into a union of lineal-elements. In general, tangent unions will 
not be converted into tangent unions. If two unions in the (x, y)-plane 
possess m as the order of contact, then the two corresponding unions in 
the (A', F) -plane will have contact of order {m — 1), at least. 

Any transformation from curvature-elements into lineal-elements, not of 
the union-preserving type, carries exactly * unions into unions , If a trans- 
formation converts more than w ^ unions into unions, then all <» " unions 
become unions, and therefore the transformation is of the union-preserving 
type. 
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The transformation (1) is union- preserving if and only if 

^ + P^ v + ^ t? 

<l>x + P<I>U + 4><1 



We wish to exclude from further consideration the following degenerate 
union-preserving transformations : 


-Y — const., 

Y = const.. 

P = x(*. y, P, q ) ; 

(3.1) 

X = <^ix, y, P, q). 

F = const., 

P = 0; 

(3.2) 

X — const., 

Y = ^{x, y, p, q), 

p CO ; 

(3.3) 

X » y, p, q), 

Y = y, p, g)], 

II 

(3.4) 


The first type carries not only every union, but all curvature-elements 
into a star (a point together with the directions through it)* The 
second or third type carries every union and also aH curvature-elements 
into a line parallel to the X- or F-axis. The last type cames every union 
and also all curvature-elements into a single union. 

From our further discussion, we wish not only to exclude the preceding 
degenerate transformations but also all those union-preserving trans- 
formations which convert every lineal-element (considered as a union of 
curvature-elements) into a star. Such transformations are defined by 
equations of the forms 


X - y, p), 


Y » y, p), 


p a- + P^V 

+ p^v + Q4^p 


3. By a general union-preserving transformation T, we shall mean any 
correspondence which sends every union into a union but which is not of 
the forms (3) or (4), For such a transformation T, it is noted that neither 
<t>g nor vanishes. Therefore q can be eliminated from the first two 
of the equations (1), yielding the single relation 

n{X, F, y, p) « 0. (5) 

t 

We call this the directrix equation of the general union-preserving trans- 
formation r. 

If we consider X and F as parameters^ the directrix equation defines 
exactly «> * unions in the {x, y)-plane. On the other hand, if we regard x 
and y as parameters, the directrix equation can define at roost » • unions 
in the (X, F)-plane. 

The directrix equation (5) defines one and only one general union-preserving 
transformation T and conversely* 

A point in the (Jf, F)-plane corresponds to « ^ unions in the (jc,y)-plane 
which are defined by the directrix equation (5) where X and Y are con- 
stants* To find the second derivative q of any one of these unionSi we 
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differentiate (5) totally with respect to x while keeping X and Y fixed. 
Thus we find 


ih + P^ + = 0 . ( 6 ) 

Any lineal-element in the {x^ y) -plane corresponds to a single union in 
the {Xt F) -plane. This is given by the directrix equation (5) where we 
regard {x, y, p) as constants. To find the slope of this single union, we 
differentiate (5) with respect to X where only Y is considered to depend 
upon X. Thus we have 


fix + P Or * 0, (7) 

Our general union-preserving transformation T is obtained by solving 
the equations (5), (6) and (7) for (Z, F, P). 

We note the complete analogy of our new theory to Lie's theory of con- 
tact transformations. In the Lie theory, any contact transformation is 
given by the directrix equation F, jkt, y) = 0, or else it is an extended 
point transformation. In oixr work, any union-preserving transformation 
is given by the directrix eqiaxtion (5), or else it is of the special form (4). 

4. Considered as a differential equation of first order in Jt, y, p, with X 
and F as parameters, the directrix equation may be integrated, giving 
an equation of the form 


u>iX, F, X, y, c) - 0, (8) 

where c is the constant of integration. We shall call this the integrated 
form of the directrix equation (5). In the (x, y)-plane, both (5) and (8) 
represent the same family of «« unions, whereas in the (A', F)-plane, the 
« * unions corresponding to (x, y^ p) are, in general, different from those 
corresponding to (x, y, c). 

Any union-preserving transformation from curvature-elements into 
lineal-elements is obtained by considering the osculating curves, of a given 
parameterized family of * curves, to an arbitrary curve. 

Suppose we are given « * curves in the finite form. We select two 
parameters X and F and define them as a point of another plane. The 
finite form is then given by equation (8). Eliminating the constant c by 
differentiation, we obtain the directrix equation (5), from which the trans- 
formation T may be obtained. This process demonstrates that we are 
obtaining the curves of (8) which osculate (second order contact) any 
arbitrary curve. 

From this point of view, it is seen tliat if F in the (A, F)-plane is the 
corresponding union of 7 in the (atr, y)-plane, then F may be termed the 
generalized evolute of 7 ; and 7 is then termed a generalized involute of F with 
respect to the given family of w * parameterixed unions defined by (5) or 
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(8). A single union has a single cvolute, but to a single union there corre- 
spond 00 ^ involutes. 

5. The entire preceding theory may be extended to transformations from 
differential-elements of order n into lineal-elements. Any such trans- 
formation may be defined by the equations 

A “ y> Pit • • ' I ^ yt Pit • - • » /*»)» 

^ ~ x(^* pit • • •» Pn)t (fl) 

where, of course, p^,, — d^y/dx'^ for m = 1,2, . . w. 

Any transformation from differ entiaUelements of order n into lineal- 
elements, not of the union- preserving type, carries exactly unions into 

unions. If a transformation converts more than oo”^^ unions into unions, 
thm all unions become unions, and therefore the transformation is of the 
uni on -preserving type. 

The transformation (9) is unio?t-preserving if and only if • 

ss P^ ^V + . . . + pj A^Vn -y , _ ^Pn /JQX 

^ + Pi<t>v + . . . + pn^Pn 1 <l>Pn 

By a general union-preserving transformation T, wc shall mean any 
union-preserving transformation which does not carry every differential- 
element of order (w — 1) (considered as a union of differential -elements 
of order n) into a star. 

Any general union-preserving transformation T is defined by the directrix 
equation 

tt(A, F, X, y, pi, .... = 0, (11) 

and conversely. 

There are general union-preserving transformations T, 

Differentiate the directrix equation with respect to x while keeping X 
and Y constant. The result is 

ilg + pffly +•...+ Pt^pf^i ~ 0. (12) 

Also differentiate the directrix equation with respect to X where Y only 
depends on X, We find 

^x+ 0 , ( 13 ) 

Our general union-preserving transformation T is obtained by solving (11). 
(12) and (13) for (A. F. P). 

Any general union-preserving transformation T from differential- 
elements of order n into lineal-elements is obtained by considering the 
osculating (contact of order n) curves of a given parameterized family of 
oo«+i curves, defined in the finite form by 
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F, y, Cu . . c„^i) = 0, 


(14) 


where {X, Y) are the selected parameters and (ci, , . , are arbitrary 
parameters, to any arbitrary curve. 

Of course, the preceding equation is the integrated form of the directrix 
equation (11). 

(>, If a linion-preserving transformation V from differential-elements into 
lineal-elements is such that any two unions which possess n 2 as the order 
of contact are converted by T into two unions 7vliich have at least second order 
contact^ then T must he a contact transformalion of lineal-elements. 

From this result, we deduce the fact that, except for the extended Lie 
group of contact transformations of lincaFelements, there are no union- 
preserving transfonnations from dilTcrential “dements of order n into differ- 
ential “elements of order m where n ^ m > 1. This includes as special cases 
the fundamental theorems of Lie and Backlund. Therefore the only 
available union- preserving transformations (in the whole domain of differen- 
tial-elements) are, firstly, the standard Lie contact group of lineal-elements 
and, secondly, our neiv set of union-preserving transformations from elements 
of order n (ivhere n is 2 or more) into lineal-elements ; or the extensions of 
these two types. 

In general, all the union-pr(‘serving transformations from differentiaL 
elements of order n into diffcrential-elenients of order m where n ^ m arc, 
firstly, if n = m, the extensions of order (rn 1) of the Lie contact group 
of lineal-elcnicnts and, secondly, if n > m, the extcnsif)ns of order (m — 1) 
of our union-preserving transfonnations from differential-elements of 
order — m + 1) into lineal-elements. 


^ Lic'SchclTcrs, '‘Heruhrungstransfomiatioueu” (1896). 

* Kastier, ‘'General Traiisfoniialioti Theory of Diflerential Elements,*’ Amer. Jour. 
Math., 32, 392 401 (1904). 

* Kasner and I)e Cicco, "Curvature Element Transformations Which Preserve 
Integrable Fields," Proc. Nat. Acad. .Sci., 25, 104-111 (1939). 

* Kasner, "Lineal Element Transformations of Space for Which Normal Congruences 
of Curves Are Converted into Normal Congruences," Duke Math. Journ., 5, 72-83 
(1939). 

* Kasner and De Cicco, "Transformation Theory of Integrable Double-Series of 
Lineal Elements," Bull. Amer. Math. Soc., 46, 93-100 (1940). 
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A FORMULA FOR THE STREAM FUNCTION OF CERTAIN FLOWS 

By Stefan Bergman 
Brown Uniybrsity 
Communicated May 11, 1943 

1. The potential and stream functions, ^ and of an irrotational 
steady flow of a compressible perfect fluid satisfy a system of non-linear 
equations 


P“V'v — = 0, =» 0, 

where p is the density. (See [2.1].^) Under the usual hypotheses p = 

is a function of + <t>y^ which depends upon a parameter 
k. This parameter enters in the equation of state, which we assume to 
have the form = a + a, c and k being constants. 

Let [v exp (i0) ) denote the velocity vector. If we introduce v and 6 as 
independent variables then the equations connecting <t> and ^ become 
linear. As Chaplygin showed the above system becomes 

v-^P^e - = 0, + ft>, ^ 0. [3.8], (LI) 

Here the Mach function, M(v, k), and the density, p(», jfe), are given 
functions of u. Eliminating 4> from (1.1) yields 

S(!A) ^P'’2(l - - 0. [2.6], (1.2) 

In the case of an incompressible fluid, ^ is a harmonic function of B and 
log V, Taking the imaginary part of an analytic function of the complex 
variable (log v — iB) one obtains the stream function of a possible in- 
compressible fluid flow. In §2 and §4 we shall define operators, P, 
which transform analytic functions of one complex variable into solutions 
yj/{Vy B) of S(^) = 0. Thus we obtain a method for generating possible 
stream functions of compressible fluid flows. The computing of the corre- 
sponding stream function in the physical plane, i.e., of f [»(x, y), B{Xf y)], 
is reduced to quadratures. (See § 5 of [1].) We note, however, that the 
obtained flows do not always have a physical significance. (See § 4 of 
[ 1 ].) 

2. Chaplygin was the first to introduce operators into compressible 
fluid theory. 

Let ]SJ3»r” exp [i{2nB + o£*)], r» V«(A 1 & 0, be the series 

development of an analytic function. Then the relation 

^ + n->TF,'K,“«)(l - O-'cos (2«« + «,) 

4- i sin (2«fl + a,)] (2.1) 
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yields a pair, 0 and satisfying the system (1.1). Here ^ ~ (Jfe — 1)*'\ 
Y^ 5= F{anfbn, 2n + 1, r), where F is the hypergeometric series, and 
no» <int Kt Yn.tt suitably chosen constants.^ We obtain another operator by 
the following procedure: By [B + we understand the following: 

n 

Write but then replace each by 





K integrations 

/(H) - p"2(l “ [8.21], (2.2) 

Here II is given by the relation dMi/dv = p/v. The C^k are binomial 
coefficients. 


0 + zV = c[d + [8.22J, (2.3) 

yields a pair of functions satisfying (1.1).’’ Here c is a real or piirely 
imaginary constant. The factor /(II«) is to precede dll„ for even s when c 
is real, and for odd when c is pure imaginary. The proof of the above 
statement follows immediately by substituting and ^ which are intro- 
duced in (2.3) into [S,18] of [1]. Thus if S(a„ + is the series de- 
velopment of an analytic function, 

+ ^ 2 (a, -f »■(?,) fe + (2.4) 

yields a pair of functions satisfying (1.1). 

An analytic function is representable by its series development only in the 
largest circle in which it is regular. Since the operators (2.1) and (2.4) 
depend upon the choice of the origin the usual method of analytic con- 
tinuation does not preserve the connection between g and ^ « P(gl 
Thus by (2.1) and (2.4) the functions 0 and are defined locally. The 
continuation of <t> and ^ is a separate question which often presents still 
unsolved problems of considerable difficulty. On the other hand, in many 
instances in order to obtain a compressible fluid flow similar to an incom- 
pressible one, it is necessary to determine the stream function ^ P(g) 
in the whole (not necessarily schlicht) domain M in which g is defined. 
This is the reason why, in addition to the operators (2.1) and (2.4), we 
introduce in § 4 a new operator P which defines the solution P(g) of (1.2) 
in the whole domain Jl, 

3. In order to define the above-mentioned operator we transform S 
into the canonical form (3.3). We assume in the following that^ 
— 1 S k < 1, and that the flow is subsonic. By the relation 
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2X = 27 arctan [7“’(1 — + 

log [(1 - (1 - AP)'^*)/(1 + (1 - (3.1) 

where M = 7;[ao^ — '^/■x{k — is the Mach function (see [2.6]), 

7 = [(1 + k)'^'‘ (1 — and ao is a constant, we introduce the variable X. 

If V varies from 0 to the velocity of sound, varies from 0 to 1, X varies 
from — 00 to 0 and T varies from 1 to 0. 

Lemma: Let M =3 m( 2X) he the function inverse to (3.1) and let T(2X) = 
[1 - m'(2X)1''''. Then for 2X < 0, 


T(2X) = 1 - A' - yx{‘2k + 1)A'2 - \!,{Ak- + Gk + 3)A'» - 
V24(24^>» + mk"- + m + 2i))A'‘ - V48(48A‘ + 2\'2k^ + m2k^ + 

32Si& + 103).A'' - V«(430/l''' + 297()fe‘ + 79(i.Sfe» + I0,788fe= -f 
72GGiS: + 193.3)A'‘’ + V2«H(i(28S0/t" + 23-i72*» + S4232)fe< + 

lG2124/e» + + OSOSGife + 22G7r>)A'^ + . . . (3.2) 


where A = 2 exp [2X — 7(^ — 2 arctan 7)]. The proof of the convnTgence 
of (3.2) follows from the fact that T[log (A/2) + '^{tt — 2 arctan 7)] 
considered as an analytic function of a complex variable A is regular in 
the circle |A| < 2 exp [— 7(7r — 2 arctan 7)]. By introducing the vari- 
ables X and 6 , (1 .2) becomes 

Lo(^) - V4A^ -1- N(2\)A = 0, [6.6], (3.3) 

N(2X) = -VnCk + 1) [1 ~ T‘‘(2X)][T(2X)]-». 

4. Theorem. Let satisfy the equation 

L(i^*) -=== ‘AA^* + F{2X)4'* = 0, (4.1) 

where F{2\) is defined for X ^ a, a ^ 0, and possesses the property that 

|(/‘y!'(2X)/dX'| g cr(x + l)(a - X)''+Vorx = 0, 1,2, . . . andX< a, (4.2) 

c <03 being a suitably chosen constant. Let g(J") be an analytic function 
regular in a domain 9 which contains the origin. Then 


1^*(X, 6 ) = (4.3) 

Im [g(f) + s;.,2-'"r(2n -|- l)[r(n + 1)]-*<2'’'H2X)/A . 

0 0 

n times 

will be a solution of (4.1), and (4.3) will represent it in every simply connected 
domain which contains the origin and lies m 0 ® denotes the domain 

[X^ + < 4(X — ixYt X < a]. 

The functions (2X) are defined by the recurrence formula: 

(2» -f iX?!" + » -h = 0, « -4:F, Q^’'\a) = 0, 

a< 0. 
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Proof. If the series 1 + which we shall denote 

by E, converges, it represents a solution of the equation (1 .2) of [3].‘ Then 
by Theorem 1 of [.3] the integral ./'''■‘E(f, f, 0/['Af(l — P)]dt/{1 — 

where /(?)) is an arbitrary analytic function of a complex vaiiablc ij, will 
be a particular solution of (^J). Writing g(f) — 

- r-)ldt/{l - P)'^' we obtain (4.;j). The proof of the con- 

vcrgencc of the series + f ) is similar to that of Theorem 2 of 

[3]. Taking the quantities given by (2« + — 

Q\\ + — n)“”], where the are 

a 

positive constants, as majorants for one obtains 

c'"' (a - X)-’'-Mim c^'" = ■ 


■A. 


«— ♦ CO 


If we substitute 


^(\, 0) = [exp(-y'--'^fV(2X)rf(2X))]^*(\, 0) 


(4.4) 


— 00 


in the equation (3.3), the latter becomes (4.1). Under physical conditions 
which usually occur, the obtained coefticient of xf/* in (4.1) satisfies the 
conditions (1.2) in some cases. In other cases, it is possible to approximate 
it by a function satisfying (4.2). 

Combining (4.4) and (4.3) we obtain an operator® P possessing the 
property mentif)ned at the end of § 2. 

Remark. We note that: 


Z(2X) =-^^^7V(2X)(/(2X) = [->AlogT •+• ‘A(l --fe)-Mog(7“+T*)]?:r^' 

Q^'\2\) = [-^/ni.k + 1)T-’ -f- 'A^T-’ 4- 'A(l - mil + fe)(l - k)-^ T 

- (1 - k)-'il - k-)-'^'arc tan 

5. Let q = exp (iO) denote the velocity vector of a flow. A flow 
5(|S^) is said to be of the type /)„ if the boundary of the domain ® in which 
§ is defined consists of a segment of the negative real axis ('- ^ , a) and of 
2n segments 5,,, x ~ 1, . . .2n, such that along every k — 1, 2, . . 

0 rs = const., ir/2 ^ Oj > 62. . . > ^„ > 0, and along every 62*, p = = 

const., IV -i < "f he are segments of straight lines, while the Su 

are so-called ‘'free boundaries.’' The images % and $of|i in the vd plane 
and in the Xfl plane, respectively, are domains bounded by segments of the 
lines V — const., 0 ™ const, and X = const., 0 — const., respectively. 41ic 
complex potential xtj(X, 0) of the flow 5 of the type is the function 
which maps $ into the upper half plane, ®. 

Using the theory of orthogonal functions^ one can obtain an explicit 
formula for the function h(^) which conformally maps a domain into m. 
We set 
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^ m + l(>7) 



Foo ■ • • F Qffi _ ] 1 



Foo .••Fom,-i 

= 

4 * • ■ » * 



• m 9 * * 


\ F„o - .F„„_, v” 



Fm lO • - • F,„ — 1 fl, — 1 


Foo ...Fo„ 

« > « # • 

F . . . F ffim 


Vj 


(5.1) 


where 


F„, = 2r.,(m + P + - t(m - /.)-'[exp((?.(m - p)) 

- exp - /)))! \i m 9^ p and T„„ = (0. - 0,+i). See [61 p. 

S II 1. If we write N{r), t) = '/‘m+iW = 

S'’'i>m-\ iiv)dii, then 


V IT ex^( - r + fff ) iy f (exp r. <) - <)]*''• 

Vrexp (-T + i^)iVf(exp >. <) - 


See § X-l-§ X.3 of [G]. Here /? and / are constants which have to be 
chosen in a suitable way. 

For k = — 1 , V' = Itn (/t) represents the stream function of a flow of the 
type Dn- footnote G,) For other values of fe, ?{h) will represent the 

stream function of a flow ui a compressible fluid, the boundary of which 
can be decomposed into {2n + 1) segments S* such that along Sjj,-!, ^ is 
nearly constant, and along S^, t> is nearly constant.^ 


* The reader will find a detailed derivation of some results and of some formulae 
used here, in |1], Bergman, "The llodograph Method in the Theory of Compressible 
Fluid" {Supplement to "inuid Dynamics" by v. Mises and Friedrichs), Publication of 
Brown University, 1942. In order to tacilitate the reading we indicate in the brackets 
the number under which the corresponding formula or section is listed in this work. 

A typewritten etdarged copy of this Note with detailed computations is available 
at Brown University Library. 

*See [2], Chaplygin, "Gas Jets," Memoirs Univ. Moscow, Ph.^Math. Section, 21, 
1-121 (1904). 


Iti connection with the introduction of the hodograph plane the investigation of 
solutions for which d(^, ^)/d(log tj, 0) is identically 0 or «> would be of interest. 

» Dr. Bers and Dr. Gelbart in a Joint investigation have obtained independently 
of the author, these same particular solutions. In their work which appears in the Quart. 
Appl. Math., 1 (1943), this result follows as a consequetiicc of their approach to more 
general partial differentia) equations by complex variable methods. Conceniing the 
connection between the functions (2.3) and (2.1) I refer to this paper. 

I note further that Dr. Vazsonyi by a different method obtained particular solutions 
^(H, $) of the following form: where Vn^W are polynomiids in H. 

* The case > 1 can be developed similarly. In this case, instead of (3.1), wc use 


2X log 
(See 16.6) of [1].) 


1 + (I — 

J - ii - 


- M*P' 


(1 + *(1 - I /* _ AV» 

1 -1(1 - ) j * ” V* + V ' 


• See [3], Bergman, Matem. Sbornik (Recueil Math.), a. g, 2(44X 1169-1198 (1937). 
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• In the case where A » •— 1, L «* ■» 0, i.e., ^ * P(£) is a harmonic function and 

the operation P(g) consists in the taking of the imaginary part. This fact was estab- 
lished by Chaplygin, and it forms the basis of one of his methods and of that of 
V. K4mi4n“Tsien. See (4) v. KArm&n, Journ. oj Aer. Set,, 8, 337-366 (1941), and (5) 
Tsien. Ibid., 6, 399*407 (1939). 

’ See [6] Bergman, “Partial Differential Equations, “ Publication of Brown University, 
1941, VI-XI, 

" We note that, using the theory of integral equations, one can prove the existence 
of the stream function of a flow of the type Z>», and that many flduns which are of interest 
in fluid dynamics may be approximated by flows of the type Dn, 


CORRECTION TO *VN CERTAIN NON-LINEAR DIFFERENTIAL 

EQUATIONS OF THE SECOND ORDERS 

By Norman Levinson 

Department of Mathematics, Massachusetts Institute of Technology 

Communicated August 4, 1943 

In the above-cited paper^ several properties of a certain class* C, of 
differential equations were described* The author claimed that the 
equation 

X +fix)x + g{x) - e{i), (1) 

with e(0 of period L, was in class C subject to several conditions* the main 
one being /(jc) ^ a > 0. 

To describe class C we observe that any point Po(afo, xa) in the (jc, x) 
plane is transformed into a point Pi(xu ;ci) by taking the solution jf(/) of 
(1) for which :tf(0) — xo^nd x(G) = ato, and setting JCi = x{L)^nd xi x{L), 
This transformation of Pq into Pi we denote by T. Thus TPo » Pi, 
ITie class C contains those equations of (1) whose maximum invariant 
finite domain under T is a dendrite* With f(x) positive, the maximum 
invariant finite domain of (1) can be shown to have plane measure zero 
and its complement is an open continuum which is simply connected if 
the point at infinity is adjoined to the (x, x) plane. But such a domain 
can deviate so considerably from a dendrite that (1) with f{x) a > 0 
falls outside of the scope of the present proof. The author therefore 
withdraws his statement that (1) with/(jc) ^ a > 0 is in class C. 

* Levinson, N,* “Ou Certain Non-Linear Differential Equations of the Second Order,*' 
Proc. ATa/. Acad. Set., 29^ 222 (July, 1943). 
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STRAIN SPECIFICITY AND PRODUCTION OF ANTIBIOTIC 
SUBSTANCES, IL ASPERGILLUS FLAVUS^ORYZAE GROUP* 

By Selman a. Waksman and Elizabeth Bugie 


Nkw Jersey Agricultural Experiment Station, Rutgers University. 

New Brunswick, N. J. 


Communicated July 19, 1943 


The production of antibiotic substances by microorganisms is not a 
property characteristic of specific groups of organisms or even of given 
species within such groups, but of a few selected strains within a given 
species. This has been demonstrated, in the case of the fungi, for Pent- 
cillmm noiatumy^ Aspergillus fumigatiis^ and Aspergilhis clm>alu$P 

When several strains of the same organism were compared it was found 
that dilTerences in the composition of the medium and in the environmental 
conditions greatly influence not only the yield of the antibiotic substance 
but also its nature or chemical composition. It is sulTicient to cite the 
effect of corn steep upon the production of the active substance by P, 
notatuni:^ in the case, of one strain (No. O), an active pioducer of true 
penicillin, the yield was increased but the concentration of Ww Escherichia 
coli factor'** was reduced; in the case of another strain (No. W), an active 
producer of the F.. coli factor, no favorable, effect was exerted upon the pro- 
duction of penicillin, although the E, coli factor was depressed. Differences 
in the production of clavacin by a series of cultures of A. clavatus were 
shown to be due, partly at least, to the inactivation of the active sub- 
stance by the alkalinity of the medium produced by some of the strains.^ 
One would expect that similar variations in the physiology of the organ- 
isms would also hold true for other groups of antagonistic fungi. AspergiUtis 
flmms represents such a group and is widely distributed in nature. The 
ability of members of this group to produce an antibacterial substance has 
been demonstrated by White® and by Glister.® According to White, 
A . flmus is capable of growing in synthetic media, but it requires complex 
organic forms of nitrogen, such as tryptone, peptone and corn steep, for 
the production of an antibiotic substance, designated as aspergillic acid. 
This isolated substance had about the same effect against gram-positive 


as against gram-negative bacteria; on the other hand, the culture filtrate 
showed greater specificity towards the first. This suggested the possi- 
bility that another substance may have been present in the filtrate and was 
not extracted with the aspergillic acid. Glister also emphasized the wide 
range of antibacterial activities of the culture filtrate ol A, flavus, 

Jones, Rake and Hamre^ isolated from White’s culture different strains 
that showed definite variation in the production of the antibiotic substance; 
however, no difference could be observed in the nature of the bacteriostatic 
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spectrum between the metabolic filtrates of young and old cultures, on the 
one hand, and of the isolated aspergillic acid, on the other. Bush and 
Goth^ obtained from a strain of A. flmnis another substance, designated 
as flavicin, that was very similar to penicillin in the nature of its bacterio- 
static spectrum, low toxicity to animals and activity in vivo, McKee 
and MacPhillaniy^ also demonstrated, by chemical, biological and chemo- 
therapeutic tests, that the sccf)nd factor produced by A./Uivus is penicillin. 

In all the above studies, the cultures of A. flcivus were apparently chance 
air contaminants. In a sui'vey carried out in our laboratories^ on the 
occurrence of antagonistic fungi in nature, only one .strain belonging to the 
A,fl<ivtis group was isolated. The culture filtrate of this organism showed 
only limited antibacterial activity, largely directed against certaiti gram- 
positive bacteria. On further study, however, it was found that when the 
composition of the medium was modified by the addition of eoinplex organic 
materials and when conditions of gn>wth were changed from stationary to 
submerged, there was a marked improvement in the production of the 
antibiotic substance by this organism. 

Because of the peculiar behavior of the particular strain of A, flavuSy 
it was decided to make a more emnprehensive study o{ the production of 
antibiotic substances by this gnjup of organisms. Six different cultures 
were obtained from as many sources. They are listed here as follows: 

No. 20 represents the culture of Glister, who isolated it in Itngland. 

No. 27 was isolated by White. 

No. 31 is a culture of A, originally obtained from C, Thom in 

Washington and kept for many years in the N. J. Culture Collection. 

No. 134 was isolated by Pvt. A. Schatz, while stationed at the Miami 
Beach Military Hospital, in April, 1943, from a Meningococcus blood agar 
plate. 

No, 135 was received from Miss M. B, Morrow of Texas, who isolated 
it from a soil in Guatemala. 

J^o. 137 was isolated 2 years previously in the aforementioned survey 
of the occurrence of antagonistic fungi in nature. 


All these cultures represented typical forms of A. flams. They showed 
minor differences, however; No. 27 tended to produce yellow spores and 
turned green only later, if at all ; No. 135 was the only strain that produced 
sclerotia abundantly. 

In addition to these six cultures of A. flams, five cultures of a closely 
related group of fungi, A. oryzae, were selected from our culture collection 
and tested for their ability to produce antibiotic substances. These cul- 
tures were obtained at various times from different laboratories and were 
known to be active producers of diastatic enzymes. With one exception, 
they showed no antibacterial activity whether grown in a stationary or in 
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TABLE 1 

Production of Antibiotic Substances by Different Strains of 4. fiovus 

Corn Steep Medium, Submerged Culture* 


ACTIVITY BY 
COT* ]t 1 IT»OD.« 
SONS OF 


STBAIM 

ACTIVITY liV FLATB MBTHOD. 

UNIT.* 

iNUxamoN, 

pHo» 

HO. 

E. coh B. mycoidts 


5. IM*. 

UM. 

MBDIUH 

26 

3 10 

75 

100 

20 

7.9 

27 

0 0 

0 

0 

14 

7.8 

31 

0 0 

75 

>300 

30 

8.0 

134 

0 0 

100 

>300 

20 

7.6 

135 

0 5 

76 

100 

26 

7.9 

137 

0 0 

160 

>300 

26 

t * • 


* Five days' incubation at 30*C. 

* Units of activity »* ratio between volume of medium and smallest volume of culture 
filtrate showing inhibition of test organism. 

^ Spore suspension of standard B. suhtilis culture used; undiluted culture filtrate 
placed in cups. 


TABLE 2 


Influence of Composition of Medium and Conditions of Growth upon the 
Production of an Antibiotic Substance by Different Strains of 4. fiatms 


NATUBB OF 
HBOXVH 
STBAIN 

NO. 






r ...... - vvBvcv 1 

SUBMBBOBD, 5 DAYS 

B. 5. Iut0a 

STATXONAKY, $ DAYS 

B. subUUs S, luUa 

4 ail R r 1 w awWiR 

BUBMintOBD, S DAYS 

B. fubtilis S, iut$a 

26 

76 

600 

0 

0 

16 

30 

27 

0 

0 

0 

0 

10 

10 

31 

76 

200 

0 

0 

0 

0 

134 

26 

100 

6* 

5 

10 

10 

136 

100 

600 

30 

30 

30 

>100 

137 

200 

1000 

0* 

0 

10 

10 


" In another exi>eriment, 6-day old stationary cultures gave for No. 134 — ^30 B 
subiilis and 26 5. tutea units, and for No. 137 — ^26 and 75 units, respectively. 


TABLE 3 


Course op Formation of Antibiotic Substances by 2 Strains or A, flatms 

Corn Steep Medium, Submerged Culture 


XHCCBATtOH, 

STKiUN 

ACTlVtTV, 

, UNITS 

CUT MraiOD, 

RBACTXOH^ 

BATS 

HO. 

subiilis 

5. l«U«a 

' MM. 

Vxl 

2 

136 

0 

30 

12.0 

5.8 

8 

136 

6 

30 

16.0 

7.0 

4 

135 

25 

f 

25 

22.6 

7.7 

6 . 

136 

25 

100 

18.0 


2 

137 

6 

100 

18.6 

6.1 

3 

137 

50‘ 

1000 

20,6 

7.2 

4 

137 

76 

760 

26.6 

7.3 

6 

187 

. 100’ 

760- • 

• 26.0 

\ f 6 % ' . 
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a submerged condition, in synthetic or in organic media. Even the 
exceptional culture gave only low antibiotic activity, namely, 10 Sarcina 
luiea units per 1 ml. of filtrate, when grown under the most favorable 
conditions. 

When grown on the ordinary Czapek-Dox medium, whether in a station- 
ary or in a submerged state, the various cultures of A. flavu!> produced 
only little antibiotic activity. This phenomenon has already been re- 
ported by White.** When a com steep medium*** was used, some of the 
strains, especially when grown in a submerged and aerated condition, 
produced a highly active j&ltrate. This is brought out in tables 1 and 2. 
Even these culture filtrates showed very little activity, however, against 
jE, coli and Bacillus mycoides, occasionally, some of the strains showed 
limited activity against either or both of these two test bacteria. The 
coiurse of production of the antibiotic substance by two of the most active 
strains, 185 and 137, is shown in table 3, 

Since aspergillic acid acts more or less alike against the different types 
of bacteria, both gram-positive and gram-negative forms, one must con- 
clude from the results presented in these tables that the antibiotic sub- 
stance produced under submerged conditions by the different strains of 

A . flavus is not entirely comparable to the true aspergillic acid, found by 
White and others, but represents a type of compound comparable to the 
flavicin of Bush and Goth.* 

At least three factors are involved in the production of the antibiotic 
substances by A. flavus, namely: (1) the specific nature of the strain of 
organism usfed, (2) the composition of the medium in which it is grown, 
(3) the conditions of growth, especially the aeration of the cultures. It is 
interesting to note that in submerged culture, No. 137 proved to be the 
most active strain when grown in the com steep medium; however, in 
the submerged tryptone-glucose medium and in the stationary com steep 
medium, No. 135 proved to be most active. 

The culture filtrates of the different sti ains of A . Jlavus grown in the 
submerged com steep medium were acidified and extracted with ether. 
The extract was evaporated, taken up in alcohol, in which it dissolved 
readily, and tested for antibiotic activity. On the basis of one gram of 
dry material, the following units were obtained: 175,000 B. subtilis, 
1,000,000 S. lulea, 50,000 B, mycoides and 5000 £. coU. Whereas the 
culture filtrate had no activity against £. cali and little activity against 

B, mycoides, the extracted substance had a definite antibiotic action 
against the £. coU and especially against the B. mycoides^ Quantitatively, 
the fraction thus extracted represented only a small part of the activity of 
the culture filtrate (about 10 per cent). Comparison of the bacteriostatic 
eptctxvm of the original culture filtrate with that of the isolated material 
darifies one point, namely, that the isolated material behaves in a manner 
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similar to aspergillic acid, whereas the spectrum of the culture filtrate is 
similar to penicillin and is, therefore, comparable to flavicin. 

In order to compare these data with those obtained for pure aspergillic 
acid,^* a sample of the latter was tested and found to contain 500,000 
B. suhtilU, 300,000 S, lutea, 100,000 B. mycoides and 33.000 E, coli units; 
this tyjx^ of spectrum is very similar to that obtained for the fraction 
isolated from the A. fiavus submerged cultures by the above method. 
One must conclude, therefore, that A. fiavus in submerged culture pro- 
duces two substances, one tliat comprises a smaller fraction and is com- 
parable to aspergillic acid, and another that makes up the major part of 
the active material in the culture and is comparable in its activity to 
penicillin and may be considered identical with flavicin. 

In order to demonstrate further the identity of the bacteriostatic spec- 
trum of the two organisms, the results of the following experiment may be 
reported here. Two of the most active strains of A. fiavus (No. 137) and 
of P. notatum (No. oO) were grown in the corn steep medium in a sub- 
merged condition at 2S'^C., the cultures being shaken continuously, to 
provide aeration and agitation. At different intervals of time, some of 
the flasks were removed and analyzed (table 4). The activity of the A. 
fiavus was slow at first, but reached an optimum in 5 days, whereas that of 
P. notatum rose more rapidly; the reaction of culture filtrate of the first 
never became acid, but remained at pH 7,5 to 7.8 for some time, whereas that 
of the second became at first acid, then changed to alkaline, reaching pH 
8.5 in 5 days. Detailed results of the tests for this period are given in 
table 5, These results show in a most striking manner that the anti- 
bacterial nature of the antibiotic substance of A . fiavus is exactly the same 
as that of P. notatum, as represented by the bacteriostatic sj^ctra of the 
two organisms; any differencCvS reported are quantitative rather than 
qualitative in nature. 

The crude extract was rather toxic for mice, but tapon further puri- 
fication the toxicity was reduced to such an extent that a dose level of 4(X) 
mgm. per kgm. of the final product was tolerated. Although this prepa- 
ration appears to be somewhat more toxic then penicillin, the fact that 
purification tends to reduce the toxicity suggests that upon the complete 
removal of the toxic principle, the order of toxicity of this agent will be 
similar to that of penicillin.^® 

It has already been established that different antagonistic organisms 
produce more than one antibiotic factor. P. notatum produces penicillin 
and notatin; A, fuimgatus produces fumigatin and fumigacin, etc. To 
these must now be added A . fiavus, which produces aspergillic add and a 
substance comparable to penicillin and designated^ as flavicin. To what 
extent antibiotic substances produced by different groups of micro- 
organisms represent the same type of chemical compound is a matter for 
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TABLE 4 

CouRSB OF Production of Antibacterial Substances by A.fiavus and P. notatum 

Submerged Growth, 28 “C- Incubation 


INCVBA-^ 

TION, 

PAYS 

fH of 

A . fiavus 

UNITS OF ACTIVITY 

.S. aureus B . subfilis 

pH of 

CULTORK* 

P . notatum 

UNITS OF activity 

S. aureus B . subtitis 

2 

7.8 

Trace 

5 

6.3 

2(X) 

250 

3 

7.5 

30 

50 

6.7 

200 

300 

6 

7.8 

200 

200 

8.5 

4(K) 

500 

7 

8.1 

150 

150 

8.7 

100 

160 

9 

8.4 

100 

150 

9.0 

20 

60 


® Original reaction of medium after .sterilization was 0.2. 


TABLE 5 

Bacteriostatic Spectrum of the Antibiotic Substances Produced by A. and 

P, notatum 

Units of Activity, O-Day-OId Culture Filtrate 


TBST OROANISH 

A . yiavus 

P . notatum 

Staphylococcus aureus H 

200 

400 

Staphylococcus aureus I) 

100 

300 

Sarcina lutea 

500 

1000 

B. subtitis 0 

200 

500 

B. suhiilis 243* 

15 

20 

B. mycoides 

<10 

<10 

B, cereus 

<10 

<10 

Shigella gallinarunt 

<10 

<10 


* This strain is inaccurately designated as B. suhtilis; it is more closely related to 
P. mycoides. 

further study. Too little is yet known of the chemistry of these com- 
pounds to justify generali;5ations. The limited information available 
warrants, however, the suggestion that although those antibiotic sub- 
stances that are already known vary greatly in chemical composition, 
certain well-defined types of compounds may be produced by different 
organisms. This may hold true in the production of penicillin, namely, 
by members of the genus Penicillium (P. notatum and P. chrysogenum) 
and by members of the genus Aspergillus (A. fiams). 

Summary. — A study was made of the production of antibiotic sub- 
stances by six different strains of A.fiavus and of five strains of A. orysae. 
The A. aryssae strains had little or no antibacterial activity. The activity 
of the culture filtrate of the A. Jlavus strains was found to depend on the 
nature of the strain, the chemical composition of the medium and the 
conditions of growth, especially aeration and agitation* 

The bacteriostatic spectra of the culture filtrate of A. flavus and of the 
active substances isolated from it tended to prove that the antibiotic 
activity of this organism is due to two distinct factors, namely, (a) asper- 
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gillie acid, which is active against gram-negative and gram-positive 
bacteria; {h) flavicin, comparable if not identical with penicillin, which i$ 
active largely against gram-positive bacteria. 

One of the cultures of A. flavus^ isolated in a survey of the occurrence 
of antagonistic fungi in nature, produced under submerged conditions of 
growth enough flavicin to compare favorably with the production of 
penicillin by the best strains of P. notatum grown under the same 
conditions. The bacteriostatic spectra of the two preparations were 
identical. 

•Journal Series Paper, New Jersey Agricultural Experiment Staltoit, Rutgers Uni- 
versity, Department of Soil Microbiology. 

^ Bush, M. T., and Goth, A., Jour. Pharm. Exp. Therap., 7S, 164-l(i9 (1943), 

* Jones, H., Rake, C,, and Hamrc, I). M., Jour. Bact., 45, 461-469 (1943). 

» Glister, G. A., Nature, 148, 470 (1941). 

' McKcc, C. M., and MacPhillamy, H. B., Proc. Soc. Exp. Biol. Med., 53, 247-248 
(1943). 

* Waksman, S. A., and Horning, E. S., Mycotogia, 35, 47-66 (1943). 

* Waksman, S. A., Homing, E. S., and Spencer, E, L., Jour. Bad., 45, 233-248 (1943). 

^ Waksman, S. A., and Schatz, A., Proc. Nat. Acad. Set., 29, 74-79 (1943), 

» While, E. C., Science, 92, 127 (1940); White, E. C., and Hill, J, J., Jour. Bad., 
45, 433-442 (1943). 

* This factor has been recently described as penatin* notalin and penicillin B. 

The com steep medium used in these studies is a modification of a medium 
previously employed.* 

** The authors are indebted to The Squibb Institute for the sample of crysiaUine 
aspergilUc acid. 

The authors are indebted to Dr. H. Robinson of the Merck Institute for making 
the toxicity tests, ^ 
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COMPETITION BETWEEN FREE AND COMBINED NITROGEN 

IN NUTRITION OP AZOTOBACTER* 

By P, W. Wilson, J. F. Hull and R. H. Bukris 

DBPARTMlt^^^s OF Aoricoltural Bacteriology and Physic®, University of 

Wisconsin 

Communicated August 12, 194.3 

A thorough knowledge of the effect of various forms of combined ni- 
trogen on the assimilation of molecular nitrogen may be highly suggestive 
regarding tlieir r61e as possible intennediates in biological nitrogen fixation. 
The stable isotope of nitrogen, offers a convenient means for following 
the utiliration of fixed and molecular nitrogen simultaneously. If a 
culture of nitrogen-fixing organisms is supplied simultaneously with 
molecular nitrogen enriched with and combined nitrogen com- 
pounds containing the normal ratio of the nitrogen isotopes, tlie final 
level of N*® in the cells measures accurately what portion of their nitrogen 
they derived from molecular Na and what portion from the combined 
nitrogen supplied. 

Many of the early tests to determine the effect of combined nitrogen on 
nitrogen fixation were conducted with cultures of questionable piuity and 
under conditions far from optimum for growth of the organism. Burk 
and Lineweaver,^ in reporting the effect of fixed nitrogen compounds as 
measured in short-time micro-respiration experiments, emphasized the 
erroneous conclusions which may arise from experiments in which the 
growth of the organism extends over a period of weeks. Burk* has lately 
called attention to the scarcity of recent work on the utilization of fixed 
nitrogen compounds by Azotohacter and has stated that, “Older work 
needs to be repeated with adequate supplies of trace elements (iron, molyb- 
denum, vanadium, tungsten, etc.).” 

Experimental. — ^Burk^s* nitrogen-free, 2 per cent sucrose medium is 
inoculated with a 24-hour cultme (1 drop per 10 ml.) of the free-living, 
aerobic, nitrogen-fixing organism, Azotobtiaer vinelandid. The inoculated 
medium is shaken to distribute the organisms, and 25-ml. portions are 
pipetted into sterile culture fiasks.’ The normal nitrogen compounds are 
added in 1 ml. of sterile, neutral solution, and 1 ml. of sterile water is added 
to the nitrogen-free controls. Sterile 50 per cent KOH (1 ml.) is placed 
in the inset cup for absorption of CQa. The flasks are plugged with sterile 
cotton and placed on a manifold in a 30^C. constant temperature bath. 
The system is evacuated, and O 2 and Ns are added to the desired pressures; 
in all experiments a pO% of 0.2 atmosphere and a pN% of 0.2 atmosphere 
were employed leaving a 0.6 atmosphere vacuum. Oxygen is supplied 
from a 2-Uter reservoir during the experiment. After a suitable period of 
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growth, as judged by the amount of oxygen used by the culture, the gas 
is recovered, the culture is removed from the flask and the cells are washed 
by centrifugation. The supernatant from the first centrifugation of the 
cells is analyzed to check that an excess of combined nitrogen remains at 
the end of the experiment. The washed cells are digested, converted to 
Na and analyzed for content with a mass spectrometer.* 

Ammonium- and Urea-N: Experiments 1 and 2, table 1, demonstrate 
how readily the NH 4 ^ ion is utilized by A, vinelandii. In experiment 1 
the organism had been previously grown on a nitrogen-free medium. 


TABI.E i 

Competition ok Ammonium- and Urea-N with Na as Source of Nitrogen for 

Azoiobacter 



CUI^THRIt 

NITKOORN SOUKCB 

HOUXB OP 

ATOM % 

PBR CANT 

SXFBRIMBHT 

'"adapted"* to 

IN P. P. M. N 

INCVDATtON 

M>. BXCBMi 

FIXATION 

1 

N, 

N, 


2.580. 

100. 0 



NH4+--I21 

40 

0.022 

0.9 



NH4+— 315 


-0.019 

0,0 

2 

NH4 acetate — - 

N, 


26.600 

100.0 


300 p. p. m. 

NH4+— 103 

30 

0.369 

1.4 



NH4+— 312 


-0.007 

'0.0 

3 

N, 

N, 


26.840 

100.0 



Urea — 97 

47 

2.530 

9.7 



Urea--302 


0.030 

0.01 

4 

Urea-^-SOO 

N, 


27. 140 

100.0 


p. p. m. 

Urea — 98 

33 

0.6eS2 

2.1 



Urea — 296 


0.101 

0.4 


• Immediately preceding their use, “adapted” cultures were carried through 3 daily 
transfers in media containing fixed N supplied by the N compound to be tested. 

In experiment 2 the inoculum had been ‘‘adapted'* by growth in 300 
p. p. m. ammonium acetate nitrogen through 3 daily transfers. With either 
the “adapted** or “non-adapted** culture fixation was completely elimi- 
nated by 300 p. p. m. of NH 4 '^-N, and fixation accounted for only about 1 
per cent of the cellular nitrogen in the presence of 100 p. p. m. NH 4 "^-N 
indicating that, when available, A . vindandii uses the ammonium ion to 
the exclusion of Ns. 

The response of A. vinelandii to urea-N is very similar to that with 
NH 4 '^-N as can tie seen by the data of experiments 3 and 4 in table 1» 
Even without previous cidture on urea, the organism uses this source of 
nitrogen in preference to molecular N*; after 3 transfers fixation is prac- 
tically eliminated. The presence of an active urease in Azotobacter strongly 
suggests that urea serves essentially as another source of the ion; 
the decrease in fixation after adaptation to urea may well arise from in- 
creased urease activity. 
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NUrcUe- and Nitrite-N: The hon^adapted culture (table 2, experiment 
5) assimilated about 20 per cent of its nitrogen as N* in the presence of 
nitrate. However, after adapting the culture to nitrate, fixation was 
almost eliminated in the presence of NO3 (table 2, experiment 6). 

With a non-adapted culture (table 2, experiment 7) nitrite depressed 
fixation somewhat more than nitrate, but the culture adapted to nitrite 
responded in almost the same manner as the non-adapted culture (table 2, 
experiment 8). Nitrite levels above 75 p. p. m. N are toxic to A. vinelandii 
and hence nitrite and nitrate cannot be compared at the higher concen- 
trations. 


TABLE 2 

Competition of Nitrate- and Nitrite-N with Nj as Source op Nitrogen for 

Azolobacter 



CULTVBB 

NtTBOOSN HOURCK 

HOURB OP 

ATOM % 

TBit CENT 

BXmiUMBNT 

“adaptbd" to 

IN P. P. M. N 

INCUBATION 

NU BXCH.. 

nXATIOH 

5 

N, 

N, 


2.110 

KKl.O 



NaNO,— 102 

39 

0,4C4 

22.0 



NaNOr— 277 


0.381 

18.1 

6 

NaN 0,-300 

N, 


23.370 

100.0 


p. p. m. 

NaNOr-100 

33 

0.470 

2.0 



NaNO,— 323 


0.046 

0.2 

7 

N, 

N, 


2.946 

100.0 



NaNOr— 50 

16 

0.420 

14.2 

8 

NaNOs— 50 

N, 


21.340 

100.0 


p. p. m. 

NaNOr-«6 

29 

2.600 

12.2 


Amino Acids: In the presence of molecular N2 the dicarboxylic amino 
acids, aspartic and glutamic acids, are used to a very limited extent by a 
non-adapted culture, but when previously grown in the presence of these 
nitrogen compounds, A, vinelandii will use somewhat greater quantities 
of them (table 3, experiments 3 and 9). Likewise previous culture on 
asparagin (table 3, experiments 10 and 11) increases its utilization from 
a quarter to a half of the total nitrogen assimilated by A, vinelandii. As 
with urea we may logically consider the possibility that asparagin is func- 
tioning by furnishing the ammonium ion to the organisms, and that the 
adaptation consists in stimulating the formation of the enzyme splitting 
the amide linkage. The alternative, that the nitrogen used is amino, 
appears untenable because of poor utilization of aspartate. Arginine is 
utilized neither by adapted nor by non-adapted cultures (table 3, experi- 
ments 10 and 11). An acid hydrolyzate of casein was used to furnish a 
mixture of amino acids, but as is shown in experiment 12, A. vinelandii 
did not obtain an appreciable amount of its nitrogen from this source. 

i>t5C«Ar5son.-^The primary objective of the studies with isotopic nitrogen 
is to provide better insight into the mechanism of btologi^ nitrogen 
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fixation. In agreement with the previous investigations with this isotope, 
the data suggest, but do not establish, that amnwnia a primary 

product of nitrogen fixation by A. — .Qtdy ammon ia and su ch 

compound^ as into ammonia % the organism com- 

pete^b any marked extenrwitfi therNa E Evicletitly the 

babtena ^)siess'“the ihechahism^^ to obtain witiwut dday their 

entire nitrogen requirements from With NH4*^ itself, and probably 

urea, the organism can change immediately from a metabolism involving 
solely Na to one in which NH4“^ meets all needs. The rapidity of the change 
has not been determined exactly, but can be detected in A. vindandii 
cells within 1 minute after it is supplied as NH4‘^ to a N-free culture (un- 
published data) . 


TABLB 3 

CoMPKTJTroN OF Amino Acids WITH Ns AS SouRCtt OF Nitrooen for Azoiobacter 


RxritKi- 

CUI.Tl)RIi 

NITROORN SOURCS IN 

nouRR or 

ATOH % N*. 

PBB CBKT 

MKNl' 

"ADAFTaD" TO 

F. F. K. N 

INCUBATION 

BXCBM 

nXATtON 

3 

Na 

Ng 


25. 

100.0 



Aspartate — 108 

47 

23.62 

91.4 



Glutamate — 102 


25.01 

96.7 

9 

Ng 

N, 


26.73 

100.0 


Aspartate — 100 

Aspartate — 102 

41 

22.52 

84.2 


p. p. ni. 

Glutamate-"- ICX) 

Glutamate — 137 


23.60 

89.0 


p. p. m. 





10 

Na 

Ng 


3.320 

100.0 



Arginine — 50 

24 

3.480 

104.8 



Aspatagin — 50 


2 Am 

73,7 

11 

Nj 

N, 


26.510 

100.0 


Arginine — lOU 

Arginine — 121 

40 

26.900 

101.6 


p. p. in. 

Asparagine — 100 

Asparagin-— 93 


12 . 070 

48.0 


p. p. m. 





12 

Ns 

N, 


17.03 

100.0 



Casein hydrol. — 101 

29 

17 . 24 

101.1 


Casein hydrol. — 

Casein hydrol — 101 


16. S2 

97.0 


100 p. p. m. 






\ Sources of nitrogen which are more or less readily converted to NH4+ 
also definitely inhibit the fixation reaction.^ Nevertheless, a significatit 
difference in the inhibition is observed; if the culture has been pre- 
viously restricted to N*, the organism does not immediately accept ^e 
combined nitrogen source to the complete exclusion of molecular nitro^pm. 
If, however, a period of "adaptation" is provided (during whicii time the 
organism probably develops enough enzyme to convert the ni- 

trogen source into ammonia at a rate suffl^t to meet its needs), the 
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compound behaves as does ammonia, viz., it suppresses almost completely 
the fixation reaction. 

The chief alternative to the hypothesis that biological nitrogen fixation 
proceeds via ammonia is the proposal of Virtatien^ that hydroxylamine is 
the key compound. His evidence is based almost entirely on the excretion 
phenomenon which occurs at times in leguminous plants. The arguments 
for and against this mechanism have been discussed by Wilson* who 
emphasized that much of the evidence was non-s}>ecific in the sense 
that it could serve equally well if NH4 ** were the prime intermediate. 
For example, independent of whether nitrogen is fixed as NH4 or NH2OH 
it probably is rapidly converted to amino acids, especially aspartic and 
glutamic acids, via the appropriate keto acid according to the generally 
accepted theory of nitrogen metabolism in plants. But it should 
likewise noted that the data based on the isotopic research are also not 
critical in this same sense, viz., that they do not eliminate NH2OH as a 
possible intermediatc—^only that nothing uncovered so far by this ap- 
proach suggests the necessity of postulating its presence. Since even 
in dilute solution NH2OH is toxic to Azotohacter, it has not been possible 
to test its effect on fixation in a maimer comparable to that employed 
for other nitrogen compounds. 

One noteworthy finding of the isotopic research should not be over- 
looked : neither aspartic acid, a key compound for the NH2OH view, nor 
glutamic acid, a compound suggesting NH4 are utilized in the presence 
of N2. In both instances limitation in the cell’s permeability may be 
concenied. Although both of these compounds undoubtedly must be 
used when synthesized by the cell itself, the organism does not normally 
grow in their presence probably because it lacks the necessary enzymes 
to secure immediately from them the key compound of its nitrogen 
metabolism — ammonia. 

Summary. — Azotobacter vindandii was grown in the presence of normal 
nitrogen compounds in an atmosphere containing N** enriched molecular 
nitrogen* Isotopic analysis furnished a means for determining the ability 
of various compounds to compete with the nitrogen fixation reaction. 

Ammonia and compounds readily converted to ammonia are used to the 
virtual exclusion of molecular nitrogen* With ammonium compounds, 
and probably urea, the change from a metabolism involving only Ni to 
one based on combined nitrogen is rapid and complete. With other 
compounds, notably nitrate, a period of ''adaptation^’ is essential, other- 
wise fixation is not entirely suppressed. With asparagin an increased 
but not complete inhibition of nitrogen fixation was observed after adapta- 
tion* Nitrogen compounds which the organism assimilates only with 
difficultjr (aspartic and glutamic acids) or not at all (arginine) do not 
inhibit the fixation of Ns to a marked extent* 
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The significance of these findings for the mechanism of nitrogen fixation 
by Azotobacier is discussed, and it is concluded that present evidence based 
on research with isotopic nitrogen favors the view that NHi*^ is a key 
intermediate, 

* This research was supported in part by grants from the Rockefeller Foundation and 
from the Wisconsin Alumni Research Foundation. 

^ Burk, D,, and Lineweavcr, H., Jour. Bad., 10, 389 (1930). 

* Burk, !>., and Burris, R. H., Annual Review oj Biochemistry, 10, 687 (1941), 

* Burris, R. H., Eppliug, K. J., Wahlin, H. B.. and Wilson, P. W., Jour. Biol. Chem., 
148, 349 (1943). 

* Virtanen, A. I., Cattle Fodder and Human Nutrition, Cambridge (1938). 

* Wilson, P. W., 7'he Biochemistry of Symbiotic Nitrogen Fixation, Madison (1940), 
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COLCHICINEJNDUCED ALLO-^ AND AUTOPOLYPLOIDY IN ' 

NICOTIANA^ 

By MtrRiEL V, Bradley and T. H. Goodspred 

Dkpartment of Botany, University of California 
Communicated October 4, 1943 

For many years there has been ii^nstve investigation of the genus Ni- 
cotiam designed to throw light upon origins and relationships of the 60 to 
70 spedcs as well as having to do with the detection or improvement of spe- 
des of economic importance. It is not surprising, then, that the announce- 
ment of the successful use of colchidne in doubling chromosome number 
should have prompted colchicine treatment of Nicotiana species and hy- 
brids, to various ends. 

First, the possibility of artificially inducing chromosome doubling is im- 
portant as bearing upon the hypothesis that the 24-paired species of Ni- 
cotiana are of amphidiploid origin involving progenitors of 12-paired spe- 
cies (cf. Goodspeed,^-® Clausen®). Thus, the two species of commerce, 
N. Tahacum and N* riistica, are looked upon as having been derived from 
hybridization followed by chromosome doubling. In the origin of iV. rus- 
Hca members of the '‘paiiiculata group” t were involved — ^probably the 
progenitors of the modem species N. undtdata and N, paniculata (Good- 
speed,^ Kostoff, Goodspeed and Bradley^). Species of the “tomcntosa 
group” and N, sylvestris have undoubtedly entered into the amphidiploid 
origin of N, Tahacum (Goodig>eed and Clausen,® Kostoff,® Clausen,*® 
Good^ed,^ Greenleaf,^^ Goodspeed and Bradley^). In the origin of 24- 
paired N. BigeUmi^ JV, nudkauUs, N. repanda and N. nesophila species of 

w 

the 12-paired “acuminata" and “alata groups,” certain of which may no 
l(mger exist, are thought to be involved. A new 24-paired species, N. 
Arentsii (Goodspeed’) has been shown to be a product <4 hybridization be- 
tween progenitors of N. undtdata and N. wga^oHes followed by cfarotno- 
sotne doubling. This discovery of a native i^ecies of NiccPiana of demon- 
strated amphidiploid origin has importance in connection sntb the accu- 
mulated cy togenetic evidence indicating su^ origin in the case of N. Taba- 
ctUH and ntsHea, 
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In the second place, colchicine-induced chromosome doubling of species 
and hybrids of Nicotiana holds out possibilities of economic importaacc. 
Thus, new races possessing desirable qualities of aroma or combustilibity, 
altered contents of nicotine, nicotinic acid and related substances (cf. 
Smith and Smith, Noguti, Oka and Otuka^*) or increased disease resist- 
ance (cf. Holmes^*) might be artificially produced via alio- or autopoly- 
ploidy. 

Among the previously reported Nicotiana amphidiploids obtained by 
colchicine treatment of Fi hybrids are: Nicotiana excelsior X N* velutina 
(Kostoff^^), JV. glutinosa X N- ghuca (Smith AT, gluiinosa X iV. sylves- 
iris (Warmke and Blakeslee^^, N. glutinosa X N. Tabacum (Mendes^*), 
N* rustica X iV. Taba^cutn (Smith N. smveolens X N^ alata (Kostoff,***®), 
N. suaveolens X N. Sanderae (Kostoff®), N. Tabacum X N. glauca (Smith 
N, Tabacum X N, glutinosa (Warmke and Blakeslee^O* Tabacum X N. 
sylvestris (Bartolucci,^ Smith, and N. alata X N. Sanderae (Kostoff“). 
Colchicine-induced autotetraploids include: N. Sanderae (Warmke and 
Blakeslee,^^ Kostoff N, glauca (Smith,^® Kostoff*®). A number of these 
same Fi hybrids and species have reacted similarly to colchicine in the work 
with this treatment that has been under way in the University of California 
Botanical Garden for a number of years and in which the following addi- 
tional alio- or autotetraploids have been obtained: N. maritima X 
N. plumbaginifolia, N, otophora X N. SetchelUi, N. paniculata X N. solani- 
folia, N, rustica X N. paniculata, N. Tabacum X N, otophora, N. Benthami- 
ana X AT. Debneyi, N. maritima X N. velutina, N. velutina X N, suave- 
oUns, N* velutina X N, rotundifolia, JV. alata and JV. paniculata. Viable 
seed has been obtained from aU. Two additional pol 3 rploids, 4n JV. Setchdlii 
and JV. ''ditagla** (an amphidiploid of Fx JV. Tabacum X JV. glaum) X N. 
sylvestris were induce^, but the plants died before seed was procured. 

Types of Colchicine Treatment. — Initially, drops of 0.4% colchicine solu- 
tion were applied to the veget^itive buds of a total of 17 plants of Fx inter- 
specific hybrids of Nicotiana. A number of buds on each plant were 
treated twice every other day for from eight to ten days. Of the relatively 
few buds which survived the treatment, practically all gave rise to branches 
which showed the mixochimerical effects characteristic of tissues derived 
from colchicine-treated meristems. 

Five of the 17 plants produced branches which bore flowers with doubled 
chromosome numbers. In this and in ^ other cases pollen size and condi- 
tion were used as preliminary indication that such doubling had occurred. 
Chromosome counts and fertility confirmed such preUminary evidence. 
The successfully treated Fx hybrids were AT, Benthanriana X JV, Debneyi, JV. 
marUima X JV. vduHna, JV. vduUna X N. suaveolens, JV. velutina X JV*. ra- 
tundifoKa and JV. panicukUa X iV. solanifqUa. 
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Thirty-nine plants, most of them Ft hybrids, were treated by the capil- 
lary string method with a 0.3 to 0.5% coldiidne solution, the treatment last- 
ing from 2 to 5 days. Many buds were killed, particularly those subjected 
to a 0.5% solution for 5 days. Branches with doubled chromosome num- 
bers appeared on two plants. One of these, Fi N. Tabdcum X N, otophora, 
developed two tetraploid branches, foUowng 0.4% colchicine for 4 days 
and 0.5% for 3 days, respectively. On another, Ft N, rustica X N, panicu- 
lata, a tetraploid branch arose from a bud treated with 0.5 colchicine for 
3 days. 

An emulsion containing 0.4% colchicine (cf. Warmke and Blakeslee*^) 
was applied to vegetative buds of fifty-five plants representing twenty-one 
populations of species and Fx hybrids. Applications of the emulsion were 
made twice a week until the effects of colchicine became evident in the 
checking of growth and thickening of young leaves. Four plants — ^two of 
N. Sanderae and two of iV. alata — have so far produced tetraploid branches. 

For the above series of colchicine treatments the results are not entirely 
reliable since treatment was in many instances applied when the plants 
were not in an actively growing condition or when environmental factors 
were more or less unfavorable for growth. The importance of optimum 
conditions for growth and of employing plants in early stages of maturity 
for success in inducing polyploidy is now well recognized. 

Two colchicine techniques were entirely unsuccessful — seed treatment 
and injections into stems near buds. Seeds of one spedcs and of three Fx 
hybrids were placed on filter paper saturated with 0.5% colchicine. Two 
lots were treated for 48 hours and two for 72 hours before the seeds were 
sown on soil. No germination occurred, although controls showed a liigh 
percentage germination. Injections just bdow and ateve buds of 21 
plants failed to induce chromosome doubling. Solultons of 0.4% cqlchi- 
cine, in some cases made up with 0.2% alkanol, were injected. Some buds 
failed to produce branches, probably as a result of mechanical injury. 

Maturing seed capsules of 11 species and Fx hybrids were injected (cf. 
Nebd and Ruttlc^) with a solution of one port 0.8% colchidne and one 
part 0.2% alkanol. The size of the capsules injected varied from those 
approximately half that attained at maturity to mature but still green ones. 
The treatment completely inhibited seed development in the youngest 
capsules and, in most cases, injected seed capsules either abscissed before 
maturity or contained only aborted seed. In two instances a little viable 
seed was obtained but the plants grown from it died in the seedling stage. 
A number of injected capsules on single plants of Ft N. BmmdesU X N. 
sokmfoliat Fx N, otophara X N. SetchdUi and of N. olophara produced 
viable seed from which small populations were grown. In all three there 
were plants which grew and flowered normally and proved to be diploid 



m BOTANY: BJUDLEY AND GOODSPEED Pkoc. K. A. a 

and others which developed so slowly that they did not flower before the 
end of the growing season. These results indicate the possible importance 
of further examination of the capsule injection technique 

Treatment of seedlings gave more consistent and significant results than 
any other colchicine technique employed. Seeds were sown on moist 
filter paper. When germination had proceeded to the point that seed coats 
were being shed (an over-all length of 0.5-1. 0 cm.), the seed was transferred 
to filter paper saturated with 0.5% colchicine solution. They remained in 
contact with this solution for periods of two, three, four and five days. Of 
a total of approximately 250 seedlings of seven Fi hybrids and ten species 
that were treated, 23% survived to maturity and of this number 5% 
showed complete or partial chromosome doubling. Five-day treatment of 
a total of 52 seedlings of three Ft hybrids and one species gave only 4 ma- 
ture plants, all of Ft N* rustica X N. panicuhta. One of these plants con- 
tained a 4» sector. Three- and four-day treatment proved to be most ef- 
fective and in every case where mature plants were produced one or more of 
them showed complete chromosome doubling or An sectors. Following two- 
day treatment two species, iV, Setchellii and N. panictdala^ gave mature 
plants showing induced polyploidy. In the case of the species, the seed- 
lings of which were treated, a considerable difference in susceptibility to the 
injurious effects of colchicine was indicated by the distinctions in survival 
following a given treatment. 

For bud treatment it was clear that, as already noted, plants in anything 
but a condition of active growth are unfavorable subjects. Prolonged 
treatment and low concentrations of colchicine are necessary in the case of 
semi-dormant plants. Since, however, the toxic effects of colchicine are 
doubtless slowly dissipated when growth is slow, such dosages are difficult 
to regulate and may become too drastic with consequent death of treated 
meristems. In Nicotiana, treatment of a few lateral buds and elimination 
of all others does not appear to encourage the growth of treated buds since 
adventitious buds near the eliminated ones are at once stimulated to 
growth. Severe topping followed by treatment of all remaining buds has 
proved to be the most favorable technique. The number and hairiness of 
foliage leaf primordia obviously affect rate and degree of penetration into 
bud meristems of colchicine solution applied by the drop or capillary string 
methods. These methods were largely unsuccessful except with species 
and Fi hybrids of the **suaveolens group” and of certain members of the 
“paniculata group” where, probably, the number of leaf primordia and 
certainly the density of the indument is reduced as contrasted with most of 
the species of other genetic groups that were treated. 

Dosages in seedling treatment of Nicotiana species should be based upon 
the differential susceptibility of various species to the toxic effects of col^ 
chidae. Such differences em, apparently, both inherent and also tetated 
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to the readiness with which untreated seedlings can be reared to maturity. 
Colchicine concentrations of less than 0.6% in contact with seedlings for 
longer periods than those employed by us may give a higher percentage of 
survival and greater incidence of polyploidy than reported above. How- 
ever, heavy dosage followed by a low survival rate and a fair proportion 
of successful treatments reduces time and expense in carrying on such 
investigations. 

Complete cytogenetic analysis of Ci and later generations of colchicine 
induced auto- and allotetraploidy will be made only when such evidence 
contributes to other types of investigations in progress. Certain informa- 
tion is, however, in hand. Thus, the induced autotetraploids of species 
show the anticipated coarsening of general habit, increase in size and thick- 
ness of leaves and flowers and decreased rates of development. A 4« plant 
of iV. glauca exhibited those tetraploid characteristics but was otherwise 
normal in external morphology and growth reaction. Like those of the 
other induced autotetraploids, its PMC meioses exhibited a certain degree 
of multivalent formation. However, in the next generation (Ci) develop- 
mental abnormalities uniformly occurred. Oti young plants the leaves 
were extremely thick and leathery while the terminal shoot and laterals 
showed a tendency toward fasciation and bore slender to ribbon-like, dis- 
torted leaves. Gradually these abnormalities were outgrown but up to the 
end of the season no flowers were produced. Genic effects noted in Fx 
interspecific hybrids involving certain races of N. glauca and resulting in 
developmental abnormalities were probably operative in this instance also. 

In the case of Fi hybrids in which cliromosome doubling was induced the 
cytogenetics of the original amphidiploid determined the Ci and Ci condi- 
tions observed. For example, N. paniculata {n » 12) and N- solanifcUa 
(n 12) have fundamentally the same genic constitution as iiidicated by an 
average of 11.8 pairs per PMC in the Fi hybrid between them. This hy- 
brid in the doubled condition shows from 2 to 7 multivalent configurations 
and one or more tmivalents per PMC. In a population of 30 Ci plants 
habit and leaf characters were practically uniform in expression but rate of 
growth and a number of floral characters showed considerable segregation. 
In Ci segregation corresponding in nature to that of Ci occurred. The 
segregating characters were those on the basis of which the parental 
species are distinguished taxonomically and the substitution or elimination, 
following multivalent and univalent distribution, of chromosomes bearing 
gene complexes of which these characters are a reflection would produce 
the variability observed in Cl and Cs. 

By contrast, N. maritima (n * 16) and 2V. plumHginifolia (n « 10) are 
widely separated in genic constitution. In the amphidiploid of their Ft 
hybrid only bivalents appeared, m PMC and correspondingly the Ci popu* 
kthm was uniform in morphok»gical (haractem 
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Finally, there were such Fi hybrids as N. rustica {n =» 24) X N, panicu- 
lata in “ 12) n and iV. l^abacum (n == 24) X N. otaphora (« = 12) in 
which DrOvSera scheme chromosome behavior occurs. The original amphi* 
diploid of the former hybrid exhibited multivalent formation as a result 
of alio- and autosyndesis and irregularities in chromosome distribution 
followed by formation of micronuclei and microcytes at the quartet stage. 
Although, doubtless, many products of such meioses are inviable, certain 
gametes with slightly deficient chromosome numbers or with extra 
chromosomes should be viable. That this is the case was indicated by 
the considerable amount of segregation in many plant characters in a Cj 
population of 40 plants. Probably this colchicine induced umphidiploid is 
comparable to that of Lammerts^^*^- in which he found that dissociation 
of quadrivalents was not strictly preferential and that complete substitution 
is possible, in some quadrivalents at least. Since Lammerts produced 
some stable 72 chromosome derivatives, selling of the colchicine induced 
rusHca-paniculafa amphidiploid and its progenies should likewise yield stable 
lines. A Ci population of 25 plants of Fi N. Tabacum X N, otophora 
showed a variability comparable to that of the hybrid just referred to, 
along with a comparable mciotic condition in the original amphidiploid 
plant. 

The results above listed emphasize the comparative readiness with which 
auto- and allopolyploidy may be induced in Nicotiana* Reference has 
above been made to the application of natural and induced polyploidy in 
tobacco breeding and in the interpretation of species origins and relation- 
ships, In this latter connection the cytogenetic significance of polyploidy 
in the genus Nicotiana has also been discussed by Clausen.* 

We are ijidebted to P. C. Burrell for assistance in the colchicine investi- 
gations. 

(Since the above was written vegetative buds of 16 plants of F\ N. syl- 
vestris X N, otophora have been treated with a 0.4% solution of sanguina- 
rine sulfate. Little,** using sanguinarine hydrochloride, produced tetra- 
ploidy in Antirrhinum majus. Although amphidiploidy in Fi N. sylvestris X 
N. otophora has not as yet been induced, shoots from the injected buds 
show abnormalities in development equivalent to those following colchicine 
treatment. Probably, therefore, either salt of sanguinarine properly ap- 
plied will induce chromosome doubling.) 

Contribution No. Ill from the University of California Botanical Garden. 

t The nature and significance of the genetic group concept arc referred to elsewhere 
(Goodspecd 

^ Ooodspeed, T, H., Univ. Calif. Puhl. Bot., 17, 36^398 (1934). 

* Ooodspeed, T, H., (in press) Proc. Calif. Acad. Sci.. 

* Clausen, R. E., Biol. Symposia^ 4, 95-113 (1941). 

* Ooodspeed, T. H., Proc. Sth Am. Sci. Cong., Biol, Set., 3, 231-238 (1940). 

* Kostofi, D., Dok. Akad. Nauk, 5. 5. 5. R., 1 , 653-657 (1935). 
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CHROMOSOMAL ABERRATIONS IN BRAZILIAN DROSOPHILA 

ANANASSAE 

By Th. Dobzhansky* and Andr& Dreyfus 
CoLitMBiA Univbrsity, Nkw York, and University op Sao Paolo, Brazil 

Communicated September 27, 1943 

Drosophila ananassae de Meijere is a species common in or close to human 
habitations in the tropical and subtropical parts of the world. Most of its 
relatives are confined to eastern and southern Asia. It seems reasonable to 
suppose that D, ananassae is also a native of tliese lands; its presence else- 
where, particularly in the Americas, is due to introduction by man. A 
study of the chromo.somal variability confirms this conjecture. As shown 
below, Brazilian populations contain mostly the same chromosome variants 

which occur in southeastern United States and in eastern Asia. Siich a 

1 

uniformity of intraspecific chromosome variants could hardly occur if the 
present wide distribution of the species would be entirely a “natural*^ one. 
In one of the Brazilian populations we have, however, established the pres- 
ence of translocation heterozygotes. While inversions occur in most species 
of Drosophila, this is the first instance of a translocation being found in a 
population of Drosophila outside genetic laboratories. 

We have received population samples of ananassae from Bello Hori- 
zonte (state of Minas Gerais) collected by Mr. Jos^ Pellegrino, from Rio de 
Janeiro collected by Professor Hugo Souza Lopes, from Mogi das Cruzes 
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collected by Mr. C. Pavan, from Santos and Sfio Vicente collected by Mr. 
Aylthon Joly, and from Itanhaem collected by Mr. Edmundo Nonato; 
the last four localities are in the state of Sao Paulo. Z). ananassae has four 
pairs of V-shaped chromosomes at raetaphase, represented in the salivary 
gland chromosomes by four long (autosomal), two shorter (X-chromosome), 
and one very short (autosomal) chromosome strands. A study of the sali- 
vary gland chromosomes of the offspring of females collected outdoors 
showed that only about 7 per cent of the individuals (8 out of 118) are free 
of inversions, while the remainder are heterozygous for from one to four 
inversions. The commonest inversion is the subterminal one in the left 
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FIGURB 1 

A, a translocation between the left limbs of the second and the third chromosomes. 
Note a deficiency of the terminal disc on one side in the tip of 11 L. J3, subterminal 
inversion in II L. C, appareJitly terminal inversion in III X. P, basal and median 
inversions in III R. The scale represents 60 micra. 

limb of the second chromosome (II L) shown in figure 1, B; about one-half 
of individuals in all the localities itre heterozygotes for the inversion. The 
next commonest is the apparently terminal inversion in the left limb of the 
third chromosome (III L) shown in figure 1, C; about 40 per cent of the 
flies in all the localities are hetcrozygotes for this inversion. The small in- 
version in the basal part of the right limb of the third chromosome (III J? 
basal, Fig. 1, D) was also found in all localities, but only about 30 per cent 
of the flies are heterozygotes. A small inversion in the middle part of the 
right limb of the third cfeomosome (III R median^ Fig. 1, D) occurred id 
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three individuals from Bellb Hori^onte. Finally, an inversion in the mid- 
dle portion of the right limb of the second chromosome (II i?, figured by 
Kikkawa^ on his plate I J) occurred in several individuals from Mogi das 
Cruzes, Rio de Janeiro, Santos and S5o Vicente. Kaufmann^ found in 
Alabama populations the inversions II L, III L, II R and III R basal. 
Kikkawa^ found in populations of several localities in Japan and in Shang- 
hai, China, the inversions recorded by Kaufmann in Alabama, plus a small 
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FIGURE 2 

In the center, an outline drawing of the configuration resulting from a combination 
of the translocation and two inversions in the left limbs of the second (IT L) and the 
third (III 1) chromosomes; 11 i? and III R, respectively, the right limbs of the second 
and the third chromosomes; AT, A'-chromosome; na, nucleolus; the chromoccnlcr is 
shown as a body with a reticulate structure; the magnification is indicated by the scale 
on the right representing 50 micra. The drawings above and below the outline show 
details of the structure of the critical portions as seen in other cells; the scale on the 
left represents 30 micra and is applicable to the detailed drawings. 

inversion in II L in a single strain from Taihoku recorded neither by Kauf- 
mann nor by ourselves. Our III JR median inversion from Bello Horizonte 
is, thus, the only not previously known one. The translocation between the 
third and the fourth chromosomes described by Kikkawa^ is a laboratory 
product. 

In a strain coming from one of the seven females collected at Mogi das 
Cruzes, there occurred the highly complex chromosome configuration rep- 
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resented in outline in figure 2. The left limbs of tlie second and third 
chromosomes are, in this configuration, taking part in the formation of two 
closed rings; the right limbs of the second and the third, and the X and 
fourth chromosomes are normal. A careful examination of the disc pat- 
terns in the critical regions of the chromosomes in the configuration just 
referred to (see the drawings in P'ig. 2 showing the disc patterns; these 
drawings have been made from several cells, at a magnification higher than 
the outline in the central part of this figure) has led to the conclusion that a 
reciprocal translocation between the left limbs of the second and third 
chromosomes as well as the II L and III L inversions are involved. An in- 
terpretation of the configuration of figure 2 is shown schematically in figure 
3. In this latter figure the normal left limb of the second chromosome is 
shown dotted; the normal left limb of the third chromosome black; the 
left limbs of the second and third chromosomes involved in the transloca- 
tion white and cross-hatched, respectively. The base and a part of the 
inverted portion of the second chromosome (white) has acquired most of 
the inverted terminal portion of the third chromosome (cross-hatched); 
the base of the third chromosome (cross-hatched) has acquired part of the 
inverted portion and the uninverted tip (white) of the second chromosome. 

Chromosomes with and without the II L and III L inversions are both 
foimd in the populations studied by us, Thejcfore, if the interpretation 
given to the configuration shown in figure 2 is correct, we should be able to 
find much simpler configurations showing the translocfition with only II L, 
or only III L inversion, or without either inversion. The characteristics of 
these configurations are predictable, and they have indeed been found in 
the salivary glands of other larvae from the same culture which showed the 
configurations of figures 2 and 3, as well as in another culture obtained from 
a female caught at Mogi das Cruzes. Figure 1, A shows the translocation 
configuration without the complicating inversions. This is a typical cross- 
shaped ajnfiguration observed in translocation heterozygotes. 

It appears, then, that two of the seven females collected at Mogi das 
Cruzes were either translocation heterozygotes or have mated with trans- 
location males. Unfortunately, tlie translocation stock has been lost be- 
fore the viability of the translocation homozygotes and related problems 
could be studied; new population samples from the same locality have as 
yet not been obtained. Since translocation heterozygotes in Drosophila 
usually have a fertility below that of homozygotes, translocations are not 
expected to be retained in natural populations, and the case just described 
is so far the only one on record. 

Other * ‘forbidden classes of chromosome changes are terminal de- 
ficiencies, duplications and inversions. The terminal chromomere (“telo- 
mere’*) is supposed to be a structural element without which a chromosome 
cannot exist, and which cannot be replaced by a chromomere usually oc- 
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cupying an interstitial position* The III L inversion has been described 
by Kaufmann^ as a terminal one, and we can confirm that it is visibly so. 
Kikkawa^ described variations in the structure of the free ends of the 
second and third chromosomes in D, ananassae which appear as deficiencies 
of a single or a few terminal discs (or as additions of new discs not present 
in that location in other strains) . We find in Brazilian populations varia- 
tions apparently identical with those described by Kikkawa. An instance 
of a heterozygous deficiency for a terminal disc in the left limb of the second 
chromosome is shown in figure 1, A . The nature of these terminal deficien- 
cies (or duplications) is unclear, but in any case they have nothing to do with 
the “pseudotranslocations*' allegedly found by Goldschmidt® in £>. 
melanogaster . Analogous variations have been found by Metz* in species of 
Sciara. If the free ends of chromosomes are heterochromatic, we may be 
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A scheme of the confiifuration shown in figure 2. The left limbs of the second and 
third chromosomes not involved in the translocations are shown w^hite and black, 
respectively; those suffering translocation, dotted and cross-hatched, respc'ctivcly. 

dealing with real deficencies of elements that are no longer essential con- 
stituents of the g^rm plasm. Or else, these may be cytological visible re- 
sults of changes of the type of gene mutations. Such changes are, as well 
known, not usually reflected in the appearance of the cluomosomes, but 
cytologically visible effects of gene mutations are theoretically not ex- 
eluded. In any case, these variations seem to be terminal, although, of 
course, we cannot exclude the existence of an invisible telomere persisting 
at the end of the chromosome despite the visible variations. 

* Visiting Professor at the University of Sfto Paulo, working under the auspices of the 
Committee for IitterAmericah Artistic and Intellectual Relations. 

^ Kikkawa, H., Gmetica, 20| 468-616 (1938). 

* Kaufmann, B. P., Ptoc. Nut Acad. Set., 22. 691-694 (1936). 

* Goldschmidt, R., Genetics, 28 (1943). 

* MeU, C, W., Carnegielnst. Washtnitm PubL, 501, 276-294 (1938). 
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A NEW MEl'HOD FOR HYBRIDIZING YEAST 

By Carl C. Lindbgren and Gertrude Lindbgren* 

The Henry Shaw School of Botany, Washington Universttv, St. Loins 

Ccrnimunicated September 13, 1943 

Winge and Laustsen^ hybridized yeasts by placing a haploid ascospore 
from one strain in close proximity to an ascospore of a second strain by use 
of the micromanipulator. When all conditions are favorable, the two 
spores fuse to produce a diploid hybrid cell. We- have used this method 
extensively, and have found that copulation usually fails (1) if the two 
spores are of the same mating type, (2) if either of the spores germinates 
directly into a diploid cell (this happens rather frequently, especially in 
vigorous strains), (3) if either spore is inviable (viability is generally about 
50 to 75 per cent). These facts mean that relatively few hybrids are ob- 
tained by ascospore to ascospore matings. The method has the further 
disadvantage that the characteristics of the parents cannot be dete^mined^ 
since the single haploid spore used as a parent is consumed in the mating 
process. This is particularly important in the yeasts which are extremely 
heterozygous. 

We have developed a new procedure based on the fact that some single 
ascospores ‘from Sacchciromyces cermsiae produce persistently haploid 
cultures. It is possible to hybridize these with other similarly derived 
persistently haploid cultures simply by mixing the cells together in an 
appropriate medium. These mixtures result in copulation if each culture 
is paired with a complementary type. One test tube can be used for 
large number of matings. This experiment has given further support to 
our proposed scheme of alleles controlling copulation in 5. cerevisiae and 
other indications prove that a simple allellism obtains. Morphology and 
biochemical characteristics can be studied previous to matings, and matings 
made between complementary types result in copulation tubes and diploid 
zygotes. * * 

The four spores from one single ascus all produced persistently haplo* 
phase cultures. The four single spores were designated, A, B, C and i), 
and the haplophase cultures were paired in all combinations. A and D 
were found to belong to the same mating type, while B and C bdonged 

DESCRIPTION OF FIGURE 1 

The four stable haplophase single ascospore cultures derived from a single ascus of Sac- 
chafontyces ccrevisae (A, C and D) and the results of pairing these cultures in (dl 
possible combinations. A X D and B X C pairings do not result in copulations. The X 
3 pairing results in copulation, and the zygotes arc much larger that? the found 
in either 4 or B alone, suggesting that the hybrid is more vigorous dither parent. 
The same increase in size is observed In C X D, A X clndB X D paSi^ 
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to the complementary type. Copulation tubes and zygotes were produced 
when A and 5, A and C, B and and C and D were paired. These results 
are shown in figure 1. When transferred to gypsum,® the diploid cells 
produced 4-spored asci, while the A and D, B and C combinations failed. 
No spores were obtained from any of the unmated single ascospore cultures. 

We have already confirmed the views of Winge* and Satava* that the 
round-celled members of the genus Tortda are imperfect forms derived 
from the genus Saccharomyces, In the present experiment these Tortdae 
when properly paired produced copulation tubes according to the pattern 
of the genus Zygosaccharomyces, indicating that it is also identical to 
Saccharomyces, 

* This work was supported by a grant from Annheuser- Busch, Inc., St. Louis. 

« ■■ 

^ Winge, O.. and Laustsen, O., Compl, rend, tramux lab. Carlsbergi, sSrie physiologique, 
22,337(1929). 

* Lindegren, C. C., and Lindegren, G., Jour. Bact. (in press) (1943). 

* Lindegren, C. C., and Lindegren, G., Bot, Gaz. (in press) (1943). 
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^ Satava, J., HI* Congres international technique ei chimique des industries agricoles, 
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SPECIAL INVARIANT SUBGROUPS 
By G. a. Miller 

Dbpartmbnt op Mathematics, University op ItxkNois 
Communicated September 30, 1943 

The concept of invariant subgroup but not the name thereof was intro- 
duced by E. Galois, who considered the subgroups which have the property 
that when in a finite group G all the elements of the given group are ar- 
ranged in the form of a rectangle with respect to the subgroup H as the 
first row, then all the co-sets, or rows, thus obtained are the same inde- 
pendently of whether these elements are arranged in the form of right co- 
sets or in the form of left co-sets with respect to H, If all these co-sets are 
the same in these two arrangements then H is now commonly called an 
invariant subgroup of G, but if not all of them are the same then H is called 
a non-invariant subgroup of G, £. Galois did not give a special name to 
these subgroups but he spoke of the decomposition of G with respect to 
such subgroups and it is on this account that the concept of invariant sub- 
group is now credited to him. 

A considerable number of other terms have been used instead of the term 
invariant subgroup. Among these are the terms self-conjugate subgroup 
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and normal subgroup. The term invariant subgroup was used by the Nor- 
wegian mathematician S. Lie in 1878 and was later rapidly adopted by other 
writers on group theory on account of the great influence of the writings of 
S. Lie on the early development of group theory and its wide applications. 
Although the concept of invariant proper subgroup is very useful it should 
be noted that it does not apply to the important category of groups known 
as simple groups of composite order which are of fundamental importance 
in the theory of the solutions of algebraic equations and involve the 
greatest difficulties of group theory. 

The most important special type of invariant subgroups is known as 
characteristic subgroups. In this case both the concept and the name are 
due to the same writer, viz., G. Frobenius, who introduced this term in 
1895 and who used the concept extensively in his later writings on group 
theory. This subgroup is invariant in the holomorph of the group and 
corresponds to itself in every automorphism of the group. While the 
term invariant subgroup relates to the behavior of a subgroup with re- 
spect to the operators of the group itself the term characteristic subgroup 
relates to the behavior of a subgroup with respect to operators which are 
not in the group but which transform the group into itself. A necessary 
and sufficient condition that a subgroup is a characteristic subgroup is 
that it is transformed into itself by every operator which transforms the 
group into itself. 

We proceed to consider the category of groups which separately satisfy 
the condition that they contain at least one invariant proper subgroup 
without also containing at least one characteristic proper subgroup. We 
shall first prove that such a group G cannot be non-abelian. It is well 
known that the non-abelian groups whose orders are divisible by two and 
only two prime munbers separately contain a characteristic subgroup 
whose order is one of these numbers. We may therefore assume tliat there 
is no non-abelian group whose order is divisible by a smaller number of 
prime numbers than the order of G but which has the property that it con- 
tains an invariant proper subgroup but no characteristic proper subgroup. 
If if is an invariant proper subgroup of G then the quotient group of G with 
respect to must be an abelian group since it contains at least one invariant 
proper subgroup because G contains more than one invariant proper sub- 
group which is simply isomorphic with H because H is not a characteristic 
subgroup* The quotient group of G with respect to H must therefore be an 
abelian group of order and of type 1*", p being a prime number. 

The order of the given G could not be a power of p since otherwise the 
central of G would be a characteristic proper subgroup of G. Since the 
quotient group of G with respect to H is of order P"* and G contains at least 
one invariant subgroup which is similar to H it results that the operators 
of B whose orders are prime to p genek'ate a proper subgroup of H which is 
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the cross-cut of H and another invariant subgroup of G, This cross-cut 
could not be a characteristic subgroup of G since it was assumed that G 
does not contain such a subgroup. We have therefore arrived at con- 
tradiction by assuming that G is non-abelian, and when G is abelian and has 
the property that it contains at least one invariant proper subgroup but no 
characteristic proper subgroup it is obviously the abelian group of order 
and of type 1**. That is, when a group contains an invariant proper sub- 
group but no characteristic proper subgroup it is the abelian group of order 
and of type 1*”, p being a prime number. 

A useful illustration of the concept of characteristic subgroups is fur- 
nished by the dihedral groups. If the order of such a group is twice an odd 
number then every pro|)er subgroup of the cyclic subgroup of index 2 of 
this dihedral grbup is a characteristic subgroup of the group and these sub- 
groups are also the only invariant subgroups of the group. On the other 
hand, the dihedral group whose order is divisible by 4 and exceeds 4 con- 
tains also as characteristic proper subgroups all the proper subgroups of its 
cyclic subgroup of index 2. In this case there are, however, two additional 
invariant subgroups in the group which are not also characteristic sub- 
groups of the group. These two subgroups are simply isomorphic because 
they are dihedral and of the same order, each having an order which is one- 
half the order of the group. They can be made to correspond in a simple 
isomorphism of the group with itself because their operators of order 2 
which are not contained in the cyclic characteristic subgroup of index 2 
transform the operators of this subgroup in the same way. 

Three special types of characteristic subgroups which have received con- 
siderable attention are the commutator subgroups, the central subgroups 
and the norms, or character subgroups. The first of these correspond to the 
identity in the largest abelian quotient group, the second correspond to the 
group of inner isomorphisms of the group and are composed of aU the opera- 
tors of the group which transform into itself every operator of the group, 
while the third are composed of all the operators of the group which trans- 
form into itself every subgroup of the group. The norm clearly always in- 
cludes the central of the group but it may also contain other operators of 
the group. In the case of the quaternion group, for instance, the norm is 
the entire group, while the central is the subgroup of order 2 contained 
therein. In the group of the square, or the octic group, the norm and the 
central are the same subgroup. 

Just as the concept of invariant subgroup was introduced before the term 
invariant subgroup was used, so the concept of commutator subgroup was 
introduced before the term commutator was used. According to E. Vessiot 
the present writer gave effectively the present common name .to this con- 
cept^ but it should be noted that the term commutator was used earlier by 
R. Dadekind. The concept of the commutator of two elements of a group 
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had been used earlier by C. Jordan and A. Bochert in the theory of finite 
groups while S. Lie had made much use of it in the theory of continuous 
groups and suggested its usefulness in the theory of finite groups. The 
concept of commutator is much older than that of commutator subgroup. 
The main properties of the commutator subgroup were first published in 
the Quarterly Journal of Mathematics, 28} 266 (1896), by the present writer 
and have since then been widely used. 

The history of the special invariant subgroups has been obscured by 
some statements in an article which appeared in volume 1 of the Composilio 
MathemaHca, 1935. On page 254 of this volume it is asserted that essen- 
tially two types of invariant subgroups of an arbitrary group are known, 
viz., the commutator subgroups and the centrals. It should be noted that 
both of these two types of subgroups are special cases of the invariant sub- 
groups known as characteristic subgroups but that a group may have more 
than one such invariant subgroup and that these invariant subgroups had 
received their now common name in the group theory literature before the 
commutator subgroups or the centrals had been thus named. The 
subgroup should also have been noted here. The concept of norm is ob- 
viously very closely related to that of central and was introduced by R. 
Baer under the name of Kern in the article cited above. The term norm* 
was used for this concept by the same writer in the American Journal of 
MathemcUics, 61^ 700 (1939). It is too early to predict whether it will be 
widely used by others. 

^ Vessiot, E., Bulletin des Sciences Mathimatigues, 60, 257 (1936). 

* Ttds term was used with a different meaning in group theory by R. Dedikind in 
Math. Annalen, 4S, 348 (1897). 


SUBGROUPS TRANSFORMED ACCORDING TO A GROUP OF 

PRIME ORDER 

By G. a. Muxer 

DBPARTJfBNT OP MATRBMATtCS, UNIVERSITY OP llXINOlS 

Comniutdcated August 21, 1943 

A necessary and sufficient condition that all the non-invariant sub- 
groups of a given group G are transformed under G according to a group of 
prime order is that the norm or character subgroup of G is of prime 
index under C. When this index is 2 the character subgroup of G is 
known to be abelian^ but when it exceeds 2 the character subgroup of G 
is either abelian or hamiltonian. In the former case the character sub- 
g^up of is an arbitrary abelian group which invcdves at least two in- 
dependent generators whose orders are powers of 2, such that at least one 
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of them has an order which is at least as large as 4, and G is the direct 
product of a non -abelian group whose order is a power of 2 and an arbitrary 
abelian group whose order is odd. Hence this case is practically reduced 
to the study of a special class of non-abelian groups of order 2” which 
separately contain an abelian subgroup of index 2. 

While all the non-invariant subgroups of each group in this special 
class are transformed under the group according to a permutation group of 
order 2, and there is an infinite number of distinct groups which corresponds 
to an arbitrary such given group of transformations of the non-invariant 
subgroups contained in G, the determination of all such possible groups 
requires detailed considerations which may not be of great interest. The 
special cases when this permutation group is of degree 2 or 4 have been 
considered and are obviously the simplest. The consideration of the 
permutation group of the transformations of all the non-invariant sub- 
groups of G when these subgroups are transformed successively by all the 
different oj^erators of G may serve as a convenient method of classifying 
all these groups. 

When the character subgroup of G is of odd prime index under G the 
order of this subgroup must be divisible by the square of this odd prime 
number p instead of by its cube, which is the case when = 2, as noted 
above. Since a hamiltonian, as well as an abelian group, is the direct 
product of its Sylow subgroups and every operator of G which is not con- 
tained in the character subgroup of G generates an invariant cyclic sub- 
group, it results directly that when this character subgroup is of index p 
under G the commutator subgroup of G must iiave an order which is equal 
to this prime number. Hence G must be the direct product of its Sylow 
subgroups when p is odd as well as when the index of its character sub- 
group is equal to 2. While in the latter case only one of these Sylow sub- 
groups can be non-abelian, two of them may be non-abelian in the former 
case. When two of these Sylow subgroups whose direct product is equal 
to G are non-abelian each of them has a commutator subgroup of prime 
order. 

From the preceding paragraph it follows that when the character sub- 
group of G is of prime index the determination of G is practically reduced 
to the determination of G when its order is the power of a prime number. 
In all of these cases all the non-invariant subgroups of G are transformed 
under G according to a permutation group whose order is equal to the index 
of this character subgroup under G and it is possible to construct G in such 
a way that the degree of this permutation group is an arbitrary multiple 
of its order. The simplest case presents itself when this permutation 
group is regular and hence G is conformal to the direct product of a cyclic 
group whose order is a power of a prime number and the group whose 
order is this prime number, according to a known theorem. 
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The group of lowest order which has a character subgroup of index 2 
under the group is the group of order 16 which is obtained by extending 
the cyclic group of order 8 by an operator of order 2, which transforms into 
its fifth power every operator of this cyclic group, and there is only one 
group of order 16 which satisfies the condition that its character subgroup 
is of index 2 under the group. This results directly from the facts that 
such a group contains an abelian subgroup of index 2 and that each of its 
remaining operators generates an invariant subgroup which involves the 
commutator subgroup of order 2 of the group but does not transform into 
itself every subgroup of the group. The group of lowest order which has a 
character subgroup of odd prime index under the group is the non-abelian 
group of order which involves operators of order p*. There is obviously 
only one such group of order p®. 

The preceding paragraph may serve to illustrate the following general 
theorem relating to the character subgroups of a given group G* If the 
character subgroup of the group G is of prime ittdex under G then the order of each 
of the operators of G which does not appear in its character subgroup is divisible 
by a higher power of this prime number than that of any of the operators of the 
character subgroup of G. A proof of this theorem follows almost directly 
from the facts that the commutator subgroup of G is of prime order and 
that each of the operators of G which is not contained in the character 
subgroup of G generates an invariant subgroup of G. At least one of the 
operators of G which does not appear in the character subgroup of G has an 
order which is a power of the prime number which is the index of the char- 
acter subgroup of G since this subgroup is an invariant subgroup of G. 
Moreover, every operator of G which docs not appear in the character 
subgroup of G is divisible by the same highest power of the prime index of 
the character subgroup of G. 

It should be noted that while a group may have many invariant sub- 
groups it can have only one character subgroup. In view of the simple 
definition of the character subgroup and its usefulness in the study of cer- 
tain groups, the question naturally arises why this subgroup did not re- 
ceive a special name in the early development of group theory. This 
seems to be at least partly due to the fact that the early development of 
group theory was largely inspired by the usefulness of this subject in the 
theory of the solution of algebraic equations and in this theory the simple 
groups play a fundamental r61e. The character subgroup of a simple 
group of composite order is obviously the identity and hence character 
subgroups do not play an important role in the theory of simple groups 
of composite orders. Moreover, the character subgroups do not play a 
fundamental r61e in the study of the permutation groups of low degrees 
which received special attention in the early developments of group 
theory. 
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The smallest degree for which there exists a permutation group which 
has a character subgroup of prime index is 8 and only one of the two hun- 
dred groups of this degree has a character subgroup of prime index. This 
is the transitive representation on the smallest possible number of letters 
of the group of order 10 noted above. There is also only one group of 
degree 9 which has the property that it contains a character subgroup of 
prime index. This is the group of order 27 noted above when it is repre- 
sented as a permutation group on the smallest possible number of letters. 
These statements, which can readily be verified, may serve to explain why 
the character subgroups failed to receive much attention in the early 
development of group theory, notwithstanding the simple definition of 
these subgroups and their interesting properties, especially when they are of 
small index. 

The study of the groups whose character subgroups are of composite 
index is somewhat more difficult than the study of those whose character 
subgroups are of prime index, but the study of the former can often be 
reduced to a study of the latter types of groups. When the character sub- 
group is of composite index it cannot always be assumed that the com- 
mutator subgroup is of prime order and this naturally increases the difii- 
culty of considering all the possible cases that may present themselves. 
If the order of a dihedral group is divisible by 4 its character subgroup is 
of order 2 but all other dihedral groups have the identity for a character 
subgroup. The fact that in this theorem the term central may be sub- 
stituted for the term character subgroup suggests the close relations be- 
tween the concepts of central and character subgroup. The former of 
these subgroups is obviously always included in the latter, but it cannot 
be of prime index, since the central quotient group is always non-cyclic. 

' This fact can easily be derived from a Iheorexn by R. Baer, ComposUio Afo/A., 287 
(1934). It was explicitly stated later by the present writer lu these Procbbdinos, 29 , 
240, (1943). 
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ON CONVEX TOPOLOGICAL LINEAR SPACES 

By Gkoroe W. Mackey 
Departmekt of Mathematics, Harvard University 
Communicated Septembers, 1943 

i 

In an earlier note^ the author introduced and discussed the notion of 
linear system. It is the purpose of the present note to apply this notion to 
the study of convex topological linear spaces.® Let X be an abstract linear 
space. Let X* he the space of all linear functionals defined on A''. With 
each convex topology ^ in A we associate the subspace L of A * consisting 
of those linear functionals continuous with respect to /. In general, there 
will be many Ts associated with a single L and we obtain in this way a 
natural many-to-one correspondence between convex topological linear 
spaces and linear systems. It is our purpose here to correlate the proper- 
ties of a convex topological linear space with those of its linear system and 
with the strength of its topology relative to that of the other convex 
topological linear spaces associated with the same linear system. 

Our principal tool is a reformulation of von Neumann's* observation that 
the topology of a convex topological linear space may be described by 
means of pseudo-norms. This reformulation, whose proof is a consequence 
of Fichtenholz’s* theorem on the relationship between norms and linear 
functionals, is as follows. Let £ be an arbitrary total® subspace of A*. Let 
3 be any family of pseudo-norm sets which has the following three proper- 
ties. (a) For each two members of 3 there is a third member of 3 which 
contains them both, (6) If a pseudo-norm set is contained in a member of 
3 then it is itself a member of 3* (^) The set theoretic union of all members 

of 3 is L* Then there is a unique convex topology in X whose continuous 
linear functionals are precisely the members of 3* Conversely, every 
convex topology in A associated with L may be obtained in this way. In 
other words, there is a natural one-to-one correspondence between the 
convex topologies associated with A^ and the ''ideals of pseudo-norm sets 
which span 

As will be proved in the author's forthcoming paper on linear systems, 
every finite dimensional subspace of an A*^ is a pseudo-norm set and the 
linear union of any two pseudo-norm sets is again a pseudo-norm set. Thus 
for any L the family of all pseudo-norm sets in L and the family of all finite 
dimensional pseudo-norm sets in L are both ideals which span L. As an im- 
mediate consequence we have : 

Theorem 1 * L be an arbitrary total subspace of X *. I'hen the family 

of convex topologies in X associated with L not only is not empty but also con* 
tains a iveakest member and a strongest member. 
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This theorem suggests the following definitions. A rekUivdy weak {rela- 
tively str(mg) convex topological linear space is a convex topological linear 
space which has a weaker (stronger) topology than any other such space 
with the same linear system. Normed linear spaces in their weak topologies 
are relatively weak convex topological linear spaces and in their norm 
topologies are relatively strong convex topological linear spaces. Because 
of the latter fact one can regard the notion of relatively strong convex 
topological linear space as a natural genereilization of that of normed 
linear space. Theorem 3 below is of interest in this connection. In general, 
of course, a convex topological linear space will be neither relatively weak 
nor relatively strong but on the other hand, may be both. 

The standard notion of boundedness® in topological linear spaces coin- 
cides in the convex case with the boundedness for linear systems intro- 
duced in ‘TDS.^^ That is, if AT is a convex topological linear space and L 
is its family of continuous linear functionals then a subset A of X is bounded 
if and only if l.u.b.(* « a) ( ^ W i < ^ for each / in Z». This has as an im- 
mediate consequence the fact that two convex topologies in X generate the 
same bounded sets if and only if their families of continuous linear func- 
tionals have identical bounded closures. Thus it is clear that not only are 
there, in general, many convex topologies with the same continuous linear 
functionals but also many convex topologies with different continuous 
linear functionals and the same bounded sets. These considerations lead at 
once to a proof of the following theorem and hence show that the converse 
of a certain theorem of Wehausen^ is not tnte. 

Theorem 2. Let X be a convex topological Unear space. Then every 
linear transformation from X to another convex topological linear space which 
takes bounded sets into bounded sets is continuous if and only if X is relatively 
strong and has a boundedly closed linear system. 

It follows from Theorem 2 and a slight extension of a theorem of We- 
hausen® that every metrizable convex topological linear space is relatively 
strong and has a boundedly closed linear system. The question as to which 
boundedly closed linear systems are such that their associated relatively 
strong convex topological linear spaces are metrizable is answered at once 
by the Birkhoff-Kakutani® group metrizability criterion and we have: 

Theorem 3. Let X be a convex topological linear space and let Xi, be its 
linear system. Then X is metrizable if and only if it is relatively strong and 
L is the union of an ascending sequence of pseudo-norm sets. (Such an L is 
automatically boundedly closed.) 

Thus given a linear space X there is a natural one-to-one correspondence 
between the metrizable convex topologies in X and the ascending sequences 
of pseudo-norm sets with total unions. It follows from a theorem in the 
theory of linear systems that such a union is a norm set if and only if all 
members past a certain one are identical. Thus the metrizable but non- 
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normable convex topologies correspond to the strictly ascending sequences. 
Using simple theorems about pseudo-norm sets it is possible to construct 
many examples of such sequences. 

As a consequence of Theorem 3 one may prove : 

Theorem 4. A relatively weak convex topological linear space is normable 
if and only if it is finite dimensional and is metrizable if and only if it is isomor- 
phic to a subspace of the space (s) of Banach.^ 

A topological linear space X, being a topological group, has a natural 
uniform structure. Hence one may speak of its totally bounded sub- 
sets, its Cauchy directed systems, and of whether or not it is complete, 
ft turns out that completeness in this sense is relatively rare and various 
authors have introduced several weaker notions which we shall now formu- 
late. X is Ci complete if it is complete as a uniform structure with respect 
to the convergence of directed systems. X is Cj complete if every closed 
and bounded subset is Ci complete. X is C% complete if every closed and 
totally bounded subset is Ci complete. A" is Ci complete if it is complete 
as a uniform structure with respect to the convergence of sequences. X 
is Ts complete if every closed and totally bounded subset is bicompact. 
X is Tj complete if every closed and totally bounded subset is compact. 
It is more or less obvious that for i «= 2, 3 or 4, C< completeness implies 
Ci^i completeness and that Tz completeness implies Ti completeness. It 
follows from the generalization to uniform structures of a well-known 
theorem on metric spaces that C% completeness and completeness are 
equivalent. Finally von Neumann^ has shown that Ti completeness im- 
plies Cl completeness. Thus the five possibly distinct notions of complete- 
ness among those described above may be arranged in order so that each is 

The principal theorems relating the completeness of convex topological 
linear spaces to their relative strength and to the properties of their linear 
systems are as follows. 

Theorem 5. If i — 1, 2 or 3 and X is a Ct complete convex topological 
linear space then X is C| complete in every relatively stronger convex topology » 

Theorem 6. If X is a Ci complete convex topological linear space then the 
linear system of X is a complete linear system. 

Theorem 7. If Xz, is a complete Unear system whose conjugate system is 
boundedly closed then every convex topological Unear space associated with X^ 
is Ca complete. 

It is not known whether or not the converse of Theorem 7 is true. How- 
ever, the following partial converse may be proved. 

¥ 

Thbosbm 8. If Xi, is a regular linear system whose associated relatively 
weak convex topological linear space is C, complete and if Xi is relatively 
bounded then the conjugate of Xt is boundedly dosed. 
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If isint 0 :^stmg to note that the truth of the ^trurt cohyetst of Theorem 7 
would imply that eveiy linear system of the form X*x ^ houxidedfy dosi^ 
and hence answer the measure theory question of UJam mentioned in 

It is an obvious consequence of the definition that the linear system of a 
normed linear space is relatively bounded. Furthermore, it is readily veri- 
fied that a normed linear space is reflexive if and only if its linear system is 
complete and has a boundedly closed conjugate. Finally, for relatively 
weak convex topological linear spaces, bounded subsets and totally bounded 
subsets are identicaF** so that C% completeness and T% completeness are 
equivalent. Thus Theorems 7 and 8 have the following known corollary. 

Theorem 9. Fof a normed linear space X the following are equivalent: 

(a) X is reflexive, (6) J\r w Cs complete in its weak topology, {c) X is 
complete in its weak topology, 

Wehausen^^ has pointed out that a 7\ complete topological linear space 
need not be of the second category. The first statement of the following 
combined with Theorem 7 shows that this may be extended to Cs com- 
pleteness and fumishe>s a wide class of examples including Wehausen*s. 

Theorem 10. If a convex topological linear space is of the second category 
then it is relatively strong and its linear system is uniform. 

One may also prove : 

Theorem 11, If X is a convex topological linear space of the second cate- 
gory whose linear system is almost relatively bounded then X is normahle, 

^ Mackey, G. W,, "On Infinite Dimensional Linear Spaces,*' these Procbbdinob, 

29, 210 ( 1043) . In the sequel we shall refer to this paper as "IDS'* and shall use the defi- 
nitions and notations introduced ip it without comment or explanation. 

* By a topological linear space we mean a real linear space which is at the same time 
a T\ space in the sense of Alexandrofl and Hopf {Topologie /, J. Springer, Berlin, 1035) 
and in which the topology is related to the algebra in such a manner that the operations 
of addition and multiplication by reals are continuous in both variables together. By a 
convex topological linear space we mean a topological linear space in which every point 
has a complete system of neigh borhoodsi each df which is a convex set. These notions 
have been introduced in slightly different ways by various authors. See Wehausen, J. 

V., "Transformations in Linear Topological Spaces," Duke Math, Jour,* 4, 167 (193S), 
for a discussion. Also sec Whitney, H., "Tensor Products of Abelian Groups," Ibid., 5, 

618 (1939), footnote 22, for a discussion of a popular misconception. 

* von Neumann, J., "On Complete Topological Spaces," Trans. Amer, Math, S6c., 
37,1(1935). 

* Fichtenholz, G., "Sur les fonctionelles Un6aires, continues au sens g4ti4ralis4," 

Rcc. Math. (Mat. Sbornik), N. S., 4, 192 (1938). 

* Wehausen has shown that the family of continuous linear functionals on a convex 
topological linear space X is always total; that is, for eat^h non-zero member of X there 
is a continuous linear functional which does not take it into zero, loc. dt., Theorem 8, 

* Sec Hyers, D., "A Note on Linear Topological Spaces.*^ Bull. Anm. Math. Soc„ 

44, 76 (1938), for statements of the two standard definitions of boundedness and a proof 
of their equivalence. 
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^ Loc, cit., Thcomn 2 . 

* Loc. cit., Theorem 3'. 

*Birkhoft, G., "'A Note on Topological Groups,” Comp. Math., 3, 427 (1936); 
Kakutani, S., ”Uebet die Metrization der topologische Gruppen," Proc. Im, Ac. Jap., 
12,82(1930). 

Banach, S., Thiorie de$ opirations Hniaires Warsaw, 1932, p. 10. By an isomor- 
phism between two topological linear spaces we mean an algebraic isomorphism which is 
at the same time a homeomorphism. 

For a discussion of the notion of uniform structure sec Weil, A., 5uf les es paces d 
structure utniforme et sur la topolofiie generaht Hermann, Paris 1037. 

The theorem that a totally bounded metric space is complete if and only if it is 
compact. The generalization is essentially contained in G. Birkhoff^s proof that C 4 
completeness implies T% completeness. Birkhoflf, G., “Moore-Smith Convergence in Gen- 
eral Topology,” Ann. Math.^ 38, 39 (1937). 

Various authors have proved this fact in special eases and the general case offers 
no new difficulties. 

IvOc, cit., Theorem 16, 


NATURAL LOGARITimS OF SMALL PRIME NUMBERS 

By H. S. Uhlbr 

Sloans Physics Laboratory, Yale ITnivkrsity 
Communicated September 30, 1943 
Part I. Extension of J. C. Adams’ Table above Log^ 7 

In the summer of the year 1938 the author began the computation of the 
Napierian logarithms of 11, 13, 17, 19, 28, 29 and 31 with the object of ex* 
tending J. C. Adams’ basic 273*place table^ which gives the logarithms of 
the four prime ntunbers falling between 1 and 11. In the following spring 
these calculations were interrupted intentionally in order to carry out a 
prerequisite investigation‘s of the perfection of the published records of 
Adams' constants. It was not until the early summer of the present year 
that the opportunity arose for effectuating the conviction that, aside from 
whatever intrinsic importance may attach to the project, the earlier spo- 
radic work had progressed so far and had involved so much labor that it 
deserved to be revived, definitively checked and made accessible to other 
aritluneticians. 

The calculations were usually performed witli the aid of the formula 

In (a/jS) *» The composite 

numbers a and /S were chosen to satisfy the simplifying condition a — ^ « 1 
and to contain as factors only the small prime numbers under consideration 
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In a few cases the expression 1 =*= 10“^ yields numbers fulfilling the latter 
condition. The evaluation of In (1 =*= 10“"^) is relatively easy because it 
consists chiefly in the transcription of the reciprocals of small integers and 
these often have short recurring-decimal periods. For example^ In 1 1 = 

2 In 10 - 2 In 3 + In (1 - 10~®). 

** 

The column headed T in table 1 gives the decimal place at which the 
particular approximation to In N was terminated conformably to the con- 
dition that the error in the last figure should be numerically less than 4 
units. For illustration, the logarithms of the first three entries in the 
column headed N were less than the respective more extended values 


TABLE 1 


N 


a 

" a “ 1 

r 

11 

9801 

- 3‘11‘ 

2»*6**7* 

262 

13 

6656 

- 2*13 

5*1P 

244 

13 

2432 

- 2»-19 

11 -13 -17 

262 

19 

6860 

- 2*-6-7» 

19» 

300 

23 

10626 

- 2-3-711-23 

5^*17 

297 

29 

7426 

= 3»-6«ll 

2«*29 

302 

29 

12122 

= 2-11-19-29 

17-23-31 

293 

31 

15626 

- 6* 

2*-3**7-31 

293 


by 1.1, 2.9 and —3.5 units in the 262nd, 244th and 262nd decimal places. 
In 17 does not fit into this table. It was first given to at least 328 places in 
an earlier paper,® 

The following independent calculations were made this year. In 11 to 
nearly 330 D from In 2, In 3, In 5 and In (0.99) as formulated above. In 
13 to 292 D from In 2 + 2 In 3 + In 5 - In 7 + In (1.001) - In (0.99). 
The discrete terms required for the evaluation of In (1.001) led at once to 
In (0.999) and hence to 292 D of In 37, since In 37 » 3 In 10 - 3 In 3 + In 
(0.999). Similarly In 101 was derived from 2 In 10 + In (l.Ol) to about 330 
1 ). 

An omnibus ch^ck on the logarithiris of 2, 3, 5, 11, 17, 19, 23, 29 and 31 is 
afforded by the two approximations to In 29. These two values were iden- 
tical as far as the 292nd decimal place, the value based upon a = 7426 
being greater than the other by 2.1 units of the 293rd place. In order to 
test simultaneously In 7, In 13 and In 37 the third one of these constants was 
computed from its equivalent 6 In 10 — 3 In 3 — In 7 — In 11 — In 13 + In 
(0.999999). The two calculations accidentally gave numbers which were 
idetitical throughout the 292 places of decimals covered in both cases. 
Since 290 decimals extend beyond 273 places by the wide margin of 17 
figures, the practically perfect agreements in the cases of In 29 and In 37 
constitute additional confirmation of my table®* * of terminal errors of J. C. 
Adams* results for In 2, In 3, In 5, In 7, In 10 and the modulus M. Inci- 
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dentally the natural logarithm of the prime 9901 was immediately available 
from the data underlying the second calculation of In 37. More specifically 
In 9901 » 6 In 10 + In (1 + 10"®) “ In 101 and In (1 + 10"®) is obtained 
as the difference between two positive sums of series terms which when 
added give — In (1 -- 10"®), i.e., — In (0.999999). The value of “ In (1 
“ 10“®) was found to be perfectly accurate through the 291st decimal place 
by forming the algebraic sum of the independently computed logarithms of 
1 — 10”® and 1 + 10"® neither of which had been carried beyond the 292nd 
place. 

Although table 2 was not designed to extend beyond the 290th decimal 
place, nevertheless, for sake of preservation, several of tlie constants are 
recorded in it to as many places as my original calculations justified. 

TABLE 2 


log# 11 ^ In 11*» 


2.39789 

62727 

98370 

54406 

19436 

77966 

12929 

98217 

06853 

93741 

71762 

18567 

70913 

05736 

23913 

23671 

30750 

64708 

00263 

47914 

14716 

72688 

81379 

98522 

25566 

91585 

95787 

39535 

53023 

90801 

10806 

50516 

41906 

68067 

60965 

89460 

66793 

79382 

46669 

05406 

38056 

87286 

90639 

71661 

60632 

90270 

01611 

37003 

06768 

32876 

13032 

03063 

18941 

40170 

57619 

51443 

38363 

81829 

78552 

27496 

92760 

96044 

70877 

23320 

84967 

2869 






In 13« 


2 . 56494 

93574 

61536 

73605 

34874 

41565 

31860 

48052 

67944 

76020 

71164 

19046 

61066 

34646 

67324 

41017 

93995 

746611 

44048 

94887 

69258 

19209 

27627 

21G31 

53215 

44919 

86687 

01382 

62681 

16972 

29776 

17836 

97080 

47766 

20441 

04566 

90117 

93809 

94342 

73969 

47399 

27604 

00138 

96086 

33400 

55389 

85298 

09587 

30794 

11676 

80366 

50118 

75646 

48994 

70418 

20286 

02681 

41950 




In 17- 


2.83321 

33440 

56216 

08024 

95346 

17873 

12653 

55882 

03012 

58574 

47872 

97237 

73788 

22925 

76800 

03128 

09120 

94868 

03750 

29476 

18348 

26204 

71870 

67291 

30759 

28419 

46738 

36429 

97646 

65742 

02127 

12500 

13208 

07209 

04790 

76471 

68172 

61066 

60296 

60850 

69091 

06813 

96134 

61492 

05164 

19209 

44718 

69393 

25481 

33184 

68944 

46037 

68003 

15646 

02093 

06896 

37270 

00327 

30297 

50273 

09414 

82424 

46984 

21556 

64224 

3439 






In 19 •* 


2.94443 

89701 

66440 

46000 

00274 

31887 

85363 

72873 

79261 

29012 

88185 

87000 

23640 

92027 

02064 

10728 

87141 

68383 

81673 

98057 

07040 

63322 

07601 

36349 

02105 

37006 

81820 

61126 

46333 

28537 

16643 

14166 

98613 

78187 

87130 

14062 

00072 

00672 

70164 

72189 

06225 

84808 

84881 

47724 

01840 

01065 

30837 

74424 

92535 

66410 

86124 

83788 

38620 

86860 

77205 

07015 

90976 

72380 

24363 

1506 
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TABLE 2 (.Continued) 


In23« 


3 . 13649 

42169 

29149 

09080 

67528 

31810 

19611 

84423 

80314 

84043 

57410 

98635 

37748 

29932 

45984 

79829 

81984 

01002 

15299 

48143 

54107 

21357 

13301 

36895 

85872 

86350 

30337 

80467 

54069 

57964 

27532 

98607 

41826 

31471 

88086 

06985 

05650 

61305 

14649 

41206 

81850 

63963 

76031 

61205 

97403 

56186 

50700 

45138 

07926 

09430 

27302 

39218 

40357 

56913 

02511 

03374 

67096 

48063 

03800 



In 29 » 


3,30729 

68299 

86474 

02718 

32720 

32361 

91160 

54945 

12913 

92274 

40789 

21670 

36164 

27807 

81137 

852^3 

32933 

67114 

81785 

64226 

46999 

68472 

51668 

34726 

55830 


79184 

60764 

32745 

76976 

61925 

88548 

65592 

25938 

94492 

40291 

2651 1 

57700 

06601 

61839 

73585 

63417 

83877 

16117 

90912 

19923 

09932 

91700 

80618 

18630 

13170 

93093 

61830 

08901 

07554 

67942 

25974 

60636 

88146 

13706 


In 31“ 


3 . 43398 

72044 

85140 

24592 

91643 

24542 

36721 

04499 

38930 

48059 

19717 

66718 

07247 

49814 

16697 

5512.3 

22138 

64831 

33008 

66305 

72976 

93688 

90398 

44814 

87064 

32143 

52712 

99677 

68643 

49161 

27046 

62202 

66130 

63121 

62119 

28859 

88191 

47468 

78202 

92206 

43825 

83218 

01055 

61369 

93182 

02666 

76228 

52168 

51766 

75119 

76862 

66435 

79840 

93734 

27098 

77925 

30215 

88461 

86 






In 37' 






3.61091 

79126 

44224 

44436 

80960 

71031 

44716 

39000 

77687 

16763 

61636 

44912 

68119 

29897 

40990 

36106 

53990 

21533 

67216 

86607 

81808 

95229 

08956 

67385 

78167 

92984 

43964 

74661 

02120 

08891 

■ 0261 1 

49981 

41622 

16423 

03807 

02308 

92316 

27251 

77371 

33653 

19865 

41541 

19834 

17631 

03772 

77745 

81986 

49879 

67162 

94877 

21273 

35288 

47290 

44564 

96265 

31841 

23252 

72474 

8 






In 101 






4.61512 

05168 

41259 

45088 

41982 

66912 

98915 

68908 

82587 

19760 

47499 

31266 

36170 

20118 

83602 

34387 

16046 

80106 

74196 

67678 

48461 

17325 

84189 

82054 

88979 

84536 

63314 

82458 

11107 

28164 

12623 

54273 

61284 

07024 

06871 

00411 

62814 

54233 

60460 

35824 

17699 

37030 

44195 

97241 

34826 

96694 

65044 

43722 

24317 

36071 

78641 

96763 

20437 

80739 

43406 

OOOIO 

93398 

27631 

62861 

66884 

88607 

84524 

44510 

30865 

58470 

3068 









In 9901- 





9.20039 

10411 

22514 

65356 

70836 

44526 

72942 

18823 

63164 

09871 

76301 

89336 

8«}473 

84353 

18389 

98176 

60449 

86829 

04600 

48200 

76264 

72031 

95266 

21899 

27347 

00888 

76346 

91007 

13139 

88680 

41088 

80615 

98076 

72570 

26143 

81908 

47871 

87781 

20817 

77636 

35321 

97831 

24064 

47251 

97S3S 

17483 

74263 

70769 

56788 

10327 

13311 

20502 

88127 

94051 

35954 

27321 

84614 

76001 

17826 

06029 


160 
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Part II. Supplement to Table 4 op the Monograph^ on 137-Place 

Values of ln (I ^ n*10"^) 

At the time of preparing the manuscript of the monograph in question 
the author finally had at his disposal two blank pages and these were then 
filled out completely with a collection of unpublished natural logarithms of 
his own computation. No attempt at tabular completeness was either at- 
tempted or professed. Recently while investigating the errors in 
Parkhurst's*^ 100-place tables of common logarithms it was noticed that an 
excellent 'Check® on the accuracy of the non-terminal portions of a complete 
table of logarithms of integers is afforded by comparison of the sum of the 
logarithms with the factorial of the greatest value of N involved. Considera- 
tions of the kind just suggested found concrete expression in the calcula- 
tion to more than 155 decimal places of the Napierian logarithms which are 
required for the completion of table 4 of the monograph for prime numbers 
lying between 1 and 101, The corresponding values of N are: 41, 43, 59, 
61, 67, 73, 79, 83 and 89. Since the logarithms given in table 4 were not 
prepared originally for a 155-place table it was also necessary to extend to a 
greater number of decimals the values printed in the monograph for N 
equal to 47, 53 and 97. The results of this recent work are presented here- 
with in table 3, For sake of completeness and for the convenience of the 
user the values of In 47, In 53, In 71, In 97 and In (100!) have been trans- 
cribed in extenso in this table. 

The value of In (100!) was computed from the 26 natural logarithms of 
the prime numbers lying between 1 and 101 in conformity with the expo- 
nents of the product 2®’^*3«*5**‘7«-ll®a3’^17»-19®*23<-29®*3P*37‘-*'41*-- 
43®»47*»53*59-61*67-71-73-79‘83-89*97 which is the equivalent of 1001. 
For comparison the previously published’ master value of In (100!), as 
obtained from Stirling's series, was extended to about 165 decimal places. 
The value of In (1001) calculated from the 25 logarithms was greater than 
the series result by about 2 units in the 158th place of decimals. Conse- 
quently the author considers it quite justifiable to claim absolute freedom 
from error for the 155-place table of natural logarithms of primes falling 
between 7 and 101 which is fully covered by tables 2 and 3. 

TABLE 3 

In 41 M 


8.71357 

20667 

04307 

80386 

67633 

73037 

40758 

83764 

10469 

39930 

18336 

19262 

91025 

99786 

16405 

66750 

59623 

17141 

37198 

68110 

37990 

48939 

53744 

91846 

76063 

11642 

35906 

03925 

40115 

92439 

76910 

50 

■ 


In 43 






8.76120 

01156 

93562 

42847 

28425 

18346 

84703 

65591 

36184 

88155 

54161 

91686 

26492 

28591 

78872 

98643 

85376 

91998 

08399 

72808 

97505 

68036 

80967 

91547 

75955 

03819 

10483 

62058 

12917 

26532 

62783 

P 







" 
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TABLE 3 (Continutd) 

In 47 =» 

3.85014 76017 10058 58682 06506 69772 17370 88060 50602 02022 

40332 00608 34680 68182 13605 80107 26106 89763 43474 69809 

66461 67390 10176 10729 03276 70616 43116 00960 68517 33929 

68279 P 

ln63- 

3.97029 16136 62121 83414 44691 39029 05777 03599 77752 91121 

76030 48129 47001 80046 33943 48986 85346 69944 48592 12298 

42113 82048 10908 63018 33621 00776 77757 11087 88029 39899 

16368 

In 59 <« 

4.07753 74439 05719 46061 60503 73719 69762 40633 46789 33046 

45295 12036 69705 92001 14265 42747 73593 39969 80263 37690 

10443 87966 68849 62283 05125 71065 19660 03161 84719 48362 

88905 n 

In 61“ 

4.11087 38641 73311 24875 13891 03426 61474 63166 81743 08126 

10629 37383 64641 94398 06844 94873 11854 29206 10010 37730 

23472 89224 26326 70597 96525 98303 37809 50939 63274 77279 

69939 n 

ln67- 

4.20469 26193 90966 05067 00719 96363 72276 05669 32903 22189 

53371 37784 13077 52686 05628 08689 66389 14187 82102 64846 

33962 19126 46600 14196 98720 64833 27636 36883 18077 54918 

04238 P 

ln71- 

4.20207 98770 41315 42132 94545 32613 03409 67696 76526 71066 

61081 21425 80202 73515 00824 23036 59662 43324 27263 61335 

40946 36034 67211 12386 46756 79963 96882 06266 76623 92546 

74924 n 

ln73«- 

4.29046 94411 48391 12909 21088 57438 64257 09047 62844 87169 

76645 95698 85716 17899 76920 59729 32763 29322 83485 88942 

54031 42440 13017 21742 12010 86046 87538 49949 37814 99651 

77229 N 

ln79-i 

4.36944 78524 67021 49417 29455 41481 41092 21735 41224 42260 

66264 12171 11755 98060 61124 43227 81459 40365 77407 96066 

38302 81749 68346 62592 14701 64346 68294 07850 73562 19750 

82630 P 

In 83- 

4.41884 06077 06507 92347 54722 23291 37045 30203 13066 66328 

63701 87943 46293 85789 80888 99060 58384 27206 97057 34342 

27962 73806 84506 20079 70222 33664 86011 83160 08277 06086 

54650 N 
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In 89» 

1 





4.48863 

63697 

32139 

83831 

78166 

40669 

84921 

04046 

60387 

13205 

93641 

06697 

67728 

79638 

92779 

45624 

64470 

63661 

94947 

67430 

17288 

16622 

67819 

47143 

10096 

03443 

88022 

22658 

76701 

87412 

10067 

n 



In 97- 






4.67471 

09786 

03382 

82211 

67216 

21703 

96171 

38089 

14902 

66878 

13669 

76234 

36876 

01772 

91778 

18712 

63422 

82745 

03427 

45499 

26950 

68064 

83797 

06627 

63799 

13636 

58959 

60188 

44527 

30296 

78413 

n 



In (1001) 






363.73937 

66556 

63490 

14407 

99033 

69666 

63802 

78239 

21062 

88727 

47270 

79448 

87677 

59444 

47979 

01991 

41010 

00241 

97254 

93196 

15773 

66972 

29305 

31108 

01503 

48016 

04259 

44062 

15183 

63661 

21393 

39800 

973 

N 








' Adams, J, C., Proc. Roy. Soc. London^ 42, 22-25 (1887). 

• Uhler, H. S., Proc. Nat. AcM. Sci„ 26, 205-212 (1940). 

• Uhler, H. S., Math. Tables and Aids to Comp., 1, 58 (1943). 

• Uhler, H. S., Original Tables to 137 Decimal Places . . .. New Haven (1942). 

• Parkhurst, H. M., Astronomical Tables Comprising Logarithms from 3 to 100 Decimal 
Places, New York (1876). 

• Uhler, H. S., Math. Tables and Aids to Comp., 1, 121 (1943), 

^ Uhler, H. S., Proc. Nat. Acad. Sci., 28, 59-62 (1942). 


NoncB. Owing to the preoccupation of members of the National Academy of 
Sciences and of Uie National Research CouNaL with scientific aspects of the war 
effort, the manuscripts available for the October issue were so few that they were held 
over for this combined October-November number. It is not unlikely that from time 
to time similar combinations of numbers may be advisable, and it may not be possible 
always to give advance notice thereof. 




PROCEEDINGS 

OP THE 

NATIONAL ACADEMY OF SCIENCES 

Volume 29 December 15. 1943 Number It 

C*e(irlfA( 194$ ty Iht Mritoaef Atmbmy tf Sihmn 

GENIC INDUCTION OF AN INHERITED CYTOPLASMIC 

DIFFERENCE 

By M. M. Rhoades 

Dbpaktmbnt op Botany, CoLvicBtA UravSKSiTy 
Communicated November 16, 1943 

Although many biologists consider the genes to be the sole determiners 
of heredity, there are those who feel that the cytoplasm contains a system 
of independent entities which in some cases controls the expression of 
certain characteristics. The terms genome and plasmone have been 
used to denote the system of genes and of cytoplasmic entities, respec- 
tively. Although the development of chlorophyll has been shown in 
hundreds of cases to be under genic control, there are a number of in- 
stances where chlorophyll variegation is inherited independently of the 
genome. These chlorophyll variegations, transmitted through the 
female line only, constitute the most compelling evidence for cytoplasmic 
inheritance. In these cases the physical entities in the cytoplasm are 
known to be the plastids; in other cases of plasmatic inheritance the 
nature of the entities in the cytoplasm can only conjectured. 

In maize there are more than one hundred cases where the development 
of chlorophyll is under genic control. Two examples of cytoplasmically 
inherited chlorophyll variegation have been reported,** * as has one case 
of the C3rtoplasmic inheritance of male sterility.* Among the diloro- 
phyll chwacters in maize which are genically controlled is that of iojap. 
Maize plants homozygous for the recessive gene iojap (ij) exhibit a chloro- 
phyll striping or variegation.* Conriderable variation is found in the 
esctent and pattern of the green and white areas of the leaves and culm. 
Tb& ij gene is situated in chromosome 7 ; its position in the linkage group 
has bm determined with some precision through S-point linkage tests.* 

When ij ij plants are used as the pollen parent in crosses with normal 
iff individuals, the Fj progenies oonrist wholly of green plants— i.e., 
the a aBele is ooioqpletely recessive to the nomud Ij aSee. However, 
as Jenlcina first noted, whm ij ij individuals are used as the female parent 
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in crosses with Jj Ij plants, the Fi progenies often contain white and/or 
striped seedlings iti addition to the expected green ones. Great varia- 
tions are found in the proportions of white and striped seedlings; some- 
times all the seedlings from an Fi car are white. (The ij plants used in 
these experiments arose in the ^2 generation of the cross Ij 9 X rj cT.) 

A cytological examination of the white regions of ij ij plants disclosed 
that the plastids of the mesophyll cells not only lacked chlorophyll but 
also were much smaller than were the plastids of the normal green areas. 
It appears, therefore, that the ij gene is able to induce a modification in 
the plastid. Tliat these modified plastids have a genetic continuity, 
which is not affected by the genic constitution and therefore may be 
considered as mutations is suggested by the observations that the 
Fi plants of Ij ij constitution may be white or striped. If a white Fi 
seedling arises, it is assumed that the cytoplasm of the egg cell carried 
only plastid primordia of the mutated type, while striped individuals 
are assumed to have come from an egg cell whose cytoplasm contained 
both normal and mutated plastic primordia, with somatic segregation 
of the two plastic types giving the striped patteni. Support for the 
above hypothesis was obtained from a cytological examination of the 
white areas of Ij ij plants which showed them to have a type of plastid 
similar to that found in the white areas of the parent ij ij plant. Further- 
more, both types of plastids were found in certain green cells, adjacent 
to the white regions. 

The correctness of the hypothesis that in ij ij plants an iireversible 
mutation is induced in the plastid by the ij allele is proved by the follow- 
ing evidence. Striped F\ plants from the cross ij ij 9 X Ij Ij c? were 
crossed with pollen from uiu'elated Ij Ij individuals. The backcross 
progenies were obtained from such croases. Genetically each population 
consisted of equal numbers of Ij Ij and Ij ij plants. Some of the back- 
crossed ears on Fi striped plants gave progenies consisting entirely of 
green seedlttigs. Such ears, it is argued, arose from green sectors of 

_ w 

the Fi plants and hence the egg cytoplasm carried normal plastid pri- 
morida. Other ears gave rise to progenies with varying percentages of 
green, striped and white seedlings. Here it is assumed that the ears came 
from both green and white tissue and therefore some egg cells had normal 
plastids while some had mutated plastid primordia. Occasionally all 
the progeny from a back-crossed ear consisted of white seedlings only 
and consequently came from a white sector of the parent plant. These 
all white populations are the most instructive. Half of the individuals 
in such populations are homozygous for the Ij allele and half are hetero- 
zygous. It is a pertinent fact that in Ij Ij cells the mutant plastid con- 
tinues to give rise to mutant plastids; there is no control by nuclear 
factors on the type of plastid. Although induced by a nudear factor, 
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the ij gene, the mutated plastid, like a Frankenstein monster, is no longer 
under the control of its maker. 

The data given here are of direct interest in connection with the nucleus- 
plasma problem, but they may have some significance in the field of both 
normal and abnormal growth and differentiation. The basis of cellular 
differentiation is one of the great problems of biology. All nudei of an 
organism presumably have the same genic constitution, and yet morpho- 
logical and physiological differences arise. That the maintenance of 
these differences is not entirely determined by the differing local condi- 
tions is shown by the persistence of certain specificities when cell multi- 
plication of isolated differentiated cells occurs in tissue culture. The 
view that cellular differentiation is cytoplasmic seems to require that the 
cytoplasm cotitains elements of a hypothetical nature which are modified 
by interaction with nuclear products. In the case reportt^d here a known 
constituent of the cytoplasm, the plastid, has been modified by a nudear 
factor and is transmitted thereafter by cytoplasmic heredity. 

^ Anderson, E. G., Bot, Gaz.^ 76, 411-418 (1923). 

* Detnerec, M., Ibid., 84 , 139^-155 (1927). 

* Khoades, M. M., Jour. Genet., 27, 77-93 (1933). 

< Jenkins, M. T., Jour. Hered., 15, 467 -472 (1924). 

* Emerson, R, A., Beadle, Or. W., and Fraser, A. C., Cornell Univ. Agrk. Expt. Station 
Memoir, 180 , 1-83 (1935). 


GENE AND CYTOPLASM, L THE DETERMINATION AND 
INHERITANCE OF THE KILLER CHARACTER IN VARIETY 

4 OF PARAMECIUM A URELIA » 

By T. M. SONNEBORN* 

Dbpartmbnt op Zoology, Indiana Univbrsity 
Communicated November 12, 1943 

The present paper reports a previously unknown systeih of relations 
between a gene and a cytoplasmic substance, both of which are required 
for the development of an hereditary character. When some of the 
cytoplasmic substance is present, the gene controls its continued pro- 
duction; but when the cytoplasmic substance is absent, the gene cannot 
initiate its production. Addition of the c 3 rtoplasmtc substance to an 
organism, lacking the character dependent on it, but containing the 
required gene, results in the continued production of the substance, in 
the development of the character determined by the combined presence 
of gene and cytoplasmic substance, and in the hereditary maintenance 
of ^e character in successive generations. 
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The pcur of characters whose determination and inheritance are to 
be analyzed are designated **killer** and ‘‘sensitive.” They are found 
in diverse races of variety 4 of Paramecium aureUa. Of the four avail- 
able races of this variety, only race 51 is a killer; the other three races 
(29, 32 and 47) are sensitive. Fluid in which the killer race has lived 
kills individuals of the sensitive races. The killing of sensitive animals 
is preceded by characteristic morphological aberrations, particularly 
by shifting of the posterior part of the body to the aboral side. The 
killer and sensitive characters are alternatives in inheritance and never 
exist together in the same individual. In practice, the character of an 
unknown done is tested by mixing samples of it (1) with the killer race 
61, and (2) with a sensitive race. If the characteristic abnormalities 
and corpses are produced in mixture (1), the unknown is sensitive; if 
produced in mixture (2), it is a killer. Sensitive animals begin to show 
abnormalities only after at least four hours of subjection to the killer 
fluid. It is possible to cross killers with sensitives if they begin to mate 
soon after they are brought together, and this is readily accomphshed 
by bringing together opposite mating types when in sexually reactive 
condition. If the conjugant pairs ate removed to fresh culture fluid 
soon after they unite and the two members of each pair are put into 
separate culture vessels soon after conjugation has been completed, the 
sensitive member of the pair is never injured by the contact with a killer 
durmg mating. 

In the original races, the characters killer and sensitive are invariably 
inherited All the vegetative and sexual progeny within race 51 are 
killers. All the vegetative and sexual progeny within the sensitive races 
are sensitive. Only the sexisitive race 32 is reported upon in this paper; 
results with other sensitive races bring out certain further important 
points which will be set forth in the next paper of this series. 

When the pure killer race 61 is crossed to the pure sensitive race 32, 
the two exconjugants of each pair produce pbenotypically different clones: 
one Is a killer and the other is sensitive. By marking the parents, it is 
readily demonstrated that the Ft kiUer dones are those that derive their 
cytoplasm from the killer parent and the Ft sensitive dones are those 
with cytoplasm from the sensitive parent. This result is totally un- 
expected and requires explanation because^ os is well known, the nudear 
processes during conjugation are such that the two mates, after redprooal 
fertilization, have the same ^otype and diouid produce dones alflce 
in their hereditary diaracters. The following experiments were de* 
signed to provide the required eiqilanation. 

Experiment 1: Autogamy in Ft AT^tarr.^Ultimate genic oontrdl of 
the dtemative characters is indicated by observations on the results 
of autogamy in one of the two dasses of Ft dones, the killers* Autog* 
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atny*» ^ • is a process in which identical, haploid, gamete nudd in a 
single unmated cdl unite to produce a diploid syncaryon from which 
all subsequent npdei of the done are derived. Hence all dones derived 
from autogamous individuals are necessarily homozygous and, when 
heterozygotes undergo autogamy, half become homozygous for one allele 
and half for the other. Of 306 Ft killers that went through autogamy, 
167 produced dones of killers and 139 produced clones of sensitives. 
The segregation ratio is reasonably dose to the theoretical 1:1 ratio 
(deviation 14, standard error 8.7) and so indicates that the Fi killers 
were heterozygous for a pair of alldes determining the alternative char- 
acters. 

Experiments 2^ 3, 4 and S: Further Fertilimiums within Each of the Two 
Classes Obtained in Experiment 1, — If the F\ killers were heterozygotes, 
the two dasses that segregated from them at autogamy (expt. 1) should 
be the two possible dasses of homozygotes. Further breeding tests 
confirmed this: the sensitive Ft dones yielded only sensitive progeny 
after further autogamies (expt. 2) and after conjugation with each other 
(expt. 3); the killer Ft clones yielded only killer progeny after further 
autogamies (expt. 4) and after conjugation with each other (expt 5). 
Hence the two dasses of Ft dones obtained in approximately equal num- 
bers at autogamy in Fx killers (expt. 1) are pure breeding or homozygous 
for the alternative characters. Tlie genic determination of these char- 
acters was further tested in experiment 6. 

Experiment 6: Crosses between Different Clones of Fx Killers, — ^If the 
Fi killers are heterozygotes, conjugation between two such dones should 
yidd the usual Ft ratio of S : 1 and should dmw which allele is dotmnant. 
From 443 pairs of conjugants the 652 dones from the two members of 326 
poke were killers and the 234 dones from the two members of 117 pairs 
were sensitives. This agreement with the theoretical 3: 1 ratio (deviation 
6 ^/ 4 , standard error 9) confirms the heterozygosity of the Fx killers and 
shows that the killer gene (JC) is dominant over its sensitive allele (i). 

Since Ft killers are heterozygous (K/k), their pure breeding parent races 
must have the two possible homozygous oombinations * the killer race 
is K/K and the sensitive race is k/k. As the killer gene is dominant 
(fixpL 6)* atltim Ft should be heterozygous killers; but this condition has 
been demonstrated only for one of the two Ft clones from each pair of 
hybrid exconjugants. The other is not a killer, but sensitive (see p. 330).. 
Is the disagreement here merdy phenotypic or genotypic also? Experi- 
ments 7 and 8 answer this question. 

Experiment 7: Cross of Fi Sensitives to Ft KiUers, — ^In order to dis- 
cover the genotype of the Ft sensitives, they were crossed to Ft killers 
known (expts. to be heterosygotes. Prom this cross were obtained 
294 yielding a killer done f itm one member and a sensitive 
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clone from the other member of each pair: and 126 conjugant pairs 
yielding sensitive clones from both members of each pair. The meaning 
of this result is best brought out by considering first those clones that 
derived their cytoplasm from the F\ killers, i.e., one member of each 
pair of exconjugant clones. 

These cytoplasmic descendants of the F\ killers included 294 killer 
clones and 126 sensitive clones. This is closer to a theoretical 3:1 ratio 
(deviation 21, standard error 8.9) than to any other simple genetic ratio. 
In the detailed paper to be published later it will be shown that the small 
discrepancy not due to sampling error is due to the occurrence, in a small 
percentage of the united pairs, of a process differing from normal con- 
jugation. This process is essentially double autogamy or, as it has been 
called,® cytogamy. In most crosses it can readily be detected and the 
data can be corrected for it; but, in crosses of the type under discussion, 
its detection is so laborious as to be quite impracticable. 

The 3 : 1 ratio in this group shows that both parents were heterozygotes, 
as in crosses between F\ killers (expt. 6). One parent was a clone of F\ 
killers (known to be heterozygotic) and the other parent was a clone of Fi 
sensitives. Hence, the Px sensitives must also have been heterozygotic 
{K/k) and this agrees with expectations from the breeding experiments 
^ 1 to 6. The disagreement with expectation is merely in their sensitive 
/ phenotype. The killer gene Jf, dominant in race 51 cytoplasm (pxpt. 6), 
is certainly not dominant in race 32 cytoplasm. 

Further information on the behavior of gene K in race 32 cytoplasm 
is provided by consideration of the phenotypes of the other member of 
each pair of exconjugant clones produced in experiment 7, namely, those 
deriving their cytoplasm from the Ft sensitives. All of the 420 clones 
of this group were sensitive. From the now known genotypes of their 
parents, K/k X K/k, one-fourth of these 420 clones should be k/k and 
sensitive, one-half should be K/k and sensitive (because, as shown above, 
K is not dominant in race 32 cytoplasm) and one-fourth should be K/K. 
The fact that no killer clones were obtained in this group indicates that 
even the K/K clones were sensitive. In other words, the killer gene K 
is completely unable to produce the killer phenotype in race 32 cytoplasm. 
Experiments 8, 0 and 10 confirm this conclusion. 

Experiment 8: Autogamy in Fx Sensitive Clones . — ^As in the case of 
autogamy in heterozygous Fx killer clones (expt. 1), autogamy in hetero-' 
zygotic Ft sensitive clones should yield K/K and k/k clones in a ratio of 
1:1. But as the Fx sensitive doues and their autogamous progeny derive 
their cytoplasm from race 32 and as the killer gene K is unable to produce 
the killer phenotype in this cytoplasm (expt. 7), both dasses of exautpg- 
amous dones should be sensitive. In agreement with this, all of the 
148 exautogamdus clones from Fi sensitives were sensitive. 
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Experiment 9: Crosses of Fj Sensitive Clones {Obtained by Autogamy 
from F\ Sensitives) to F\ Killers . — It is practically impossible to test whether 
the 1 ; 1 ratio predicted in experiment 8 is actually obtained because each 
clone would have to be separately tested for genotype by elaborate breed- 
ing experiments. More important than the ratio is the question of 
whether there are in fact produced, as predicted, sensitive clones homo- 
zygous for the killer gene. Therefore, only a few of the exautogamous 
setisitive clones from experiment 8 were fully tested to see if any had 
the predicted K/K genotype. The test consisted in crossing them to 
heterozygous F\ killers. In this cross, any tested clone that contains the 
recessive gene k either in homozygous or heterozygous condition would 
yield some pairs in wliich both members produce sensitive clones; but if 
the tested clone is homozygous for the killer gene Ky all the pairs of con- 
jugants obtained in the cross to Ft killers would yield a killer clone from 
one member of the pair and a sensitive clone from the other. Among the 
few clones tested, three gave the latter result. For example, 36 pairs 
were obtained from the cross of one clone to Fj killers and from each pair 
there arose one clone of killers and one clone of sensitives. The other 
two were tested on an even larger scale and gave the same result. Hence, 
some of the exautogamous clones obtained from Fi sensitive parents are 
homozygous for the killer gene though phenotypically sensitive. This 
confirms the conclusion drawn from experiment 7 that the killer gene 
is unable to determine the killer phenotype in race 32 cytoplasm eveti 
when it is present in homozygous condition. 

Experiment 10: Sensitive Clones Homozygous for the Killer Gene Re- 
tested after the Passage of Several Months . — In order to exclude the possi- 
bility that the sensitivity of the K/K clones with race 32 cytoplasm was 
due either to the delayed action of the K gene or to the mutation of K 
to k in race 32 cytoplasm, these clones were retested at intervals of 2, 4 
and 6 months. The tests showed that the sensitive phenotype and the 
K/K genotype were maintained. (The tests were the same as the one 
employed in experiment 9.) During the six months that these clones were 
cultured, many successive sexual generations must have occurred, for 
autogamies recur at intervals of 3 to 7 days in mass cultures of variety 4. 
Hence the gene K remains constant and is not only temporarily but per- 
manently incapable of determining the killer phenotype in race 32 cyto- 
plasm« 

These results raise the question of cytoplasmic inheritance. In cyto- 
plasm of race 61, the gene K determines the kiUer character; in cytoplasm 
of race 32, the same gene does not determine the killer character. This 
difference in the effect of gene K in different cytoplasms persists through 
many sexual generations, presumably without limit. Does this warrant 
the conclusion that the cytoplasms of the two races possess hereditary 
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differences that are independent of the genes? Experiment 11 answers 
this question. 

Experiment 11: Cross of Ft Sensitive Clones {Derived by Autogamy from 
Fi Killers) to the Killer Race 51, — ^Experiments 1, 4 and 5 showed that 
half of the dones obtained by- autogamy from Fi killers were sensitive 
because they were homozygous for the sensitive gene k. The cytoplasm 
of these dones is derived from race 51. If the property of race 51 cyto- 
plasm which permits the killer gene K to determine the killer character is 
inherited independently of the genes, reintroduction of gene K into these 
sensitive clones should result in the restoration of the killer character. 
The gene K was put back into them by mating them to the homozygous 
killer race 51; but the killer character failed to develop. In all of the 96 
pairs of conjugants, the done produced by the exconjugant deriving its 
cytoplasm directly from the killer parent remained a killer; but the done 
produced by the exconjugant deriving its cytoplasm inditectly from race 
51, through a sensitive Ft done, remained sensitive. Hence, when the 
gene K is replaced by its sensitive allele, ife, the cytoplasm of race 51 be- 
comes, like the c3rtoplasm of race 32, incapable of devdoping the killer 
phenotype when gene K is reintroduced into it The property of race 61 
cytoplasm which permits the killer gene to determine the killer character 
is thus not inherited independently of the genes, but is dependent on the 
uninterrupted presence of the gene K, 

This experiment shows that the killer duiracter depends on the com- 
bined presence of the killer gene K and something else. The other factor, 
when present, is reproduced under the influence of gene K and ceases 
to be reproduced when gene K is absent. Moreover, the failure of the 
killer character to devdop in sensitive dones into whidi gene K has been 
introduced shows that gene K is unable to initiate the production of this 
other essential factor and that the latter is not carried over from one mate 
to the other during conjugation. In other words, it is not present in 
the '*male,*' migratory, gamete pudeus at the time of fertilization. Ex- 
periments 12 and 13 were designed to throw light on the location within 
the cell of the essential factor other than gene K. 

Experiment 12: Transfer of the Other Factor from one Cdl to Another . — 
Under certain conditions, not yet entirdy known/ pairs of conjugants in 
variety 4 either remain united unduly long or permanently. At the 
normal time for separation of the mates, they separate evciywhcre except 
in the region of the parord cones where a thin connecting band of cyto- 
plasm appears. After prolonged union in this way, in some pairs the 
mates separate completdy; but in others the baud of union increases in 
width and the mates remain permanently united, though normal single 
animals are given off from the separated regions at the first few fissions. 
Such connections between mates provide opportunity for the transfer 
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of material from one to the other, especiaDy in those pairs that develop 
a broad connecting band. In crosses between killers and sensitive dones 
with the killer gene JST, when a c 3 rtopla 8 mic connection was established 
between the mates, the normal single animals produced from both of them 
3 nelded killer dones. Hence the formerly sensitive mate must have pro- 
duced a done with the kiUer phenotype and this result is correlated with 
the possession of the gene K plus temporary cytoplasmic continuity 
with a killer animal. In the same crosses, when separation of the mates 
occurred at the normal time, each mate remained phenot 3 rpically un- 
dxanged: one produced a done of killers and the other a done of sensi- 
tives. Hence the transformation of the sensitive into a killer done in 
the cytoplasmically united pairs must have been due to the transfer from 
the killer to the sensitive mate of the material required in addition to 
gene K for the devdopment of the killer phenotype. Moreover, of the 
gamete nudei, syncaryon and derivatives of the syncaryon, only the 
migratory gamete nudeus goes across from one mate to the other in the 
cytoplasmically tmited pairs, and previotis experiments have shown that 
the migratory nudeus does not carry the essential material with it; there- 
fore this material at this time must be outside of these nudei. The ma- 
terial could be in either the cytoplasm or the many pieces into which 
the old, disintegrating macronucleus has broken down, for these are 
both free to migrate from mate to mate across the broad cytoplasmic 
connecting band. There is, however, no known direct connection be- 
tween the pieces of the old macronudeus and the new nudei formed 
from the products of the syncaryon; and the old macronudear pieces 
soon disappear, while the killer character is permanent and hereditary. 
Hence the essential material must be at least for a time outside the nudei 
in the cytoplasm. There is as. yet no evidence concerning the question 
as to whether it is ever in the nudei. The substance whose continued pro- 
duction is controlled by gene K and whose presence is required for the 
devdopment of the killer phenotype may therefore be designated as 
the killer c 3 rtoplasxnic factor or substance. Whether this is the same as 
the substance that produces the killing action on sensitive cells or a pre- 
cursor of it remains to be discovered. 

Bxpmmetft 13: Demonstration of the Killer Cytoplasmic Factor in Cells 
That Have Just Lost the Killer Gene , — ^The killer cytoplasmic factor was 
shown in experiment 11 to disappear from cells that lose the killer gene K, 
However, only if this factor did not exist in the cytoplasm but was al- 
ways indissolubly connected with gene K would its disappearance be 
expected to coincide exactly with the loss of gene K,; otheiwiae, its dis- 
appearance should follow loss of gene i? by an appreciable amount of time. 
If it could be detected in the odl for a considerable period after gene K 
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is replaced by this would provide further evidence for its cytoplasmic 
localisation. 

The method of detection employed was essentially the same as the one 
used in experiment 1 1 : sensitives {k/k) that had arisen from F\ killers 

{K/k) at autogamy were mated to the killer race 51 {K/K), In experiment 
1 1 this cross was made several days after the genotype, had changed at 
autogamy from K/k to k/k. At that time there was no evidence of 
the presence of the cytoplasmic factor, for return to the K/k genotype 
did not result in the development of the killer phenotype. In the pres- 
ent experiment, the same cross was made at intervals of (uily two to 
five fissions (one to two days) after the F\ killer {K/k) had changed to 
an Fa sensitive {k/k) at autogamy. Description of the laborious tech- 
nique involved in bringing about conjugation so early in the history of a 
clone of known constitution will be reserved for the full paper to appear 
later. 

Altogether 21 such F^ sensitive clones were induced to conjugate with 
the killer race 51 within five fissions (2 days) after their origiti at autogamy. 
Three of the four that conjugated two or three fissions after autogamy, 
four of the ten that cotijugated tliree or four fissions after autogamy, and 
one of the seven that conjugated five fissions after autogamy, making 
a total of eight crosses, yielded clones of killers from both members of a 
pair of conjugunts. Hence the sensitive parent, as well as the killer 
parent, must have yielded a clone of killers in these eight cases; and 
the cytoplasmic factor must still have been prCvSent. The data also 
indicate that the cytoplasmic factor is present in fewer and fewer cells 
with increase of time and number of fissions since loss of gene FT, until, 
as shown in experiment 11, it has completely disappeared after a few 
days. The period during which the cytoplasmic factor remains after 
the gene for its production is removed corresponds closely to the period 
previously found** - ® for the "cytoplasmic lag” in change of phenotype fol- 
lowing other changes in hereditary constitution in P. aurelia. Com- 
parable gradual loss of a gcne-controlled cytoplasmic fjictor may be in- 
volved in many or all stich situations. 

Both experiments 12 and 13 show: (1) that the factor required in 
addition to gene K for development of the killer phenotype is present 
in the cytoplasm of killer cells; (2) that gene K determines the continued 
production of this cytoplasmic factor, for sensitive cells converted into 
killers became permanently and hereditarily so; and (3) that this can 
be accomplished when the cytoplasmic factor is at least initially outside 
the nucleus in the cytoplasm. Both experiments also show (4) that 
there was present in one cell at least twice as much of the cytoplasmic 
factor as required by gene K to enable it to produce more. This was 
shown in experiment 12 by the fact that the killer member of the cyto- 
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plasmically united pairs provided enough of the cytoplasmic factor to 
enable genes in both cells of the pair to produce more; and in experiment 
13 by the fact that in each of tloree different crosses of exautogamous 
clones to race 51, there were obtained two pairs of conjugants yielding 
killer clones from both members of the pair. Hence, in each of these 
three clones there was present after gene K was lost enough of the cyto- 
plasmic factor so that it could be distributed to two daughter cells and 
still have in each enough to bring about the production of more cyto- 
plasmic factor when gene K entered the cell. 

The preceding 13 experiments provide the basic information required 
for discovery of the system of determination and inheritance of the killer 
and sensitive characters. Many other breeding experiments have been 
performed to test further the validity of the conclusions drawn in the 
preceding pages. Space does not permit a detailed account, but tlie 
crosses and observed results in some of the more important experiments 
are listed below. 

Experiment J4,— Cross of Fi killers {K/k) to race 32 (k/k); 210 pairs 
of conjugants. Result: 116 pairs yielded sensitive clones from both 
members of the pair; 94 pairs yielded a killer clone from one member 
and a sensitive clone from the other. 

Experiment IS . — Cross of Fi killers (K/k) to race 51 (K/K); 104 pairs 
of conjugants. Result : killer clone from each member of every pair. 

Experiment IS . — Cross of Fi sensitive (K/k) by Fi sensitive (K/k); 
431 pairs of conjugants. Result: all 862 clones sensitive. 

Experiment 17 . — Cross of Fi sensitive (K/k) to race 32 (k/k); 200 pairs 
of conjugants. Result : all 400 clones sensitive. 

Experiment IS . — Cross of Ft sensitive (K/k) to race 51 (K/K); 107 
pairs of conjugants. Result: in every pair, one member produced a 
sensitive clone and the other produced a killer clone. 

In every experiment the observed results are those required by the 
conclusions drawn from the first 13 experiments. 

The determination and inheritance of the alternative characters killer 
and sensitive in races 51 and 32 appear therefore to involve the following 
system. Killer depends upon the combined presence of the dominant 
gene K and a cytoplasmic substance. The continued production of this 
substance depends upon gene K; but gene K is unable to initiate its 
production when none is present. The alternative character sensitive 
invariably develops regardless of genic constitution when the cytoplasmic 
substance is absent. A recessive allele of K is unable to determine the 
continued production of the cytoplasmic substance even when some of 
it is present. All of the nine pairs of characters examined in five varieties 
of P. aurdia show the same peculiar division of the Ft into two classes. 
This suggests that a comparable system of determination and inheritance 
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is widespread in this species. The significance of the system in relation 
to a number of problems of biology will be discussed in the next paper 
of this series. 
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GENE AND CYTOPLASM. II. THE BEARING OF THE DETER- 
MINATION AND INHERITANCE OF CHARACTERS IN PARA- 
MECIUM AUREUA ON THE PROBLEMS OF CYTOPLASMIC 
INHERITANCE, PNEUMOCOCCUS TRANSFORMATIONS, 

MUTATIONS AND DEVELOPMENT 

By T. M. Sonnbborn* 

Dbpartmbnt op Zoology, Indiana Uniybrstty 
Communicated November 12, 1943 

Ihe first paper* of this series demonstrated that the character "Idller” 
in variety 4 of Paramecium aurdia is dependent upon a cytoplasmic sub- 
stance which normally fails to accompany the "male” gamete nudeus as 
it passes from one mate to the other during conjugation. The continued 
production of this determining cytoplasmic substance depends, howevo*, 
on a dominant gene, K; replacement of K by its recessive allele, k, results 
in the disappearance of the i.ctive cytoplasmic substance. Nevertheless, 
the gene K is unable to initiate production of the cytoplasmic substance; 
introduction of K into a sensitive cell is not followed by development 
of the killer character. But if a non-killer (senritive) cell containing 
gene K is supplied with some cytof^asm frmn a killer cdl, or if a geno- 
typically sensitive cell containing t^ c 3 rtoplasmic factor is supplied with 
gene K, the gene K controls the continued production of the l^er cyto- 
plasmic substance. This system of determination and inheritance appears 
to be typical for all characters in most varieties of P. aurdia. The pre- 
ceding facts may have important applications to other fields of Ifiolc^. 
The present paper attempts to point out some of these. 

1. Cytoplasmic Inherikmce. — Inheritance timntgh the cytoplasm (aside 
from plastid inheritance) has been reported by a number of investi^tiora 
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of mosses and flowering plants; this work has been critically reviewed by 
Correns^ and others. The observations on which the interpretation of 
cytoplasmic inheritance is based are closely parallel to some of those made 
on Paramecium. Full anal 3 rsis shows that the interpretation in terms 
of cytoplasmic inheritance in Paramecium is an illusion and untenable. 
This raises the question as to whether the same interpretation based on 
similar evidence in plants is sound. 

In plants the fundamental observations are: (1) reciprocal crosses 
yield different results; (2) the differences persist through subsequent gener- 
ations in the female line of descent, even when all or nearly all of tlie 
genes of the female parent have been replaced by genes from the male 
parent. 

Observations on P. aurelia precisely like the first one mentioned in the 
preceding paragraph were reported in the first paper* of this series. Each 
pair of conjugants between diverse clones or races constitutes a pair of 
reciprocal crosses : One member of the pair of conjugants contains all the 
cytoplasm and one gamete nucleus from one parent and only a gamete 
nucleus from the other parent; the other member of the pair of coa- 
jugants has its cytoplasm and one gamete nucleus from the other parent 
and only a gamete nucleus from the first parent. These reciprocal crosses 
yield different results when the killer race is crossed to a sensitive race: 
the one in which the cytoplasm comes from the killer race produces a 
clone of killers and the one in which the cytojdasm comes from the sensi- 
tive race produces a done of sensitives. Reciprocal crosses in Parame- 
cium, as in plants, yield different results. 

The parallel between the plants and Paramedum with respect to the 
second fundamental observation in the work on cytoplasmic inheritance 
is best shown by certain additional results not set forth in the first paper 
of this series. If, instead of using the sensitive race 32, reported upon 
in the previous paper, the sensitive race 47 is employed in crosses to the 
same Idller race 51, the same results are obtained in the Fi generation: 
redprocal crosses give different results; those with cytoplasm from the 
kUler race are killers and those with cytoplasm from the sensitive race are 
sensitive* But very different results follow in subsequent generations. 
The Fi kihm, though they have genes from both races, show no segregation 
of these traits in any breeding tests. In both autogamy and in back- 
crosses the progeny that derive their cytoplasm from the killer race re- 
main IdUers. Likewise, the progeny of the Fi sensitive dones that derive 
their cytoplasm from the sensitive race remain sensitive. 

The preceding breeding experiments show, as do the comparable ex- 
periments ^th plants, that the hereditary differences under examination 
ate due to cytoplasmic and not to genic differences. This was further 
demonstrated* directly by providing an opportunity for transfer of cyto- 
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plasm from a killer to sensitive cell through a cytoplasmic connecting bridge 
between them. When cytoplasm of the killer race 51 gets in this way 
into sensitive animals of an appropriate genotype, the latter are trans- 
formed from the sensitive Jo the killer condition and the new character 
is inherited in all subsequent generations by those progeny that obtain 
their cytoplasm from the transformed individuals. This evidence makes 
the demonstration of the determinative influence of the cytoplasm com- 
plete. The persistence of the effect through the passage of generations 
would appear to justify the conclusion of cytoplasmic inheritance. 

This conclusion would have been unavoidable if only races 47 and 51 
had been available. Only the extremely good fortune of having the race 
32 for use in further analysis prevented me from falling into this error. 
As set forth in the preceding paper,* race 32 differs from race 51 not only 
in its cytoplasm (as does also race 47), but also in a gene which controls 
tlie cytoplasmic difference. When the killer gene K in race 51 is replaced 
by the sensitive allele k from race 32, the cytoplasmic factor determining 
the killer condition ceases to he reproduced. The phenomenon under 
analysis is thus not cytoplasmic inheritance, but continued production 
of a cytoplasmic substajice under the influence of the single gene iC. The 
false conclusion drawn from analyses limited to the sensitive race 47 
is a consequence of the fact that this sensitive race, like the killer race 51, 
possesses the killer gene K, As previously shown,* this gene cannot ini- 
tiate production of the killer cytoplasmic substance, but merely controls 
its continued production when some is already present. The full proof, 
from a variety of experiments, that the race 47 contains the killer gene 
K will be given in a later paper. For the present, the facts already given 
above (absence of segregation in further breeding of Fx killers) will suffice. 

The preceding analysis shows that results such as those obtained with 
the plant material and with Paramecium (in the crosses not involving 
race 32) justify the conclusion that the differences observed in reciprocal 
crosses and subsequent generations are due to cytoplasmic and not to 
genic differences; they do not, howevd', justify the conclusion that cyto- 
plasmic inheritance, in the sense of independent, self-multiplying, cyto- 
plasmic determinants, is involved. The cytoplasmic differences may be 
perpetuated, not by independent cytoplasmic determinants, but by genes 
which are alike in the two forms crossed; and these genes, like the killer ' 
gene, may be unable to initiate production of the cytoplasmic substances 
involved. Only by means of specially favorable material can the genic 
control of the cytoplasmic substances be discovered. 

2, Environmental Control of Genetic Characters in Saaeria , — ^The 
phenomena of the inheritance of the antigenic properties of Pneumococcus 
constitute one of the most fully known examples of environmental con- 
trol of hereditary characters. The main facts have recently been reviewed 
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by Heidelberger.^ More than 50 distinct antigenic types of Pneumococcus 
are known. The character of each of these types is normally inherited 
within a clone; but by appropriate procedures a number of types have 
been converted into others and probably all conceivable transh^rmations 
of one into another are possible. The conversion is accomplished by reduc- 
ing one type into a non-specific form in which the capsule with its speci- 
fic antigens (polysaccharides) are lacking, and then growing the non- 
specific form in the j^resence of heat -killed cells of the type to which con- 
version is desired. Thereupon, the form lacking a capsule acquires one 
which contains the type of polysaccharide antigen characteristic of the 
heat-killed cells. The essential material required for successful conver- 
sion is not the polysaccharide itself, but some other component of the 
heat-killed cell containing it. 

The Pneumococcus situation may be compared with the killer situation 
in Paramecium. In the latter, transfer of a cytoplasmic substance from a 
killer cell to a sensitive cell containing gene K will result in the continued 
production of this substance atul the killer phenotype which depends on it. 
Possibly all or most vStrains of Pneumococcus contain the gene or genes 
(or gene-like materials) required to control the continued production of each 
of the 50 different polysaccharides, and, as in Paramecium, when an ap- 
propriate substance essential for the synthesis of the polysaccharide is 
added to a cell that lacked it, the “gene” will determine its continued pro- 
duction. As in Paramecium, the gene, seems to be unable to initiate its 
production, but can continue it when the proper substance is provided to 
start the gene going. The fact that any strain produces only one of 
these 50 polysaccharides would lead one to suppose that the same gene 
is involved in all 50 cases ajid that there are more than 50 cytoplasmic 
materials which the gene can act upon. As will be brought out below 
in the section on mutations, the gene K in Paramecium also appears 
capable of controlling the production of either of at least two somewhat 
diverse cytoplasmic substances. 

Another class of possibly similar cases is the class of hereditary bac- 
terial adaptations.^ * ^ A cell which is at first unable to produce a certain 
substance acquires the power to do so after subjection to an appropriate 
environment. In some instances the environment seems to act merely 
by favoring the growth of mutants which arise quite independently of 
the selective environment. It would appear worth while to investigate 
also the possibility that the hereditary properties of a strain could be 
altered by supplying the strain for a limited time with a small amount 
of the substance, or by extracts of strains that can produce it. Results 
of this general type have indeed been reported. Eberthella typhosa^ 
acquires the ability, previously lacking, of synthesizing tryptophane 
after growth in a trytophane medium. Proprionibacterium pmUisacmm^ 
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similarly acquires the ability to synthesize vitamin Bi after growth in its 
presence. Superficially, the parallel to Paramecium suggests a similar 
genetic interpretation. 

S. MukUions , — The observations on Paramecium show that muta- 
tions, in the sense of hereditary changes of characters, may have physical 
bases not at present recognized. According to prevailing views, the 
physical basis of a mutation is either a change in the gene or in the num- 
ber and arrangement of the chromosomes and their parts. The heredi- 
tary change from sensitive to killer, however, can occur without any 
change in the gene, merely by addition of the essential cytoplasmic sub- 
stance to the cell with the killer gene. The reverse hereditary change 
from killer to sensitive can occur simply by the loss of this cytoplasmic 
substance. Still another class of hereditary changes has been observed 
in Paramecium: strong killers which act quickly on sensitive cells have 
changed to weak killers which act slowly. The data indicate that this 
change is due to a change in the cytoplasmic factor, not to a change in 
the gene. In addition to these three previously unrecognized kinds of 
ph3rsical basis for a mutation, mutations of the well-known type have 
also been observed. The killer gene itself may mutate to the sensitive 
allele. The mutated gene is imable to control the further production 
of the cytoplasmic material even when some of it is present. 

In a system of determination and inheritance such as prevails in Para- 
mecium, a munber of relations concerning relative mutation rates might 
be predicted. Two of these will be briefly indicated. First, the rate 
of mutation in opposite directions should as a rule be very unequal. For 
example, mutations from killer to sensitive would be expected more fre- 
quency than in the reverse direction. This follows from the fact that 
mutations from killer to sensitive win occur either if the cytoplasmic 
factor is lost or if the gene mutates to a form that cannot control pro- 
duction of the cytoplasmic factor; whereas mutation from sensitive 
to killer, in those cases in which the sensitive gene is present, requires 
both mutation of the gene and de novo origin of the c3rtoplasmic factor. 
Thus mutation in one direction follows either of two events while muta- 
tion in the reverse direction under certain conditions requires both of 
two events. These two events need not occur simultaneously, but the 
genic change must precede the cytoplamic one* 

Second, the observed mutation rate could, under certain conditions, be 
dependent upon whether the gene was in homozygous or heterozygous 
condition. To illustrate, in organisms homozygous for the sensitive 
allele, mutation of this gene to the killer allele would ordinarily be ob- 
served only if the cytoplasmic factor also arose subsequent to the gene 
mutation; but in organisms heterozygous for these genes and containing 
the cytoplasmic factor, evety mutation 6l k to K would be directly de- 
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tected at autogamy, for the c)^opIasmic factor is already present and 
bdng maintained. The result of this situation is to give under certain 
conditions higher observed mutation rates in heterozygotes than in homozy- 
gotes. This would be expected only for the mutation of genes that do 
not control a cytoplasmic factor into alleles that do. 

4, DevelopmenL^^ — The fact that the determiners of the phenot 3 rpe 
may lie outside of the nucleus and still be under genic control, as shovra 
in the case of the determination of the killer phenotype, appears to have 
particularly important bearings on the prime problem of development: 
the production of different characteristics in cells with the same genes. 
With the occurrence of such detenniners in the cytoplasm and, at least 
at certain stages, not in the nucleus, all that is required to account for 
the production of different characters in different cells with the same 
genes is to have differential segregation of these cytoplasmic determiners 
at cell division, a condition which has long been known to occur for a 
number of visibly different cytoplasmic components. The fact that 
the genes are unable to control the production of the substances once 
they are removed from the cell will prevent the cells which lose the cyto- 
plasmic factors from developing the same characters as those cells which 
retain them. 

Further pursuit of the possible implications of the system of deter- 
mination and inheritance in P. aurelia seems at present less urgent than 
attempts to see whether comparable phenomena occur in higher organ- 
isms. From the discussion above on the problem of cytoplasmic in- 
heritance in higher plants, one might expect these to provide the most 
favorable material for such study. 

* Coutributioti No. 325 from the Department of Zoology. Indiana University. 

* Aided by a grant from the Rockefeller Foundation. 
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I am indebted to Dr. Boris Kphrussi for suggesting that the results on Paramecium 
might have bearings on problems of development. 



44 CENETICS: FANKHA USEE AND HUMPHREY Proc. N. A. & 

TITE RELATION BETWEEN NUMBliR OF NUCLEOLI AND 
NUMBER OF CIlROMOSOME SETS IN ANIMAL CELLS 

By G, Fankiiauser and R. R. Humphrey 

Djiparimknt of Biol(k;y, Prinxfton University, and Department of Anatomy, 

School of Medicine, University of Buffalo 

CtjminunicaLecI November 8, 1943 

The relation between the number of nucleoli visible in telophase or 
interphase nuclei and the number of haploid chromosome sets which are 
present has been studied extensively in plants (cf. the recent review by 
Gates T)cMol“ first noted that diploid hyacinths have a maximum 
of two nucleoli, triploid three, and hypotetraploid four. This relationship 
became understandable when it was shown conclusively by Heitz® that, 
during telophase, the nucleoli are formed at specific points on specific 
chromosomes, usually at secondary constrictions which either mark off 
a satellite or are located some distance from the end of the chromosome. 
Since as a rule, each haploid set of chromosomes includes a single chromo- 
some with a “nucleolar organizer,” the normal diploid nucleus contains two 
nucleoli, 'Fhe number of nucleoli may therefore be used as a criterion for 
the identification of polyploid individuals or races within a species and, 
with certain restrictions, for the determination of phylogenetic relation- 
ships between different plant species. 

The relation of nucleolar number to polyploidy has received much less 
attention from zoologists, largely because, until recently, there was little 
inttTcst in the study of polyploidy in animals in its various aspects. This 
lias led Gates'^ to the conclusion that “it is still uncertain in how fiir the 
numbtir of nucleoli in animals can be used as an index of the number of sets 
of chromosomes. ” However, what evidence there is available in the 
zoological literature clearly points to the existence of the same constant 
relationship as obtains in platits, at least in ordinary somatic cells. Under 
special physiological conditions, however, (e.g., in gland cells and in grow- 
ing oocytes), the number of nucleoli may be greatly increased, apparently 
without a corresponding increase in chromosome number. The pertinent 
information on nucleolar number and heteroploidy will be reviewed 
briefly in this paper, and new evidence will be added from a study of the 
nucleoli in an extensive heteroploid series of larvae of the axolotl, Am- 
bly stoma mexicanunty and of larvae of mixed tigrinum-mexicanum ancestry. 

That each haploid set of chromosomes may be associated with a single 
nucleolus was first indicated by Conklin’s classical observations on the 
fertilization and cleavage of eggs of the gastropod Crepidula.* Each of 
the germ nuclei, before their union, contains a single nucleolus, while in 
the telophase of all the cleavage mitoses two nucleoli appear which may 
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fuse into a single one if the resting period is prolonged. The cleavage 
nuclei are clearly dual, and each half -nucleus, which is descended from 
one of the germ nuclei, contains a single nucleolus. 

Direct evidence for a constant relationship between number of nucleoli 
and chromosome number was found by Parmcntei^ in his work on par- 
thenogenesis in frogs. Epithelial nuclei of diploid tadpoles of Raw pi[>iens 
contain two nucleoli in a large percentage of the cells, and one in the re- 
mainder; haploid partlienogenetic tadpoles show only one nucleolus in 
all nuclei. In 193H Parmentcr extended his observatii>ns to a triploid and 
a mixed diploid -triploid larva of Rana pipiens, and a mixed diploid- 
triploid-tetraploid larva of Rana palustris!^ The triploid nuclei contained 
three nucleoli, the tetraploid four. The same relationship obtained in 
haploid, diploid and triploid cells of j>arthenogerietic individuals of Rami 
fusca,^ 

Corresponding figures were published by Porter‘‘ for liaploid, dit)loid 
and tetraploid cells of androgenetic larvae of Rxina pipiens. A very ex- 
tensive series of polyploid partlienogenetic larvae of Rana ni^romactiUila 
was investigated by Kawamura^^ who found that most of the. nuclei in 
triploid larvae conUiined three nucleoli, in tetraploid larvae four and in 
hexaploid larvae five or six. 

The number of nucleoli W£is also recorded in germ ceJls of polyploid 
silkworms by Kawaguchi.^* Diploid, triploid and tetraploid spermato- 
gonia showed two, three and four nucleoli, respectively. Diploid odgonia 
contained a single nucleolus, triploid and tetraploid oogonia two, i.e., the 
number of nucleoli corresponded to the number of ^ chromosomes present, 
indicating that in this species the Z-chromosoine carries the nucleolar 
organizer. 

Since the number of nucleoli, together with measurements of the nuclear 
size, may give a reliable estimate of the degree of ])olyploidy of non- 
dividing cells (cf. Berger^®) it promises to be particularly helpful in the 
study of partially polyploid organs or tissues in otherwise diploid indi- 
viduals. In the normal liver of the rat, tetraploid and octoploid cells are 
abundant and may outnumber the diploid (Beams and King,^^ Sulkin^^). 
In the mouse liver, the nuclei fall into tliree main size classes whose volumes 
are approximately as 1:2:4 (Jacobj^^), indicating that they are diploid, 
tetraploid and octoploid, respectively, Biesele, Poyncr and Painter^® 
have shown that these nuclei contain a maximum of four, eight and sixteen 
nucleoli. A few very large nuclei, presumably 16-ploid, showed up to 
thirty-two nucleoli. Each chromosome set of the mouse appareiatly con- 
tains two nucleolar organizers, a fact which might suggest that this species 
is tetraploid. However, some species of plants, which are unquestionably 
diploid, also possess four nucleolar organizers. 

The ntnn«raus scattered observations on polyploid tumor cells have 
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been reviewed in the same paper.'* In their own investigations of the 
nuclear phenomena in mouse cancers these authors found evidence that the 
increased size of the cancer nuclei is a result of endomitosis which may lead 
to the formation of larger chromosomes with two, four, eight times, etc., 
the normal number of chromatids (**polytene chromosomes*'), often com- 
bined mth an increase in the number of separate chromosomes to the 
tetraploid, octaploid and higher levels. The actual valence of the nucleus, 
i.e., the total number of cliromatids contained in it, is indicated by the 
number of nucleoli, although there is a strong tendency for the nucleoli 
to fuse, particularly in nuclei with polytene chromosomes. However, 
careful measurements of the volume of the nucleoli may still reveal their 
comi>ound nature. 

In the frequently highly polyploid somatic cells of water striders, fusion 
of two or more nucleoli seems to be the rule.'^ Diploid and tetraploid 
nuclei usually show one nucleolus, rarely two. In more highly polyploid 
nuclei, the number of nucleoli increases but renuuns far below the number 
of chromosome sets which may be accurately determined by counting the 
heterochromatic X-chromosomes. 

Prolonged studies of spontaneous and induced polyploidy in several 
species of salamanders have not produced information on the bdiavior of 
the nucleoli until recently. In the three species which were studied first, 
Triturus xnridescens, Z\ pyrrhogaster and Eurycea bisUneaia, the chromo- 
some number of living larvae may be determined with ease in whole-mounts 
of amputated tailtips where the epidermis of the transparent fin offers 
excellent material for the study of mitotic figures.'* The interphase 
nuclei, however, do not show distinct nudeoli following fixation in Bouin’s 
and staining witli Harris' acid haemalum, the technique which was found 
to be most satisfactoiy for the rapid preparation of the tailtips for chromo- 
some counts. Last year, the investigations were extended to larvae of the 
axolotl, Amblystoma mexicanum,^^ In this species and in mexicanum- 
tigrinum hybrids, a consid^able number of the tailtip preparations show 
the nucleoli clearly in some interphase nuclei while in other nuclei they are 
not easily distinguished from the numerous chromocenters; frequently 
also the structure of the nucleus is partly obscured by pigment granules 
in the cytoplasm. 

Sufficient observations have been made to show a good agreement be- 
tween the maximum number of nudeoli visible and the number of dzromo- 
some sets present, as determined by chromosome counts in the same tail- 
tip. The series includes haploid, diploid, triploid, tetrafdoid and penta- 
ploid larvae (table 1). Some of these represent spontaneous aberrations 
in chromosome number, but the majority developed from eggs that were 
refrigerated immediately after laying. Haploid nudet always contain a 
single nucleolus (Figs. 1 and 2), diploid nudet two in the great majority 
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of cdls, while in the remaining cdls the nuclei contain one whose size may 
reveal its origin through fusion of two separate nucleoli (Figs. 3 and 4). 
Triploid individuals show three nucleoli in most of the cells, two in the 
remainder (Fig. 5); tetraploid nuclei have four nucleoli in over one-half 
of the cdls, and three (rardy two), in the others (Fig. 6). In the tailtip 
of a pentaploid larva five nucleoli were found in a majority of the cells, 
while most of the remaining nuclei contained four (Fig. 7). 

The demonstration of this simple numerical rdationship in epidermis 
cdls of aKolotl larvae is particularly interesting in view of the fact that 
Dearing*® described the formation of the nucleoli during telophase at the 
secondary constriction of a particular pair of chromosomes in epithelial 
cells of larvae of Amblystotna tigrinum. These observations, together with 
those of Kaufmann*^ on ganglion cells of Drosophila larvae, were the first 

TABLE 1 


Chromosomb Number, Number op Nucleoli and Nuclear Size in Epidermis Cells 


OP Tailtips of Axolotl Larvae 




Haploio 

OlPLOXD 

Tmiploid 

TfCTRAPLOIU 

PANTAPI.OXD 

Chromosome number 
Maximum number of 

14 

28 

42 

66 

70 

nucleoli 

Area of 20 nuclei (X630) 

1 

2 

3 

4 

6 

in square inches: 

No. of tailtips 

14 

100 

06 

2 

2 

Range 

1.87-2.47 3.30-5.80 5.27-0.25 8.60-8.74 8.05-10.66 

Average 

2.23 

4.87 

6.67 

8.62 

0.36 

Ratio 

1.00 

1.96 

2.00 

3.86 

4.19 


to show the existence of nudeolar organizers in animal cells. Dearing 
also found that the vast majority of epithdial cells contained two nudeoli, 
while the large single nucleolus visible in some cells wavS clearly a com- 
pound structure formed by the fusion of the two nucleoli during telophase. 
A single larva in his material, although unquestionably diploid, showed 
three nudeoU in each nudeus, the third nucleolus being associated with 
a chromosome that normally did not possess a nucleolus organizer. 

Dearing's observations also offer a simple explanation for an apparent 
exception to the rule found among our axolotl larvae. The tailtip of one 
very abnormal larva showed epithelial nuclei within the diploid size range 
but with a single nudeolus (Fig. 8)* In several mitotic figures from 
different regions of the tail fin the chromosome number was established 
as twenty-four, !♦€., 2N — 4. Obviously, one of the nucleolus-forming 
chromosomes was missing in this hypodiploid animal. 

The availability of an additional criterion for the determination of the 
degree of fiolyfdbidy is particularly valuable in the axolotl in which ac- 
curate dtromosome counts are often difficult to make because of the 
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scarcity of clear metaphase figures; as a result, identification of polyploid 
individuals was frequently based on measurements of nuclear size alone. 
As is seen from table 1, the area of camera lucida drawings of twenty 



FIOURES 1-8 

(For cKplanatlon, see opposite page) 

epidermis nuclei is almost directly proportional to the chromosome number, 
except for the pentaploid nuclei in which the increase is relatively too 
small. However, only two pentaploid individuals were available; in 
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view of the considerable range of variation between individual tailtips it 
may be expected that measurements on more petitaploids will raise the 
average. 

It should be pointed out that the epidermis nuclei of the tail fin are 
thin discs whose thickness increases very slightly with the chromf>s«.>me 
number so that the area measured in the drawitigs is closely representative 
of the nuclear volume. This observation has a more general interest 
since it indicates that the thickness of the epithelium is ke|>t more or less 
constant, regardless of the size of the individual cells wdiich compose it. 
The cells are flattened to a greater or lesser extent to fit this condition. 
Preliminary observations on sections of various polyjdoid individuals 
have shown that a similar adjustment takes place in other tliin layers of 
cells. 

Summary. — (1) A review of the few reported observations on the 
number of nucleoli in nuclei of haj)l()id and polyjdoid animal cells shows 
that the same relationship obtains as in plants, i.c., the nucleolar number 
increases in direct proportion to the chromosome number. In spermato- 
gonia of polyploid silkwonns and in e]jilhelial cells of frog tadpoles the 
nuclei contain one nucleolus for each chromosome set. In normal liver 
cells and in cancer cells of the mouse the nuclei contain a maximum of 
two nucleoli for each chromosome set, although the great tendency of the 
nucleoli to fuse may obscure this relationsliip. In polyploid tissues of 
diploid water striders, fusion of the nucleoli occurs so getierally that the 
nucleolar number is of little value in the estimation of chrotnosome numbers. 

(2) New observations demonstrate a similar relatiojislxip in epithelial 


Explanation of Fioukfs 

AU figures are camera lucida drawings of epidermis nuclei from the tail fin of young 
axolotl larvae. The origitial magnificalion was X030; it w'as reduced to X270 in 
reproduction. 

1. From a haploid larva (N ^ 14). All nuclei have a single nucleolus. 

2. From the left (haploid) side of the tailtip of a haploid'diploid mosaic larva. 

3. From the right (predominantly diploid) side of the same mosaic larva. A few 
haploid nuclei are present. The diploid nuclei have mostly two nucleoli; one nucleus 
contains a single large fusion nucleolus. 

4. From a diploid larva. All nuclei but one with two nucleoli. 

6. From a triploid larva. Of the thirteen nuclei shown, nine have three nucleoli, 
four have two. 

6. From a tetraploid larva. Seven of the nine nuclei shown have four nucleoli, 
the other two have three. 

7. From a pentaploid larva. Six of the nine nuclei shown have five nucleoli, three 
have four. 

8. From a hypodiploid larva with twenty-four chromosomes (2A'4). Three groups 
of nuclei from different regions of the tail fin are drawn to show that all nuclei contain 
a single nucleolus; presumably, one member of the pair of chroino.somes with nucleolar 
organizers is missing. 
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cells of heteroploid axolotl larvae, covering the whole range from haploidy 
to pentaploidy (Figs. 1 to 7, table 1). The maximum number of nucleoli 
visible in the nuclei of any individual corresponds to the number of haploid 
chromosome sets. A single larva with nuclei within the diploid size range 
showed a single nucleolus in all nuclei (Fig. 8). This animal was found to 
be hypodiploid {2N — 4) ; presumably, one of the missing chromosomes 
contained a nucleolus organizer. 

(3) The available evidence supports the conclusion that the number 
of nucleoli may be used as a criterion in the diagnosis of completely poly- 
ploid individuals or of polyploid cells or tissues in animals as well as in 
plants. 
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ON PRIMARY ATTRIBUTES OF ALLELES IN DROSOPHILA 

MELANOGASTER 

Bv Curt Stern and Euzabbtb White Schaeffer 

Department of ZoOlooy, University of Rochester* 

Communicated November 5 , 1943 

The mutant gene cubitus inierruptus (ci), in the fourth chromosome of 
Drosophila melano^aster^ causes a long gap in the fourth wing vein if it is 
present in hemizygous condition. If two, instead of one, alleles are present, 
d/ci^ the gap is shorter, and with three alleles, in the triplo-IV genotype, 
ci/ci/ci, often no gap appears® (Fig. 1). In contrast to this cumulative ef- 



Classidcation of interruptions of cubital veins (for details see*). 


feet of increased doses of ci is an antagonistic effect found when ci is com- 
^ bitted with certain normal alleles of the ci locus.®* * Thus, the allele +* 
I in hemizygous slate produces, nearly always, normal venation, while flies 
I with +* in combination with ci, +^/ci, often have interrupted veins. To 
I explain these and related results, the concept has been developed that a 
•gene, in producing its ultimate phenot 3 rpic effect, acts at first upon a cellu- 
jlar substrate, S. and changes it into a product. P. which functions in the 
^boratiem of a normal phenotype. It was further postulated that the 
^ction of a gene upon its substrate involves at least two factors: The 
^'combining power," c, of the gene, as measured by the amount of S with 
Vhich it is a^ to interact when S' is in excess, and the "efficienqr," e, with 
^ehich the/ gene converts 5 into P. The operation of this system of pri- 
iaaxy gene action may be seen in its application to the apparently contra- 
dict^ cumulative and antagonistic ^ects of ci on wing venation de- 
scribed above: In the former case it is assumed that 5 is present in excess 
of the oombiiting power of the ci genes, bat that one d by itself is not able 
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to matiufacture nearly enough F to give a normal wing. Doubling c by 
adding another d or tripling by adding two ci brings the wing progressively 
closer to normal, as would be expected. The cumulative effect (toward 
normality) of additions of ci genes is thus due to the increased total amount 
of P produced, each ci gene combining with a fraction of S and contributing 
its increment of P. 


The second case, in which a, in combination with +*, appears to de- 
crease, rather than increase the approximation to the normal vein condi- 
tion, can be explained if it is assumed that the efficiency of ci is less than 
that of and that the amount of 5 available is less than the maximum 
with which -f-® and ci together can combine. The alleles and ci are 
then competing for a limited S, so that they deprive each other of their full 


share of S. 


Since the efficiency of ci is less than that of + 


ci does not uti- 


lize its share of S as effectively as -f ® would have that is, it forms less P. 


Hence the total amount of P formed by both +* and ci working together is 


less than could have formed alone from S. This decreased amount of P 


results in a less normal wing. 

The ReUuive Combining Powers -f ® and ci , — ^While such an analysis 
permits a statement regarding the relative efficiencies and of the two 
alleles concerned, it does not lead to deductions concerning the relative 
combining powers and Dosage experiments have shf)wn that in 
diplo-IV flies the combining power of one ci allele is less than the available 
substrate, and that, in triyslo-lV flics, the joint combining power of two ci 
alleles is less than the substrate available in such a constitution. Though 
it would greatly simplify the analysis if it could be assumed that the 
amount of substrate is alike in diplo-IV and triplo-IV flies, no relevant data 
are available^ and the two constitutions mUvSt be treated separately. Fur- 
thermore, in neither case is it known how much of the substrate is claimed 
by a allele. 

An estimate of the relative combining powers of -f ® and ci was made pos- 
sible by an experiment in wliich the phenotype of triplo-IV flies of the con- 
stitution -\-^/ci/MA was determined (table D). It is seen that 56 out of 
158 tested males with abnormal venation were of the constitution +*/«/- 
MA (in addition to an unknown number among the normal overlaps not 
tested)* Since nearly all + VM-4 flies are normal, and since the addition 
of an Af-4 chromosome to various genotypes has been shown to result in 
phenotypic shift toward normality,* +^/MA/MA can be likewise regarded 
as normal. A comparison of the phenotypes of +^/cilMA (less than nor- 
mal) and +^/MA/MA (normal) thus indicates that competition for a 
limited substrate occurs between + ® and ci in -f ^/ci/MA, In other words, 
the joint combining power of the two different alleles and is larger 
than 5. It is known, on the other hand, that the phenotype of eifeiJMA 
is less normal than tliat of ci/cilci which means that the joint combining 


j 
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powers of two ci alleles do not exhaust the substrate. In summary, P- 

< P{+^/MA/MA)t and therefore 

+ r,, >5, (1) 

and since P{ci/ci/MA) < P{ci/ci/ci), and therefore 

^ri + (2) 

it follows, from (1) and (2), that 

Relation (3) completes the description of tlie two alleles +® and ci in terms 
of both relative combining and efficiency factors. The normal allele pos- 
sesses a greater combining ability and a greater efficiency than the mutant 
allele. 


TABLK 1 

(а) Not-Minute F\ cTc/’ of -I-V + * X city^fci ey^/MA^ 

I»HBNOTYI»lC CUAttSUa'*' 

NO 1 2 3 

134 63 100 14 

(б) Of the above Fi c? r?* tested for being €y^/ MA^ by mating to unrelated fe- 

males 

0 1 2 

47 00 12 

(c) Of these the following were ey^/ MA as shown by appearance of at least 

three or in a few cases of two MA F\ flies 

0 1 2 

21 32 3 

* N ^ uninterrupted distal sectioti of 4th vein; 0 » uninterrupted but thinned sec- 
tion; 1, 2 ** different progressive degrees of interruption ; 3 » absence of whole section. 


TAUI.K 2 


9 V 



N n i 

At * « 

2 

3 

802 

ci^ lei ey^* 

■ * • • 

4 

980 

ci^/MA* 

4t 


. , « 


— — — 

.V 0 1 2 3 

1 891 

0 059 

3t . . 1 1 


* These two groups of flies were derived from the same parents from crosses of 
X ci ey^/MA. 

t Some of these may have been of Class 0. 


The Relative Efficiencies of ci^^ and other ci Alleles ~K similar analysis is 
possible for another mutant allele of the ci locus, ci^. While ci in general 
acts as a recessive in combination with a wild allele (the allele +* being an 
exception to this statement) ci^ is dominant in heterozygous combination 
with any one of the three known normal alleles of the ci locus.* Homozy- 
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gous ci^/ci^ causes a very striking reduction of the venation, placing nearly 
all individuals into the most extreme Class 3 (table 2; all experiments re- 
ferred to hereafter were made with stocks isogenic for all chromosomes ex- 
cept the fourth). Hetero2ygotes with normal alleles show wide vari- 
ability with many individuals completely normal phenot3rpically (see 
table 5*). Heterozygotes of with the “recessive” ci are very similar to 
ci^fci^ homozygotes but seem to contain a slightly larger number of the 
less extreme Class 2 individuals (table 2). These facts permit certain de- 
ductions: Since, at 20®, the average phenotypes of heterozygotes of ci^ * 
and any of the three normal alleles are more extreme than bemizygotes of j 
any of the normal alleles, which practically always appear normal, it follows 
that 

< e+Cf or or (4) 

Since it is further true that ci^/ci is more extreme than cifMA, which has 
been shown to have its phenotypic mode in Class 2®, it follows that 

< e^. (5) 

This result can also be deduced from another experiment. In a cross 
of ci^/ci^Xci/cilM’A the three genotypes ci^/ci, ci^/ci/cit and ci^/ci/MA 
were distributed among Classes 1 to 3 (table 3, a). Since it was shown that 

TABLE 3 

(a) Not-Minute Fi d’ cT of ei^/ci^ X ci cy^/ci ey^/MA) 

JNT 0 1 2 8 

3 78 671 

(5) Of the above Fi cT cf tested by crossing to unrelated females, for betng ci^/ci ey*/- 
Af-4 (flies batched during the first four days in four out of six cultures) 

12 8 

1 23 182 

(r) Of these the following were ci^/ci ey^/MA* 

12 8 

1 76 

The appearance of at least three or in a few cases of two Minute flies was considered 
proof of the paternal constitution as ci^/ci cy^/MA. The one P d* of Class 2 and two 
males in Class 3 gave rise to only one M fly in Fi. These three M flies may not have 
been Jif-4 but newly arisen mutants. 

only very few ci'^/ci flies belong to Class 2 and $mce progeny tests (tatfle 3i 
b, c) prove that the same is true for ei''^/ci/M-4: flies, most of the individuals 
of Class 2 must have been of the constitution ci^/ci/d. Furthermore, it is 
known that the average phenotype of M-A/ci/ci flies is considerably more 
normal than Class 2. Therefore, the “addition” of d* to the latter geao« 
type, transforming it to d^jd/d, results in a decrease of normaSty, ie., 
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in competition for substrate between ci^ and d with It may be 

added that this relation not only extends the result obtained in expression 
(4) but abo confirms it a fortiori since it is known that 


or or c+i. 

The Relative Combining Powers of ci^ and cL — In order to obtain an esti- 
mate of the combining power of ci^ we employ reasoning similar to that 
used in comparing and c+i. 

The phenotypes of flies of the 
constitution ci/MAlMA were 
compared with those of the type 
d/ci^/MA. The latter were 
found to be nearly exclusively 
of the most extreme Class 3 
(table ft, c) while the former 
are known to be generally more 
normaL This means that the 
‘^addition” of d^ to d/MA/M^ 

4 results in a decrease in P, an 
indication of competition be- 
tween d and d^. Since, as 
stated before, it is known that 
two d alleles do not exhaust the 
substrate available in a triplo»IV 
fly, whereas competition of d 
and d^ indicates limitation of 
substrate relative to the combin- 
ing powers of these two alleles, and efficiency factors of the alleles -h\tf»and 

it follows that seriation of the three « factors is 

established but not their relative distances. 

CaW > Crt. (6) The swiation of the c factors is only estabU^d 

in so far as cf* > and > c^; therefore 
The expressions (6) and (6) two possiblities for c^w are indicated: (a) 

signify an interesting difference 
between the two mutant alleles 

d and d^: the combining power of d^ is larger than that of d, but its 
efficiency is smaller* No data are available at present which relate the 
combining power of to that of a normal allele. The relations of the 
three aheles -f ^ d and d^ are illustrated in figure 2. 

The Midtipie Effects of d^ and Its Primary Action {Jable 4 ). — very 
peculiar effect was observed when attempts were made to obtain flies 
hemiaygoud f or aT It Was found that the genotype d^JMA is nearly fully 
lethal, with flies completing their pupal devebpment but unable to emerge. 
Hanizygotes dissected from pupae invariably showed shortened, swollen, 



FIGURE 2 

Diagram of possible relations of combining 
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crippled legs so that their inability to hatch is obviously due to a great ex- 
aggeration of the slight crippling of legs occasionally found in homozygous / 
ci^/ci^\ Another characteristic exaggerated in ci^'/M-A flies is the presence, 
of extra bristles on the thorax, a feature found only rarely in our isogenic' 


TABLE 4 

The Multiple Effects of ci Alleles (Further Details in Text) 


OENOTYPR 

VKNATION CLASS 

LBOS 

KXTKA BKlSTLttS 

cx^lcx” 

Usually N 

Crippled 

Few 

Usually 3 

Very slightly 
crippled 

Very rare 

ci^lci 

Usually 3 

Normal 

None 

«"'/+ 

Usually 1 or 2 

Normal 

None 

ci/ci 

Usually 1 or 2 

Normal 

None 

ci‘^l + 

Usually 3 

Normal 

None 

ci’*/ci 

Usually 3 

Usually normal 

Many 


3 

Crippled 

Very many 


stock of A single dose of is thus less effective in making for 

normality of legs and bristles than two doses. In contrast to tliis finding is 
the condition of wing vaiation, While it was not possible to classify wings 
from mature flies dissected out of the pupae, this was done with the wings 
of nine flies, out of an estimated two thousand, which had succeeded in 
hatching more or less completely. Eight of these showed a venation more 
normal than that of Class 3 (the ninth fly was of Class 3 phenotype, but had 
normal legs and no extra bristles. It was probably not ci^JMA but rather 
ci^' /ci^ imA had a Minute appearance due to a new mutation.). Of the 
eight ci^/MA individuals seven seemed to have normal wings though it 
could not be excluded with certainty that some were of the slightly ab- 
normal Class 0. The eighth fly was of Class 2 (table 5). 


1 % 

1 

5 6 

6 6 

¥ 

The possibility was considered that the eight individuals which had suc- 
ceeded in hatching might have been a selected group with unusual nor- 
mality of wing venation. Accordingly, the phenotype of early pupal 
stages — ^before any selective influences would presumably have entered in 
— was ascertained. As Waddington (1940*) has shown# the typical vena- 
tion of ci is visible in individuals of less than two days’ pupal age* We found 
that the crippled legs are also clearly differentiated from normal legs at this 
time so that dissections of pupae from the cross ci^/ci^X MA/ci enabled 


TABLE h 

Phenotypes of ci^ IMA 



v* 

0 

Mature flies 

7 

• 

Pupal wings 

17 * 

5 

Total 


29 


• Some of these may have been Class 0. 
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US to ascertain the constitution as ci‘^/l/“4(crippled) or ci^/ci (normal legs). 
Thirty-two wings, from 19 individuals of the genotype were fixed 

and stained in Delafield’s hematoxylin and mounted in Canada balsam 
(table 5). Twenty-two wings were either completely normal, or of Class 0. 
In ten cases, the wings belonged to Classes 1 and 2. The controls, ci^/ci, 
were all of Class 3 (13 specimens). There is thus no doubt that 
(one ci^) are more normal in venation than their /cx^ sibs (two ci^). 

A still more remarkable fact is that the wing phenotype of /MA 
hemizygotes is even more nonnal than that of ci^/+ heterozygotes which 
have their mode in Classes 1 or 2^ (see particularly the heterozygote ci'V~ 
4“^). How unusual this relation is will be realized most clearly when it is 
pointed out that both the + and the ci hemizygotes make for largely 
normal wings but that the heterozygote between these two alleles is 
strongly abnonnal. Except for some analogy with Hinton’s (HM2®) in- 
completely analyzed allele in Drosophila the only comparable 

though not identical case known to us is that of the various sex alleles in 
Habrobracon where the hemizygotes are all males while the hetejozygotes 
are females (Whiting, 

An attempt to incorporate these data into the concept of genic action 
referred to earlier has led to the following considerations : 

On the basis of the dosage data from ci and its + alleles it was postulated 
that tile effect of all ci alleles in regard to venation is fundamentally identi- 
cal, the variations from one allele to another consisting only of differences 
of the combining power with the substrate and (jf the efficiency in trans- 
forming the substrate. Under this assumption the effect of the venation 
reaction of different ci alleles may vary from zero, in case the c or e factor, 
or both, are zero, to various positive values, A negative value for the prod- 
uct of the gene-substrate interaction would be impossible. Just such a nega- 
tive value, however, is demanded by the observation that two alleles 
cause less normal venation than one a” allele. Therefore, an additional 
hypothesis is required if this case is to conform witli the postulate that all 
ci alleles act basically in an identical way on venation. Two possibilities 
suggest themselves: (1) It is conceivable that another locus, or other loci, 
besides a, combine with the substrate 5 and transform it into a product 
(P) effective toward normal wing venation. (The existence of the “other’' 
locus could be visualized as due to a “repeat” of the ci locus.) If 5 is lim- 
ited, competition between this other locus and ci^ would result, and if the 
efficiency of ci^ is lower tlian that of the other locus, the overall effect to- 
ward normal venation would be less in the presence of two ci^ alleles than 
of one, (2) As an alternative explanation of the observed effect of the ci^ 
allele, it might be assumed that the allele interacts witli the same sub- 
strate S in two different ways, one leading toward normality of venation, the 
other toward an unrelated product. Under this assumption it can be seen 
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that competition for S between the two reactions might occur in such a way 
that one ci^ allele obtains sufficient substrate for the venation reaction to 
lead to near-normaltty, while two ci^ alleles, or the two alleles c* V + com- 
bined, are not successful in this respect. This b3rpothesis implies that each 
of the combining properties of the two reactions are not simply propor- 
tional to the number of ci^ alleles but approach saturation values with dif- 
ferent velocities. If this were not so, the shares of the substrate which the 
wing and the other reaction obtain would remain the same in ci^/MA and 

The hypothesis of two reactions of the ciw allele competing for the same 
substrate may be fitted specifically to the leg or the bristle effect of If it 

is the reaction toward normal leg or bristle development which competes with 
that for wing development, the correlation of crippled legs or extra bristles 
with normal wing in ci^ and of normal legs or normal bristles with deficient 
wing in ci^ /ct^ becomes understandable. Viewed from this angle the low 
efficiency of ci^ in terms of wing development would be due to the com- 
peting leg or bristle reaction whose efficiency in terms of normal venation 
may be zero. 

It might be questioned whether the leg, bristle and wing effects are ex- 
pressions of one and the same allele ci^ or rather stem from other loci in the 
fourth chromosome. The latter alternative is improbable since all these ef- 
fects presumably arose simultaneously by mutation. In addition, the 
bristle effect exists in other alleles of the ci locus. While neither ci/ci nor 
ci^/+{ci^ is a dominant allele, lethal homozygously) show extra bristles 
typically, the heterozygote ci^/ci has very many (Dr. Gertrude Heiden- 
thal, unpubh; confirmed by the present authors). The legs of ci^/ci are 
only slightly abnormal, if at all, sexcombs are large, resembling those 
characteristic for some ci^ stocks. The compound ci^/ci^ is similar to the 
hemizygote in having extremely crippled legs, which leaves it 
unable to emerge irom the pupa case. The number of extra bristles is still 
larger than in ci^/ci ffies. Wings from seven individuals could be classi- 
fied; they belonged to the extreme Class 3. 

Whichever of the two explanations proposed for the venation effect of 
different doses of may approximate tlm truth, a single primary action 
of the d^ allele seems ruled out by the facts: In order to allow for the 
cumulative effects toward normality of leg and bristle phenotype of two 
versus one dose of d^, a substrate must be in excess of the combining power 
of one d^ allde, whUe in order to cause the decreased effect on venation of 
two versus one dose of Umimim of substrate idative to the <x>mbmmg 
power of one d^ aUde must exist. The apparent paradox implies at least 
two primary reactions of in which the rations of substrate to combin- 
ing power differ. This difference may be due (o) to two basically different 
reactions of d^^ dtber with two different subst^tes, or, tf with one sub* 
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strate, vrith different combining powers. Or (6) the difference between wing 
and leg reactions may be due to two exactly identical reactions of ci^ with 
the same kind of substrate, 5, which, however, take place in different cells 
during devdopment, 5 being in excess of the combining power where leg 
formation is involved but S limited where venation is influenced. This 
possibility points to the need of further precision in the definitions of uni- 
tary vs. multiple primary gene action as discussed by various authors. 
Unitary primary gene action has been conceived as a single event in de- 
velopment from which one or more further events may follow while multiple 
primary gene action was implicitly regarded as signifying more than one 
basically different gene activity. It is, however, apparent that the same 
gene activity exercisejd at different places or times in development may find 
sufficiently different surroundings to result in very different effects. This 
possibility then traces multiple gene effects to multiple primary events 
though these events are of similar type. Such genic action may be called 
repetitive, to differentiate it from unitary as well as from multiple primary 
gene action in the older sense. Repetitive gene action may be due to pro- 
longed, continuous or to recurrent gene activity. 

Arguments related to the pn>blems of ])rimary gene action have been 
based on two different types of facts. In one, cases of multiple phenotypic 
effects of alleles were regarded by some as due to multiple primary ac- 
tion. Those opposed to this reasoning have ixnnted out tliat apparently 
unrelated phenotypic effects could be sliown in several cases to depend on a 
single peculiar embryological mechanism ('‘spuriotis pleiotropism") and 
have argued that tlie principle of unity of gene action '‘may be adopted 
unless and imtil the occurrence of genuine pleiotropism can be conclusively 
demonstrated'* (Grunebearg®). This viewpoint has not gone unchallenged 
(e.g., Dobzhansky®), Thus multiple phenotypic effects caimot be admitted 
as decisive evidence in regard to the type of primary gene action . The otlier 
kind of facts bearing on the problem of primary gene action is the existence 
of multiple alleles which can be arranged in two or more non -parallel 
series according to their effect on two or more different phenotypic charac- 
teristics* For example, among the R alleles in Ze<t mays, and r" both 
cause colored plant parts, the former allele giving colored, the latter color- 
less aleurone, while the alleles and J?^ both cause colorless plant parts 
but differ in that the former has colored, the latter colorless aleurone.'® 
An inteipretation of facts like these in terms of multiple primary gene, ac- 
tion is suggestive, but it could also be considered that each of the different 
alleles causes basically different unitary primary reactions. While such 
an assumption may appear less likely than the opposite one based on the 
postulate of basically identical effects of alleles of one locus on a given char- 
acteTi it sAundd be pointed out that the postulate must depend on specific 
evidence of the type provided by dosage experiments in which the effect of 
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only one kind of allele, in different amounts, is studied. Such evidence is 
lacking in most cases. It is available for the ci locus: The recognition of 
repetitive or multiple primary action of cf depends on different dosage 
effects of ci^ and other alleles of the ci locus on two different characters. 
An attempt to regard the multiple effects of rf*' as secondary ones, all de- 
pending on unitary primary gene action, would meet with the difficulty 
that the effect of different doses of the ci allele shows the whole range of 
wing phenotypes from the extreme Class 3 to normality without any leg or 
bristle effects. Their appearance in the case of ci^ seems due to primary 
properties which distinguish tlie alleles ci^' and cL Whether the leg and 
bristle effects themselves are due to a single primary gene reaction or 
whether they again are due to separate repetitive or multiple primary re- 
actions remains undecided. Regardless of the future of the specific hy- 
potheses proposed, it appears that a two-dimensional concept of genic ac- 
tion, in the form of a single reaction with constant amount of substrate and 
a combining and an efficiency factor, while giving a satisfactory account of 
one of the multiple effects, is not suflSdent to explain the observations con- 
cerning more than one effect. The experimental facts seem to demand the 
introduction of additional primary attributes of the gene, such as multiple 
or repetitive action.^* The further problem as to whether any one of the 
primary reactions considered is really a single one or consists of a whole 
group of reactions is completely beyond reach at present. 

Summary, — 1. A comparison of the effects on wing venation of the 
normal allele and the mutant allele ci shows that the normal allele has 
both a greater combining power with the substrate and a greater efficiency 
than the mutant allele. 

2. The combining ability of the mutant allele ci^ is larger than that of 
ci, while the efficiency of ci^ is smaller than that of ci, 

3. Hemizygotes ci^/MA possess mostly normal wings, but heavily 

crippled legs and extra bristles. Homozygotes ci^/ci^' have abnormal 
wings, and mostly normal legs and bristles. Hetcrozygotes are 

similar to, though less extreme than, ci^lci'^\ 

4. The bristle and leg characters of ci^ are presumably due to the ci^ 
locus and not to independent loci, since the compound between two other 
alleles, ci^ and ci, also shows marked excess of bristles and slight leg effects. 
The heterozygote ci^Jd^ is similar, in bristle and leg abnormalities to 

ci^lMA, 

6. An explanation of the action of ci^ in terms of a single primary reac- 
tion of this allele seems ruled out by the facts. It appears that eitlier mul- 
tiple, different, primary reactions of ci^ are involved or that a single reac- 
tion is repeated at different places or times in development causing differ- 
ent effects (“repetitive-action'*). 
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ON WILD -TYPE ISO-ALLELES IN DROSOPHILA 
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In experiments on tlie fourth chromosome locus, cubitus interruptus 
(ci), of Drosophila melanogasier, three homozygous stocks were obtained, 
which were isogenic except for the fourth chromoscunes which came from 
three different sources. At the usual culturing temperature of 25-20*^, all 
three stocks show nomial wing venation and thus all seem to contain “the” 
normal allele of the ci locus. Tests reported below showed that each stock 
contains a different normal allele. Different alleles indistinguishable ex- 
cept by special tests will be called iso-alleles. 

Origin of the Three Wild ho-Allelesr first iso-allele occurs in the 
“Canton-Special” wild stock established by Bridges.- This allele is desig- 
nated as Another wild iso-allele of a, de>signated +*, is in a fourth 


TABnK 1 

Homozyootes, 26 ®C, (Uni.ess Stated Otherwise) 

9 9 4* eftf +C/-I-C. +V+* 

N* 2786t 1958 2900 

* Phenotypic classes; N uninterrupted distal section of 4th vein; 0 uninter- 
rupted but thinned section; 1, 2 « different progressive degrees of interruption; 3 — 
absence of whole section. 

t The majority pf these flies was raised at 18^C. 
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chromosome carrying the eyeless mutant The third iso-allele, was 
derived from a heterozygous culture of unclear origin. (The wild -type 
alleles of ci would ordinarily be designated etc., but since 

only this locus is referred to in this paper, the simpler symbols +®» +*» 
are emjdoyed throughout.) Tabic 1 records the numbers of homozygotes 
of these three alleles inspected at 26® or 18°. All were normal. 

Tests of Homozy gates at Low I'empeniture (Table 2) —It is known that 


TABLE 2 

IIOMOZYOOTKS, 14*^0. 





9 9 

'“TT 


435 

9 

9 and cT : all N 


_|.J gyi 

455 


• « 

510 


918 


24 

801 


-of 


0 


21 


low temperature accentuates the phenotypic effect of rr, whether produced 
by mutant alleles or a hemizygous wild allele.^ If tlie three iso-alleles, in 
homozygous state, are raised at 14° 1° (with occasional greater fluctua- 

tion of temperature) two of them, and +*, still remain exclusively 
within the nonnal phenotype, but the third, +•, is shifted in expression so 
as to lead to a stnall number of individuals which are slightly ci type. 

Tests of Ilemizygotes (Table S ). — At 26° flies carrying any one of the iso- 


table 3 
Hbmizvgotbs 


26‘>C. > 14®C. 



^ — 9 9 -,. 

N 

0 

. cTtf- . 

N 0 

Ir 

-9 9 — 
0 

1 

AT 

0 

+®/Af-4 

130 

4 

126 1 

297 

3 

2 

232 

12 

+* ey*/M-i 

1008 

* 

1122 

251 

31 

a 

276 

27 

+>/MA 

317 

3 

368 3 

141 

10 

1 

76 

9 


alleles and the fourth chromosome Af-4, which is deficient for a section in- 
cluding the ci locus, show the normal phenotype nearly exclusively, 
though a few are of the slightly abnormal Class 0. At low temperature 
proportionately more flies show the thinning or interruption of the fourth 
vein tyjrical of ci. Differences between the alleles, in distribution of pheno- 
types, can be seen in table 3. The hemizygotes for +• and +* have a 
larger proportion of ci phenotyi^es than those for No clear difference 
appears between 4* and flies. Together, the two tests, low 

temperature with homozygosity, atid low temperature with hemizygosity, 
separate the three iso-alleles, the former demonstrating that +* differs 
from both and -f ®i and the latter that differs from both and 
4“ ** 

Tests of Heterozygotes vdth ci (Table rf).~Flies heterozygous for 



VoL. 20, 1043 


GENETICS: STERN AND SCHAEFFER 


363 


•4-0 4* 

+• + *y/ci $y^ 


TABLE 4 


Heterozygotbs with ci 


26*C. 
9 9 


A' 0 1 2 

1061 

1273 

384 114 62 . 


tfc? * 

0 1 3 

wo 

1 146 « • « » > • • 
206 122 111 6 


14*C. 


9 9 * ■'■ " s / (J* » 

iY012 1Y013 

621 21 3 . 4DS 100 13 .. 

1043 14 ... . 863 43 1 .. 

170 323 122 7 136 200 123 80 


at 26® fall clearly into two groups: + and + are all normal, while 
flies are distributed over the phenotypic range of Classes i\r to 2, 
At low temperature are further shifted, toward abnormal vena- 

tion, In addition some of the heterozygotes for and -f* exhibit ci 
venation. The data show a difference in the expression of these two iso- 
alleles, the heterozygote for being more extreme than that for +*. 
Hence, at low temperature all three heterozygotes differ. 

The strikingly large number of flies with ci venation in the heterozygotes 
+ Vcf at 14® invites a comparison with homozygous ci/ci. Such a compari- 
son with various, independent, but isogenic experiments reported earlier® 
demonstrates that ci homozygotes are more extreme than the heterozy- 
gotes. In the latter the largest class of both females and males is Class 0 
while in the homozygotes the mode is at Class 1 or 2, 

Tests of Ilelerozygotes with ci^ {Table 5). — very clear differentiation of 


TABLE 6 

HBTBROZVOOTBS WITH ci^ 26 ®C. 



9 9 — 






Mii** 


N 

0 1 

2 

3 

N 

0 1 

3 

8 



311 

183 

546 

40 

1 

260 

224 

619 

28 ... 

4** 4* ty 

239 

244 

763 

157 

5 

118 

223 

896 

170 . . , 


16 

22 

406 

841 

268 

18 

31 

487 

783 16C 


all three iso-alleles is accomplished, at 26®, by combining them with the 
allele ci^. The heterozygotes +<^/ci^ are distributed significantly more 
toward the normal phenotype than those of the constitution 
The + ^/ci^ flies are still more abnormal than the heterozygotes. 

Possible Further Differences between the Iso-alldes , — In preliminary work 
with a homozygous stock, not isogenic with the stocks used in the ex- 
periments reported above, it was noticed, especially at lower temperature, 
that many individuals showed abnormally broad wings, sometimes with 
extra venation between the first and second veins. Occasionally a wing had 
an extra lobe on its anterior margin. These same abnormalities occurred 
after the stock had been made isogenic for the first, second and third 
chromosomes with the and + * stocks. Moreover, in the Ft of the "iso- 
genic’^ cross X cijMA none of the individuals had the wing 

abnormalities, while their sibs were affected. This shows that the 

peculiar wing abnormalities are due to a recessive, fourth chromosome con- 
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dition located in that section around the ci locus which is deficient in the 
jli/-4 chromosome. It is likely that the wing characteristics depend op the 
+ * allele itself and constitute another pecularity of this allele distinguishing 
it from +® and +*• Besides the wing abnormality +*/Af-4 hemizygotes 
have enlarged sexcombs, a phenotype not found in the hemizygotes for 
the two other iso-alleles but which is one of the effects of the mutant allele 
ci^. The sexcomb abnormality seems to differentiate further +' from +" 
and 

Discussion . — The recognition of three distinct iso-alleles was accom- 
plished in two ways; By testing them (1) in different environments, 
namely high and low temperatures, and (2) either as hemizygotes, or in 
heterozygous combinations with mutant alleles. A third kind of test, 
varying the genetic background, was not used, but might be expected to 
serve as another tool for the separation of iso-alleles. 

To be accurate, the experiments reported do not establish beyond doubt 
allelic differences at the ci locus. They only narrow down the location d 
the genic differences demonstrated, to the d locus and its immediate sur- 
roundings as delimited by the extent of the Af-4 deficiency. If a locus, or 
loci, outside the ci locus were responsible for the phenotypic differences 
observed, they would have to be dominant tmot the tests with heterozy- 
gotes rule out recessivity. Thus, an assumption of dominant modifiers of 
d, located very near to the d locus, is an alternative to regarding the d 
locus itself as the cause of the differences. At present no means exist to 
prove this responsibility of the ci locus itself, but it seems the most likely 
assumption to make. 

The discoveiy of iso-alleles is not new. Pacts similar to those described 
here are known for the vg and ct loci in D. melanogaster (Mohr, 1932,* 
Goldschmidt, 1937'). Another well-known example is that of two wild- 
type alleles of the w locus which were first recognized by their different 
somatic mutation rates after x-radiation (Timofeeff-Ressovdcy, 1982*) and 
were then shown to give phenotypic differences in triploids in which they 
were tested with two doses of the mutant white allele (Muller, 19360. 
The most striking case of numerous iso-alleles so far described is that con- 
cerning the bobbed locus in populations of Drosophila hydd (Spencer, 
1938*). Other examples are the "^lecific modifiers,” defined as genes which 
produce recognizable effects only in the presence of some main gene; they 
are but iso-alleles of their non-modifying alleles. la this group belong also 
alleles in some individuals of Crepis (HolUngdiead, 1980*), Qodetsa (Hiorfh, 
1942”) and other organisms whi^ act as lethals in i^keoies or racial croases, 
while another allele of the locus concerned does not have tethal action. 
Within thdr own species or race, no differences have been otiserved between 
individuals homozygous for either the (potentially) lethal or non-ktiud 
iso-alkle. Still other types of iso-alleles are the molt^e sex-alleles of tf*- 
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mantria (Goldschmidt, 1934“) and Habrobracon (Whiting, 1943“)* The 
peculiarity of the case described in the present paper is not so much the 
e 9 Astenc€ of the allelic differences but" the fact that all three wild-type chro- 
mosomes tested were different. This seems to indicate, as did Spencer’s 
findings, that the phenomenon of wild-t 3 rpe iso-allelism may be very fre- 
quent. It is probable that iso-allelism responuble for mutant phenotypes 
likewise is to be encountered. The “gene” then ^ems variable in many 
more ways than those responsible for striking effects. 

It is possible to analyze somewhat further the differences between the 
wild iso-alleles of d if the concepts of primary genic action, elaborated 
earlier,^ are applied. According to these the action of an allele at the 
d locus, in regard to wing development, depends (1) on the degree of abil- 
ity, r, of the allele to interact with a cellular substrate, 5, and (2) on an 
“efficiency factor,” c, which measures the effectiveness of interaction in 
forming a product, P, which functions in the elaboration of the normal 
phenotype. On the basis of experimental facts, it is postulated that the 
action of different alleles depends on differences in c and s. As long as S 
sufficiently exceeds the combining power, r, of an allele, P is considered 
proportional to the product c*e of any allele. 

(а) Since at 14*^ the hemizygotes of all three alleles +* and +• 
are less normal than the homozygotes, i.e., 

P(+<', or +*, or +^/MA) < P(+V+®» or +V+*, or +»/+*)» 

it follows that 5 exceeds the combining power of each allele, 

c+o, or or c+i < 5. (1) 

Since, however, it is known“ that the sum of the combining powers of +* 
and d is greater than 5, and that it follows, that in the homozy- 

gote 

2c^t > S. (2) 

Hence, the abnormal phenotype at 14® of some +*/+* individuals is not 
due to lack of interaction with the substrate, but to its inefficient utiliza- 
tion. 

(б) Since the homozygote of +* is less normal than that for and 
+* it follows that 

^ or (3) 

V 

Stn<^ tbe hemizsrgotes for +* and +•, at 14®, are less normal than the 
hemizygote, i.e.; 

Pi+\ or +*/MA) < P{+<^/MA), 

h follows that 




( 4 ) 
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Jointly, it follows from (3) and (4), that 

c+i'f+s < c+fe+i < c+c*^+c. 


( 5 ) 


(c) Finally, at 14®, the heterozygote +^/ci is more normal than the 
hemizygote +*/Af-4 whereas conversely the heterozygote +^/ci is less 
normal than the hemizygote +*/Af-4. Since it is known that or 

the facts cited indicate that the “addition" of a to +* does not result 
in sufficient competition for S to lead to a decrease of P as compared with 
while the “addition" of ci to +* deprives the latter of so much S, 
and ci interacts with S with so low an efficiency, that the total amount of F 


and, in view of (5), that 



( 6 ) 


( 7 ) 


No data are available to place the third wild iso-allele, in its proper 
order according to its c and e attributes.^* 

The general conclusion is that the wild iso-alleles may vary from each 
other in both their combining powers and efficiencies as had been shown for 
mutant alleles.^* These facts have wider significance! If two iso-alleles, 
X and y, differ in their c and e properties, it is to be expected that the dif- 
ference in the amounts of 5 utilized by the two alleles (Cg vs. and the 
differences in the result of the utilization (e, vs, would involve changes in 
other intracellidar reactions. Thus, new points of attack for selective 
forces would originate. In general, selection should tend to bring the 
amount of substrate available to an allele to a safe minimum relative to its 
combining and efficiency powers. The amount of this substrate itself will 
depend on other genes, some of which may contribute to its elaboration and 
others which may be involved in its utilization. Any selection for amounts 
of substrate best fitted to various iso-alleles in one locus will result in the 
selection of specific iso-alleles of other loci. Hlince, there will arise many 
different genotypes, phenotypically alike, which are due to different sys- 
tems of iso-alleles. It can hardly be estimated how much of such concealed 
evolution, due to the kind of "germinal selection" described, is taking place 
at any time. 

Simntary.- — 1. Three stocks, isogenic except for the fourth chromo- 
some, which came from three different sources, are all wild type at 25®- 
26®. If the three stocks are tested at low temperature, as hemizygotes, or 
in heterozygous combination with the alleles ci and ci^ of the cubitus inter- 
ruptus locus, they are recognized as each carrying a distinct wild-type allele 
of ci (unless the alternative assumption is made of dominant modifiers of ci 
located very close to the locus of d). 



Vox.. 29, 1943 


GENETICS: STERN AND SCHAEFFER 


367 


2. The existence of iso-alleles, defined as alleles indistinguishable ex- 
cept by special tests, is probably a general phenomenon. 

3. The wild -type iso-alleles of ci are shown to differ from each other in 
their ability, c, to react with a cellular substrate, 5, and in their eflSciency, 
c, in transforming 5 into a product, P, which functions in the elaboration 
of normal venation. The iso-allele has a smaller c, but a larger e than 
the allele +*. 

4. It may be expected that natural selection leads to many different 
systems of iso-alleles in various loci. 

* Supported in part by a grant from the Rockefeller Foundation. 

» Stern, C., Genetics, 28, 441-475 (1943). 

* The chromosome carrying ci also contained Similarly the chromosome carry- 
ing -h* contained tfy*. The ey^ allele is without influence on the expression of «. Except 
in the tables, references to the ey alleles will be omitted. 

^ Mohr, O. L., Pfoc. 6tk Jnt, Congr. Genet, (Ithaca), 1, 190-212 (1032). 

* Goldschmidt, R.. Univ. CaliJ. Pub, ZooL, 41, 286-296 (1937). 

* Timofeeff-Ressovsky, N. W., Biol, Zhl„ 52, 468-476 (1932). 

» Muller, H. J., Jour, Genetics, 30, 407-414 (1935). 

* Spencer, W. P., Genetics, 23, 170 (1938). 

* HoUingshead, L., Ibid., IS, 114-^140 (1930). 

w Hiorth, G., Zeit. VererhgsL, 80, 289-^49 (1942). 

Goldsclimidt, R,, Bibliogr^ Genetica, 11, 1-186 (1934). 

Whiting, P. W., Genetics, 28, 305-382 (1943). 

Stern, C., and Schaeffer, R. W., Proc, Nat. Acad. Sci., 29, 351-801 (1943). 

It might appear as if the data of tables 3 and 4 relative to and at 

14®, could be analyzed similarly to those relating to 4-* and +** However, as discussed 
earlier* the possibility exists that due to secondary difficulties the observed frequency of 
JI/-4 types with ci venation may be too low as cotnpared to that of non-Af-4 types so that 
conclusions should not be drawn from a comparison of the two similar phenotypes. In 
case of -b* where the observed frequency of abnormal venation is higher in hemizygotes 
than in heterozygotes any error attributable to inisclassiflcation would only tend to de- 
crease but not to simulate an actual difference, and in +* tbe differences in distribution 
are so large as to be beyond doubt. 
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CHROMOSOME COMPLEMENTS OF SOME SOUTH-BRAZILIAN 

SPECIES OF DROSOPHILIA 

By Th. DoBZHANSKy* and C* Pavan 
Columbia UmvERsrrv, Nbw York, and Univbrsity op SXo Paolo, Brazil 

Communicated August 28, 1943 

For the last several months the writers have been engaged in making a 
preliminary survey of species of Drosophila which inhabit the states of 
Sao Paulo and Rio de Janeiro in Brazil, Among the rather numerous 
species examined, at least two proved to possess chromosomal complements 
of unusual interest. The purpose of the present note is to put on record 
an account of the chromosomes in these two as well as in some related 
species. 

We have collected at Bertioga (state of Sao Paulo) and at Jacarepagua 
(Federal District) some females of a species apparently identical with 
Drosophila prosaltans Duda.^ This species breeds well in the laboratory, 
and strains have been established without difficulty. Acetic orcein smear 
^ preparations of nerve cells of larval ganglia and of larval salivary glands 
have been made. The nerve cell metaphases show two pairs of V-shaped 
and one pair of rod-like chromosomes (Fig. 1, A-E), The V-shaped chro- 
mosomes appear equal-armed, one pair being perhaps slightly larger than 
the other. The centromere constrictions are usually well pronoimced; 
in some cells (Fig. 1, C, D) one arm of one of the V’s shows a secondary 
constriction at about the middle of its length, while the other V may show 
a secondary constriction in one limb in a submedian position. The rod- 
like chromosomes are about as long as an arm of the V-shaped ones, and 
have distinctly subterminal centromeres (Fig. 1, .4, B, £). Metaphase 
plates in female and male larvae are indistinguishable; this indicates 
that the X- and K-chromosomes are of about the same size and shape. 
The salivary gland cells show five long chromosome strands radiating from 
a well-developed chromocenter. In male larvae two of the five strands 
are paler than the remaining three. The paler strands represent the JC- 
chromosome; the y-chromosome is evidently heterochromatic, and the 

-strands have no paring mates in male cells. 

Cells in which the chromocenter has been crushed by the pressure of the 
cover slip have been examined in order to determine the correspondence 
between the salivary and the metaphase chromosomes. In such ceUs 
the strands corresponding to a V-shaped chromosome frequently remain 
connected through the portion of the chromocenter formed by their 
heterochromatic regions. If a sufficient number of cells are examined 
this * 'vital artefact" gives data that are conclusive. In D, prosaltans 
most of the chromocentral mass goes with the two strands denoted in 
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figfure 2 ss ^ and B. These two strands are alike in female and male 
larvae; therefore, they represent a V-shaped autosome. In some larvae 
of the Bertioga cultures the JS-strand diowed two inversions separated by 
an uninverted section {see Fig. 2). Two other strands (C and X* in Fig. 
2) remain connected through a small fragment of the chromocenter. 
Very surprisingly, one of these strands (Jf*) proved to be much paler in 
male than in female larvae, while the other strand (C) is similar in either 
sex. This difference has been seen in many cells, and it is frequently quite 



FIGURE 1 

Nerve cell metaphases in Drosophila prosaltans {A-E), D. sturtevanti (F-J) and D. 
anntditnana (,J—P). The scale below represents 10 micra. 

striking. One of the V-shaped metaphase dbtromosomes consists, therefore, 
of an autosomal and an -chromosome limb. The fifth strand in 
Fig. 2) is also paler in male than in female larvae; in cells with a frag- 
mented chromocenter the X' strand lies frequently isolated from other 
Chromosomes, the base having a small amount of heterochromatin. The 
strand corre^xinds to the rod-like chromosome of metaphase plates 
(Fig. 3). 

We are forced to conclude that in D. prosaUans there are two X- and 
two K-chromosomes: one rod-like and free and the other at t a ch e d 

to an autosomal rod, forming with the latter a V-^ped complex (^X*^ 
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AY^), The formula of the female is, consequently, X^X^AX^AX^t 
and of the male X^Y^AX^AY^. Such a chromosomal structure (Fig. 3) 
is unique in Drosophila; it must lead to a number of genetic complications. 
If, during the spermatogenesis, the and the AX^AY^ bivalents 

disjoin independently, four classes of spermatozoa, AM A*, Y^A F®, AM F®, 
Y^AX^, must be formed. The two last classes would give rise to inviable 
zygotes. 



PIGURB 2 

Salivary gland chromosomes (A, JB, C, A* and A*) and diakincsis configurations 
{D and E) in Dfosopkila prosaUans, The disc patterns are represented only in the 
basal and the terminal portions of the salivary gland chromosomes; the relative 
lengths of these chromosomes are not reflected in the drawings. The 30 micra scale 
applies to figures A^B^ C, A‘ and A*, the 10 micra scale to D and £. 

A somewhat analogous situation is observed in D. miranda, where the 
male is A^FA®, but where only two types of sperms are produced; the 
A® and A® always go to the same pole, and the F-chromosome goes to the 
opposite pole.® The F-chromosome of 2>. miranda contains, however, some 
material homologous to that contained in the A ® as well as to that in A®.* 
How many classes of spermatozoa are formed in D. prosaltans is unknown. 
However, a species producing 50% of inviable eggs could hardly survive in 
nature; it is extremely likdy that A®AF® and F®AA® spermatozoa are 
either not formed or are not functional. Unfortunately, D. prosaltansp 
like most other species of Drosophila having highly spiralized testes, is 
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unfavorable for examination of spermatogenesis. A few smear prepara- 
tions of the testes of young males have been made, but in none of them 
have good tneta- and anaphases of the first meiotic division been en- 
countered. Some ceils showed stages of early diakinesis; three separate 
bivalents may be distinguished (Fig. 2, D, E), One of the bivalents con- 
sists of two rod-like chromosomes, invariably associated at one end only. 
The bivalents formed by the V-shaped chromosomes show a variety of 
structures, in some cases suggesting chiasmata, although this may be only a 
false appearance. The problem of chromosome disjunction in D, prosaU 
tans is, evidently, an open one. Another open problem concerns the be- 
havior of the genes carried in the autosomal pair associated with the 
chromosomes. The genes in this autosome should show all grada- 
tions between the normal autosomal inheritance and inheritance of sex- 
linked genes having alleles in the F-chromosome (such as bobbed in D* 



A B C D 


FIGURB 8 

A scheme of the chromosome structure in Drosophila slurtevanti females (A) and 
males (i?), and D, prosaltans females (C) and males {D), White — autosonies; black — 
X-chromosomes; stippled — K-chrofttosomes. 

melanogaster). The evolutionary fate of the genes located close to the 
centromere in the autosome associated with the F-chromosome constitutes 
a still other interesting problem. Finally, a fourth problem which sug- 
gests itself is the origin of the unique heterochromosome mechanism of D, 
prosaltans. Fortunately, this problem can be somewhat clarified by com- 
parison with a related species, namely, D. slurtevanti Duda. 

We have laboratory strains of D, slurtevanti^ derived from females col- 
lected at BertJOga (state of Sao Paulo) and at Rio de Janeiro (the latter 
collected by Professor Hugo Souza Lopes). As in D. prosaltans, the 
nerve cell metaphases of D. slurtevanti show two pairs of V-shaped and a 
pair of rod-like chromosomes (Fig. 1, F-T). A close examination discloses, 
however, differences between these two species. In D, slurtevanti one of 
the V-shaped pairs is clearly longer than the other; in favorable cells it 
can be seen that one of the arms of the smaller V is appreciably longer 
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than the other. The rod-like chromosome is much shorter than either 
limb of at least the larger V; in contrast to D. prosabans, the centromere 
constriction in the rod is not clearly subterminal. Very fortunately, the 
disc patterns in salivary gland chromosomes of D. sturtevanti proved to be 
sufficiently similar to those of D, prosaUans, so that the identification of 



FIOXniB 4 

Salivary gland chromoaonies of DfosophUa onnidmana. Except in the P- aad I- 
cbroniosomes the disc patterns are shown only in the basal and the terminal portions; 
the relative lengths of the chromosomes are not reflected in the drawings. Hie scale 
below represents 30 micra. 


the corresponding strands can be made without ffifficulty. In cdls with 
a crushed chromocenter it can be seen that the A- and B-strands of P. 
sturtevanti are associated through a large chromoceatral moss, loiiiting, 
consequently, a V-shaped complex, like they do in D. prosaltans, con- 
trast to D. pnsaltans, the C-strand of D. sturtevanti is ftequently isola t ed 
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from the other strands, while the and strands are connected with 
each other through a small heterochromatic segment. As in D, pro- 
saltans^ the X^ and X^ strands in male cells of D. sturtevanti are paler than 
the other strands. 

It is evident, tlierefore, that one of the V-shaped chromosomes of D. 
sturtevanti is an X-chromosome (or, in the male, an F-chromosome), while 
the other V and tlie rod are autosomes (Fig. 3). The type of chromosome 
complement found in P. sturtevanti is “orthodox,'^ and is, virtually cer- 
tainly, ancestral to the aberrant type of D, prosaltans. The origin of the 
latter form from the former can be visualized only as taking place through 
reciprocal translocations between the X- and Y~ chromosomes on one 
hand and an autpsomal pair on the other (Fig. 3). V-shaped X- and F- 
chromosomes exchange major portions of one of their limbs for most of a 
rod-like autosome {sturtevanti) ^ giving rise to rod-like X- and F-chromo- 
somes and to a V-shaped pair consisting of autosomal and hetero- 
chromosomal limbs {prosaltans). This change must have involved some 
situations which, theoretically, might be discriminated against in natural 
populations. Indeed, the exchange of segments between the autosome 
and the X- and F-chromosomes must have occurred in a species with 
sturtevantiAxk& chromosomes. At least for a time, translocation hetero- 
zygotes of a rather complex kind must have existed, for example, indi- 
viduals with one V-shaped X, one rod-like X, one rod-like autosome and 
one V-shaped autosome-X-chromosome complex (and similar hetero- 
zygotes for the F-chromosome-autosorae translocation). With the dis- 
junction mechanism now present in P. prosaltans as yet imperfect, the 
fertility of such translocation heterozygotes should have been below, 
normal. 

It is well known that, in Drosophila, individuals of a race, races of a 
species and species of the genus frequently differ in inversions of chromo- 
some segments. A great majority of the inversions are paracentric 
(involving breaks on one side of a centromere), rather than pericentric 
(involving breaks on two sides of a centromere). The predominance of 
paracentric inversions in tlie phylogeny is understandable; paracentric 
inversion heterozygotes produce few, and pericentric inversion hetero- 
zygotes produce relatively many aneuploid gametes. Yet, it can be 
demonstrated that evolutionary changes sometimes take place through 
formation of pericentric inversions.® In this respect, the chromosome com- 
plement of P. annulimarta Duda is of interest. We possess some cultures 
of this very large species derived from females collected at Bombas, near 
Iporanga, state of SSo Paulo. The nerve cell metaphases in the females 
show (Fig. 1, J^P) ten chromosomes, including a pair of large V's, three 
pairs of much smaller V*s and a pair of Y-shaped or rod-like bodies. The 
centromere constrictions are so strong that in some cells the two arms of 
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a V appear as two separate chromosomes; the long V and one of the short 
V's may show also very strong secondary constrictions in one limb (Fig. 
1, N), Male cells show nine chromosomes; a pair of large and three 
pairs of small V's and an unpaired Y or a rod (Fig. 1, 1-M), D, annuUmana 
is» consequently, XX in the female and XO in the male; this is the second 
known case of an XO species of Drosophila, the first being D. orbospi- 
racula Patterson and Wheeler.® 

The salivary gland cells of D. annuUmana are very favorable for study. 
Eight relatively long and one very short chromosome strands can be 
counted without much difficulty. The disc patterns in the distal and 
the proximal portions of each strand are shown in Fig. 4, the middle 
portions being omitted except in shorter strands. ■ The relatively 
long A- and 5-strands are frequently associated in their proximal parts; 
they very likely represent the large V-shaped pair of metaphase chromo- 
somes. The C-strand is almost always associated with D, and E with F; 
they probably correspond to two of the smaller V-shaped pairs of the meta- 
phase plates. The (j-strand is the vY-chromosomes; // and the very small 
I probably belong together, although this has not been established by 
direct observation, 

A majority of species of Drosophila so far cytologically investigated 
have five long and one very short chromosomal strands in their salivary 
gland cells, corresponding to the five variously associated or free rods and 
one dot-like chromosome of metaphase plates. Five free rods and a dot 
is the most likely ancestral condition of the chromosomal apparatus in the 
genus Drosophila, and it occurs frequently in species of the repleta group,® 
of which J9. annuUmana is an aberrant member.’ The minimum of changes 
which have to be assumed to derive the chromosome complement of D. 
annuUmana from the ancestral complement are as follows: (1) junction of 
two rods to form the large V of annuUmana; (2) pericentric inversions in 
two rods with subterminal centromeres; (3) translocation of enough 
material from one of the- rods onto the dot to transform the latter into 
a small V. 

* Visiting Professor at the University of Sfilo Paulo, working under the auspices of the 
Committee for Interamerican Artistic and Intellectual Relations. 

* Duda (Arch.f. Nalurgesch,t 01, 164 (1926)) has described ** Drosophila prosdUatu new 
species or variety of saltans Sturtevant**; the description is based on a single museum 
specimen from Hoheuau, Paraguay. Sturtevant {Univ, Texas Publ.f 4213, 39 (1942)) 
gave the name Drosophila sellata to a species from Guatemala and Mexico which is very 
close to D, prosaltans Duda. Sturtevant's own comment is; **The chief reason for not 
applying that name (prosaltans) to it (sellata) is the distribution, plus the fact that I have 
not seen Duda's material.^* Our files fit the description of D. prosaltans axfil differ only 
slightly from that of D, sellata, 

* Dobxhansky, Th., Jour. Genetics, 34, 136^151 (1987). 

* Mac Knight. R. H., Genetics, 24, 180-201 (1939). 
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^ Described by Duda (Arch, /. Naturgesch.^ 91, 167 (1926)) from a single Museum 
specimen from Hapiri, Bolivia, A very close, possibly identical, species has been named 
Drosophila biopaca by Sturtevaut (Unio^ Texas Publ.t 4213, 37 (1942)). 

» MiUer, D. D., Genetics, 24, 699-708 (1939). 

• Patterson, J. T., and Wheeler, M. R., Univ. Texas PubL, 4213, 67-109 (1942). 

’ Drosophila annuliniana is described by Duda (Arch, f, Naturgesch,, 91, 117 (1925)) 
as a member of his subgenus Paradrosophila. As delimited by Duda, this subgenus is 
not a natural group; it includes most diverse forms having in common only a single 
character, namely, prescutellar bristles. Paradrosophila anntdimana is much closer to 
species of the repleta group of the subgenus Drosophila than to such representatives ol 
Paradrosophila as brotneliae Sturlevant, A new species close to bromeliae is found in 
Sfio Paulo. It has three pairs of about equally long V>shapcd chromosomes. 


A TYPE OF UNIVERSAL ARITHMETICAL FORMS 

By E. T. Bell 

Department of Mathematics, California Institute of Tbchnologv 

Communicated, November 8, 1943 

1. By a few obvious changes in the wording, all that follows may be 
restated for any unique factorization domain. The type of forms con* 
sidered is defined in §§2, 3. 

If the integer n 5 *^ 0 is expressible in the form . . ,utf, where all the 
letters denote integers, a, b, . . . , c are constants and (without loss of 
generality) are all different, we shall say that n has the index [a, 6, . . . , c], 
and write 


i(n) = [a, 6. . . c]. 

The order of a, i, . . . , r witliin the bracket is immaterial. 

The set of all integers having the index [a, ...» c] will be written 

I“^[a, 6, . . . , c]. Hence if at least one of a, 6, . . . , c is 1, &, . . . , c] 

is tlie set of all integers except zero. 

Let pu ■ • - t p$ be the distinct positive prime divisors of « > 1, and let 

<« U Pi‘\ / » 

• <•1 

be the prime decomposition of I and a representation of t with index 
[a, 6, ...» c] and ar, y, 0. Denote hy L{t; a,b, the number 

of such representations. Then, on replacing x, y, . . . , w by their prime 
decompositions, it is evident that 

s 

df bf ,»,,(?) ^ H (jl^f df hf • • •• c), 

iml 
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ixL which (^ 1 ,* a, , c) is the number of sets of solutions (xi, yu * . • « 
W|) of 

QXi "f* byi ■+-***“}* cWi =*= if 

in integers ^0. Thus L(i; a,b, ..,, c) is defined for integers n > 1. 

By definition, L{1\ a, t, . . , , c) is the number of solutions of 1 =» . 

in positive integers; L(l; o, 1. 

If i < 1, L{t; a,bt . » . , c) is defined as the number of representations of 
/ in the form by integers Xty, - . . , w; L{t; 2a, 2b, , . 2c) « 0. 

If i < 1 and a, b, , . . , c are not all even, let precisely g of them be odd. 
Then by changes of an odd number of signs of the variables having these 
g odd exponents, 

L{t; a,b, . . , , c) - gi*L( — i; a, 6, . . . , c), t< 1, 

where gi is the greatest integer <(g + l)/2. 

If the number of variables x, y, . . . , w is i, it follows that 

L{t; a, b c) = 0((<i. . |<| > 1. 

2. A form F{x, y, . . . , tt>) in the variables x,y, .. .,w is defined here to 
be a polynomial in the variables with integer coefficients and no constant 
term. (In the case of any unique factorization domain the coefficients 
are in the domain.) The number of terms in a form will be called its 
extent. 

If integer values y', .... w', aU different from zero, of *, y, . . . , w can 
be found such that n = F{x', y', . . . , w') 0, we shall say that n is repre~ 

sented by (*', y', .... w') in F{x, y w). It is to be noted that repre- 

sentations of zero are imdefined. (If zero values of the variables were 
admitted, the problem of representation for the type of forms considered 
here would reduce to the case discussed.) 

If all integers in the set h c] are represented in F{x, y, . . .,w), 

we say that the form is universal for the set, write 

Fix, y w), [a,b, ..., «], 

and call [a, . . . , c] an index of Fix, y, In particular, 

Fix, y, . w), [1, b, . . . , c) 

states that all integers i^O are represented as defined in Fix, y, 

For all the forms considered a lower limit for the number Lit) of repre- 
sentations of each integer t in the set Z~*[a, b, ,,,, c] for which F(x, y, 
. . . , tv) is universal is Lit) m Lit; a,b, c). In particular, if aU integers 
1 0 are represented, t has at least Lit; l,b, . . .,c) representations. 

3. The general form of extent r in the variables iSi, sk, of the type 

considered here may be written 
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where the dt are integers ^0 and the eicponents are integers subject to the 
conditions 

* • * I Cf Of % If • * • f Sf 

s s s 

n Oi « n = . . * « T Ci ^ 0; 

iml i,ml iml 

t<h>0, tci>0. 

iml iml iml 

4, Before indicating the method of proof we give some examples for 
forms of extent 3. Similar results for forms of any odd extent are readily 
obtainable by the method indicated; forms of even extent reqxiire other 
considerations, which apply also to forms of odd extent. 

For a form representing all integers # 0 an index is given so that the 

limit L(t) may be written down. Those of these forms in which two signs 
are positive and one negative represent any t >0 by at least L(0 sets of 
values all >0 of the variables. Any integer values which make the ex- 
ponents ^0 may be assigned to w, n; any zeros in the resulting index 
symbol are to be suppressed. 

— w^zx^, [n — 1, n, m + 1, + n + li 

nm + w + 1]. (1) 

^ [1^ + w, w + 2»]. (2) 

xy^z^^^ — [1, «, m, nm + w — 1]. (3) 

+ 2*”+') ^ y^z\ (4) 

of which an index is the set of all the numbers common to [n + 1. n + 2, 
, • • I 2» 4“ l]i [m -f“ 1, iw 4“ 2f . , . f 2m *f* 1]. 

x^y^s + [n, w + 1, n + w + 1]. (5) 

All of equations (1) to (3), and (5) are homogeneous. Another example 
of a nonhomogeneous universal with two arbitrary integer exponents is 

+ y^g + [If 3, 6, • . 2ii + 1]. (6) 

The representations in equations (7) and (8) contain integer parameters : 

ixTy [1, m + n» m + » + 1], (7) 

has 1-parameter representations of all integers 1 0; every has at least 

Lit; 1, 2| 3) 4-parameter representations in 

+ xysw* 


( 8 ) 
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The next four are typical of a class in which the sum of two terms can 
be written x(y^ + : 


jc(y* + w*) + 
x{y^ + + zyhu^, 

x(y^ + + zyw, 

x{y^ + w®) + sy^*, 


[1, 3. 4, 6]; 

[1. 3, 4, 5]; 

[1, 5, 6, 10, 15, 20]; 

[ 1 , 2 , 6 . 7 , 8 , 9 , 10 ]. 


As examples of fonns with index different from [1], 


xy^ — yz^ + zx^t 
x^y + y^xz^ + 

4- zx^y^ + y^f 

^4^2 ^ ^2-6 ^ 


[ 2 ]; 

[3, 5, 12, 17]; 
[2, 3, 5]; 

[5, 6, 11, 13]. 




5. A sufficient indication of a method for obtaining indices of forms of 
odd extent of any degree in any number of variables is given by two simple 
remarks; /“^l] is the set of all integers; a solution of any one of a given 
set of equations JSi — 0, . . . , iJ| = 0 is a solution of £i . . . E, — 0. (All 
of the examples in §4 refer to the case s = 2.) When at least one of the 
equations, say, == 0, can be written E/ = JE/, where £/, £/ are mono- 
mials in the variables and have no variable in common, the complete 
integer solution of = 0 expresses each of the variables as a monomial 
in integer parameters. Applying this and the known methods for finding 
the solutions described to the second remark above, we find the indices. 
In all of the examples in §4 the coefficients in the forms are =*=1. Any 
numerical coefficients may be introduced as in extending the solution of 
E/ “ £/ to tliat of a)E/ = bjE/, where bj are any given integers. 
If each of £i =5 0, « 1, s > 1 can be written in the same form as 

Eft the extent of the form wliose index is to be found is 2^ — 1. 


THE .4POi:LOA^/.4iV PACKING OF CIRCLES 
By Edward Kasner and Fred Supnick 
D&FARTHBrfr OF Mathsmattcs, CoLtmaiA UmvsRsrrY 
Communicated October 29, 1943 

A theorem of the senior author concerning the covering of the plane by 
circles is established in Scripta Mathematica for March, 1943.^ In this 
paper we give an analytic proof of the same theorem. The subject is also 
of interest in geology (packing of sand, porosity problems) and other fields 
of science. 

1, Definitions and Statement of the Theorem. Let us effect a covering 
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of the plane with mutually external, equal circles each tangent to six otliers. 
We call this configuration the circlex. That part of the plane which is 
external to tlie circles of our covering consists of curvilinear triangles. 
In each of these we inscribe a circle, and continually keep inscribing circles 
in each curvilinear triangle obtained tliereafter (ul infinitum. We call 
the latter configuration an Apollonian packing of circles in the plane {or 
hypercirclex) . 



Let r(a, bf c) denote the curvilinear triangle formed by the three mu- 
tually and externally tangent circles Ca, C with radii a, b, c, respec- 
tively. The term Apollonian packing of circles in T{a, b, c) is defined 
similarly, i.e., we inscribe a circle in T{a, 6, c) and continually keep inscrib- 
ing circles in each resulting curvilinear triangle (see Fig. 1). 

Let a set G of mutually external circles each lying in r(a, 6, c) be given. 
Then the term vacancy of T{a, 6, c) relative to G signifies the set of i)oittts 
in or on T{a, 6, c) which are not interior to an element of G- 

We now state the 

, Theorem: The area of the vacancy of an Apollonian packing of circles in 
any curvilinear triangle is zero. In other words, the sum of the areas of the 
infinity of circles of an Apollonian packing in I'ia, b, c) is equal to the area of 
T(a, b, c). 

We note that since our theorem is true, then because of the symmetrical 
properties of our initial covering of the plane, it is an immediate conse- 
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quence that the area of the vacancy of an Apollonian packing of circles in 
the plane is zero. 

Our method of proof is different from that of the previous paper in 
the sense that we choose a different se(^uence of diminishing vacancies, it 
being easier to determine a bound for the ratio of diminution at each stage. 

Let H denote tlie set of circles associated witli an Apollonian packing in 
T{a, b, c). 

Let C(jc, y, z) denote the circle inscribed in Tix, y, 2 ). 

The most natural method of exhausting the circles of II would be to 
group tliem into subdivisions as follows: We inscribe a circle in T‘(a, t) ; 

tlien we inscribe a circle in each of 
tlie three curvilinear triangles formed ; 
then in the 3^ triangles formed, etc. 
Thus, for n = 1 ,. 2 , 3, . . . , ... 

1st subdivision: C(a, by c) 

2nd subdivision : C(C(a, by c), 6, c), 
C(C(a, by c)y a. c), C(C(a, c)y a, b). 
If tlie circles of the (n — l)st subdi- 
vision are: 

C(ai, bu Ci)y Cfoa, c«), . . 

C (fl-*, ^^jti ^ib) 

where k — 3” “ then the circles 
of the nth subdivision are: 

bjy C^y bjj ^'i)f b^y ('^$ (Irjy Cj) , C(C(<Xj^, bjy y O jy bj^ 

where j 1,2, . . . , 3" But, the most natural procedure is not the most 

convenient in this case. 

We define what we shali call a neckldce packing (sec Fig. 2) of a curvi- 
linear triangle r(fl, by r). It is the set of circles which comprises C(fl, by c)y 
the tliree circles inscribed in the curvilinear vertex triangles, the three 
circles inscribed in the new vertex triangles, and so on. Thus for n =* 
1, 2, . . ,y iy ... it contains the circles belonging to all of the following 
subdivisions: 

1st subdivision : C(a, 6, c) 

2nd subdivision: C(C(o, by c), &* r), C(C(a, ft, c), a, c), C(C(a, by c)y a, b). 
If the circles of the (w l)st subdivision are: 



C(aiy by c)y C{<Hy Cy C) y C((h, b) 
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then the circles of the wth subdivision are 

2. The Fundamental Lemma, We now esltiblish the following; 

Lemma: A necklace packing of a cunnlinear triangle T(Xy z) covers 
more than one-half the area of l\x, y, 2 )/^ 

Let us effect a necklace packing of T(x, y, z). Let U and V denote 
any two tangent circles of the necklace set, with radii v and centers 
Ap, respectively. We connect s^ to s„ with a line segment. We also 
draw line segments from 
the points s^ to the 
points Xvf at which U 
and V touch one of the 
sides of T{x, y, s), say Cx 
(see Fig. 8). We note 
that 

< + 

TT. (1) 

Let K[R] denote the area 
of the region R, We show 
that K[T{Ut r, x)] is less 
than the sum of the areas 
of the sectors of U 

and V included in the tri- 
angle {Su, where 5'* 

is the center of Cx* Let 
L7'( w. x) denote the linear triangle joining the vertices of the curvilinear 
triangle x). Then 

K[nu, V, x)] < K[LT{u, V, «)]. (2) 

Now LT{u, x) divides triangle (.Vu, s^, s^) into four mutually exclusive 
triangles. We show that K[LTiUt r, .r)] is less than the sum of the areas of 
those mo of the other three triangles which contain the points Su and s^, re- 
spectively. 

Let us consider the set of triangles with vertices R, S and 7", where the 
points R and S are fixed, the segment RS being of constant length and 
where 7' may be any point in one of the half planes determined by the line 
going through R and 5 (see Fig. 4). We also admit the case where ^RTS 
is zero, or ^r| | TS. Let P be any point on RS not an end-point. Let the 

segment RP » ja and the segme nt P S ~ /?. We lay off a segment RQ 

equal to a or RT and a segment SW equal to on 5r. We show that 
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the area S of A PQW is less than or equal to the sum m of the areas of A RPQ 
and APPF5.® Now 

b ^ 2aP sin (P/2) sin (5/2) sin ((P + S)/2) (3) 

and 


M - (aV2) sin P + (/3V2) sin 5. 
We must show that 6 < ^ for 

<t!P 4* ^ IT. 

From (5) we have 


(4) 

(5) 


sin (5/2) < sin( (ir “ P)/2) = cos (P/2) (6) 



/?“ P s 


FIGURK 4 


and 

sin (P/2) < sin ((ir — 5)/2) == 

cos (5/2). (7) 

Let us first consider the case where 

sin P < sin 5. (8) 

Then from (6) and (8) we have 

2«iff sin (P/2) sin (5/2) sin ((P + 5)/2) 

< 2afi sin (P/2) sin (5/2) 

< 2otfi sin (P/2) cos (P/2) 

« afi sin P 

< ((«« + /3»)/2) sin P 

« (aV2) sin P + ifi^/2) sin P 

< (aV2) sin P + ifi^/2) sin 5. (9) 


Now let us consider the case where 


sin 5 < sin P. (10) 

This case may be established by a sequence of inequalities as in (9), if we 
now^ use (7) where we have used (6), and (10) where we have used (8)* 
Now let D be the point at which the circles U and T’^are tangent. Then 
as a consequence of the latter argument we have 

K[nu, V, x)] < Kimu, IS X)] < K[A{s^, D, x^)] + P[A(r., A x,)] 

< K[Su] + K[S.]. ( 11 ) 

Now let T{x, y, z) be completely subdivided as above. Thus, we join 
the centers of any two tangent circles of the necklace set associated with 
T{x, y, z) with linear segments. And, if IF iS any circle of this necklace 
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set, then we join its center to the points where W contacts C, or C„ 
with linear segments. Thus, T{,x, y, z) is the sum of a denumerable set of 
non-overlapping regions {i4t}, each bounded by three linear segments and 
a subarc of Cj, Cy or C, (see solid line in Fig. 3). Let 5fi and Sa be the two 
circular sectors included in At, and 1, the remaining curvilinear triangle. 
To each At we may now apply (11). Then 


K[T(x, y. a)] = 

>•■1 

- E + E K[t,] 

iml i.ml 

> 2f:K[tt]. 

Therefore, 

(E K[tt])/K[nx, y, z)] < 1/2. 

iml 




This proves our fundamental lemma. 

3. Proof of ihe Theorem* Let us effect a necklace packing of our curvi- 
linear triangle T{a, 6, c). Let w =» K[T{a, b, c)]. Denote the sum of the 
areas of the circles of this necklace set by ori. Then the area of the vacancy 
vi is 

^ ^ w/2. (14) 

But consists of a denumerable set of curvilinear triangles. In each of 
these effect a necklace packing and let <rt denote the sum of the areas of all 
these necklace sets. Then the area of our second vacancy v* is 

w — (<rj + <ri) < <i)/2*. (16) 

Proceeding similarly, the area of the »th vacancy Vn is 

^ ^ w/2** 


lim w O’! 0. 

fi-.*. «» f •» 1 

m 

But ^ eti is the sum of the areas of the Apollonian packing of T{a, b, c). 

Thus the area of the vacancy of the Apollonian packing of T{a, b, c) is 
zero; or, the sum of the areas of the circles of an Apollonian packing in 
Tia, b, c) is equal to the area of r(a, b, c). Or, if we borrow the geological 


(16) 

(17) 
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term porosity^ and let it designate the ratio of the area of the vacancy 
(relative to a set of mutually extemal circles in T{a, b, r)) to the area of 
T{a, b, f), then we may assert that the porosity of an Apollonian packing of 
circles in T(a, 6, r) is zero. 

The packing of spheres requires methods which are essentially different 
from that of the present two'-dimensional discussion. This question will 
be the subject of another paper. 

In the case of the best covering of the plane with equal circles (no matter 
how small), the covering ratio is 0.9069, and thus the porosity is 0.0931. 
The covering ratio of space with equal spheres (no matter how small) is 
0.7404 and thus the porosity is 0.2590 (normal packing). This is well 
known in geological literature in connection with the packing of sand and 
the, amount of oil contained in tlie oil sands. Our work deals with the 
packing of unecjual spheres, and we find that the porosity may be made as 
small as we please.^ 

* Kttsner, E., Comcnetz, O., and Wilkes, J., “The Covering of the Plane by Circles,*' 
Scripta Mathematica, 9, 19 25 (1943). 

® We have goexi reason to believe that the ratio of the sum of the areas of the circles 
of a necklace packing in any T{x, y, s), to the area of l'(x, y, s), is greater than jr/4 » 
0.7854 and less than 0.8223. This problem will be treated in another paper. We 
thank Aida Kalish and Huscyin Demir for assistance in the calculation of the upper 
limit 0.8223. 

* We note that this part of the proof is somewhat more general than that actually 
required by the lemma. 

* Kasner, E., “Note on Non-Apolloinan Packing in Space,” Scripta Mathematica., 9 , 
26 (1943). See also Science, Oct. 16, 1942. Incidentally we note the following new 
theorem: In any circular triangle (bounded by mutually tangent circles) the confor- 
mal bisectors of the three horn angles (these are necessarily circles) are concurrent. The 
resulting point we call the inversive center of the triangle. For the bisection of analytic 
horn angles see the senior author's papers an conformal geometry. 


CONCERNING CONTI NU A WHICH HAVE DENDRATOMIC 

SUBSETS 

By R. L. Moore 

Departmknt of Pure Mathematics, University of Texas 
Communicated October 16, 1943 

The subset K of the compact continuum M is said to be a dendrattmic 
subset of M if there exists an upper semicontinuous collection G of mutually 
exclusive continua filling up M such that (1) JST is an element of (2) G 
is a dendron witli respect to its elements and (3) if II is an upper semi- 
continuous collection of mutually exclusive continua filling up M such 
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that H is a dendron with respect to its elements theti every element of G 
is a subset of some element of //. 

The compact continuum M will be called a web provided there exist 
two upper scmicontinuous collections //i and //j of mutually exclusive 
continua such that (1) each of tliese collections fills up M, (2) each of them 
is a dendron with respect to its elements and (3) there exists an uncountable 
subcollection W of the collection //j such that no element of W is a subset 
of any element of A compact continuum is said to be webless^ if it 
contains no web. 

Theorem 1 . If the compact continuum M is a web there exist two upper 
setnicontinuous collections Zj and of miitiuilly excluswe continua such that 
(1) for each i {i — 1,2), Zi fills up M and is an arc with respect to its elements ^ 
and (2) every continuum of Z\ intersects every continuum of 

Proof, l^ct //i, 7/3 and W denote collections satisfying, with respect to 
Af, all of the conditions statetl in the above definition of a web. There 
exist two mutually exclusive closed point sets L and 7" and an uncountable 
subc(dlection Wi of W such that every continuum of the collection W} 
intersects b(^th L and 7’. There exists a sequence y of continua of the 
collection W\ which converges to a continuum rti of that collection. There 
exist two points A and B belonging to ai but not to the same continuum 
of the collection ILz. Let az and (I 2 denote the continua of that contain 
A and B, respectively. Since 7/3 is a continuous curve with respect to its 
elements tliere exists an arc of elements of 7/2 having and as its 

end-elements. Since 77s fills up M and is a dendron with respect to its 
elements, the continua as and jSa are separated from each other in M by 
every oontimmm of the collection as/Js other than themselves. Let at 
denote a continuum of the collection distinct from at and jSs, let bt 
denote a continuum of this collection that separates ot from 02 in M and 
let Otbt denote the arc of elements of cttdt whose end-elements are at and 
bt- Let denote the set of all points of A7 tliat are separated from bt 
in M by Ot and let Db denote the set of all those that are separated from 
at in M by ^2. The point sets and Db are open subsets of M containing 
A and jB, respectively. Since 7 converges to a\ there exists a continuum 
bi belonging to 7, distinct from ai and intersecting both and 7 >b- There 
exists an arc a\bi of elements of 77i having ai and as its end-elements. 

For each i {i — 1,2), let Zt denote the collection of all continua z such 
that, for some continuum x of afiu ti is the sum of all continua y of such 
that y is not separated from jc in A7 by any continuum of the collection aibt. 

Theorem 2. In order that a compact continuum should have dendratomic 
subsets it is necessary and sufficient that it should not be a web. 

Proof. If the statement of theorem 35 of page 300 of chapter V of 
ray book, “Foundations of Point Set Theory,”^ is strengthened by the 
substitution of “compact continuum wliich is not a web“ in place of “web- 
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less compact continuum," the resulting theorem may be proved by an 
argument identical with the one there given to prove theorem 35 except 
for the substitution of "not a web" for "webless" in its tenth line. With 
the help of theorem 37 of that chapter it follows that if a compact con- 
tinuum IS not a web then it has dendratomic subsets. 

Suppose, now, that the compact web M has dendratomic subsets. Let 
Zi and Zi denote collections satisfying, with respect to M, all of the condi- 
tions of theorem 1 of the present paper. For each i (i ^ I, 2), let Xt and 
yt denote two continua of the collection By hypothesis there exists 
an upper semicontinuous collection G of mutually exclusive continua 
filling up M such that ( 1 ) G is a dendron with respect to its elements and 
( 2 ) if a continuum of the collection G intersects a continuum which belongs 
either to Zi or to Zt then it lies wholly in that continuum. L^t a and b 
denote continua of the collection G which are subsets of Xi-Xi and Xi^yz, 
respectively. Let U denote the collection of all continua of G that are 
subsets of Xi and let V denote the collection of all those that are subsets of 
the continuum With respect to the elements of G, U and 

V are intersecting subcontinua of G whose common part is the set of all 
elements of G that are subsets either of JCrx# or of Xx^y 2 and clearly this 
set is not a connected set of elements. But G is a dendron with respect to 
its elements and no dendron contains two intersecting continua whose 
common part is not connected. Thus the supposition that M has den- 
dratomic subsets leads to a contradiction. 

Definition. The compact continuum M is said to be a triod^ if it is the 
sum of three continua such that the common part of all three parts of them 
is both a non-vacuous subcontinuum of each of them and the common 
part of every two of them. 

Theorem 3. In order that the compact continuum M should be a tried it 
is necessary and sufficient that it should contain a continuum K such that 
M K has more than two components. 

Proof. This condition is dearly necessary. It is also suffident. For 
if is a subcontinuum of M such that M K has at least three com- 
ponents then ( 1 ) by a theorem of F. B. Jones, M K is the sum of three 
mutually separated pomt sets Ti, T$ and T$ and (2) the point sets K + 
Tit K + Ts and JST + Ti are continua and K is the common part of every 
two of them. 

Theorem 4. The compact continuum M is a tried if U contains three 
continua a, /3 and y such that ( 1 ) a and are mutuaMy exclusive, (2) a sepa- 
rates M, and (3) y intersects a and separates two points of fifrom each other 
in M. 

Proof. By hypothesis, M — 7 is the sum of two mutually separated 
point sets 7i and T% such that Tvff and exist and M ^ aistbe sum 
of two mutually separated point sets H and K sudi that H contains 0. 
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The point sets TvH + a + 7, Tt'IJ + a + 7 and JC + a + 7 are con- 
tinua, their sum is M and the common part of every two of them is the 
continuum a + 7. 

It is not true that the compact continuum JIf is a triod if it contains two 
continua )3 and 7 such that jS separates two points of 7 from each other in 
M and 7 separates two points of from each other in M, If the con- 
tinuum M is the sum of three arcs AXB^ A YB and AZB such that the 
common part of every two of them is -4 + 5 then M contains two such 
continua P and 7, But it is not a triod. 

Theorem 5. Every web is a triod. 

Proof, Suppose Af is a web. Let Zi and Z^ denote two upper semi- 
continuous collections satisfying, with respect to M, all of the conditions 
listed in the statement of theorem 1. Let a and |3 denote two continua 
belonging to but not end-elements of, the collection Zi and let 7 denote 
one belonging to Zs but distinct from its end-elements. The continuum 7 
intersects both a and and M — 7 is the sum of two mutually separated 
point sets H and K, Let X and Y denote points belonging to H and K, 
respectively, and let h and k denote the continua of the collection Z* that 
contain X and F, respectively. The continua h and k are subsets of II 
and iC, respectively. But P intersects both of these continua. Thus 
and exist. The continuum 7 separates fi*II from 0 -K in M, There- 
fore, by theorem 4, Af is a triod. 

Theorem 6. If the compact continuum M is not a triod it has dendratomic 
subsets and they are arcatomic* subsets of M, 

Proof, That Af has dendratomic subsets follows directly from theorems 
12 and 5. With the aid of the fact that every compact dendron which is 
iot an arc is a triod it follows that if an upper semicontinuous collection 
of mutually exclusive continua fills up M and is a dendron with respect to 
its elements then it is an arc with respect to its elements. Hence the 
dendratomic subsets of Af are arcatomic subsets of it. 

Theorem 7. // A and B are two end-points of the compact dendron Af 
there eoeists an upper semicontinuous collection H of mutually exclusive con- 
tinua filling up Af such thatt with respect to its dements, H is an arc whose 
end-elements are A and B, 

Proof, The dendron Af contains an arc AB, For each point P of AB, 
let hp denote P, or the continuum obtained by adding to P every com- 
ponent of Af — AB of which P is a limit point, according as there does not 
or does exist at least one such component. Let H denote the collection 
of all such continua hp* This collection is upper semicontinuous, it is an 
arc with respect to its elements and its end-elements are hji and hp* But 
hji ^ A and hp « B, 

Theorem 8. If a compact continuum M has arcatomic subsets then not 
only are they dendratomic subsets of M hut every upper semicontinuous coUec- 
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Hon of mutually exclusive conlinua which fills up M and which is a non- 
degenerate dendron with respect to its elements is also an arc with respect to 
its elements. 

Proof. Let G denote the collection of all arcatomic subsets of M. 
Suppose II is an upper seraicoiitinuous collection of mutually exclusive 
continua filling up M such that is a dendron with respect to its elements. 
Suppose tliis dendron has three end -elements, a, and y. With the help 
of Theorem 7 and certain theorems of the above-mentioned book it may 
be seen that there exists an upper semicontinuous collection Q of mutually 
exclusive continua filling up M such that (1) every continuum of i? is a 
subset of some continuum of (2) a and belong to Qy and (3) with re- 
spect to its elements <2 an arc whose end-elements are a and /?. I t follows 
that each of the continua a, and y contains every continuum of the 
collection G which it intersects. But if a, b and c denote the set of all the 
continua of G that lie in a, the set of all those that lie in and the set of 
all those that lie in y, respectively, then, with respect to the elements of G 
regarded as points ^ a, & and c are three mutually exclusive subcon tinua of G 
and G -- Oj G — b and G -- c are all connected. This is contrary to the 
fact that G is an arc with respect to its elements. Hence H has only two 
end -elements. Therefore it is an arc with respect to its elements. It 
follows that every element of G is a dendratomic subset of M. 

It is not true that if a compact continuum has arcatomic subsets then 
it is not a triod. 

Example. In a Euclidean plane let AB denote a straight line interval 
and let T denote a totally disconnected perfect subset oi A B containing 
both A and B. Let Qi, Qzy ... denote the components of AB — 7\ 
For each n let and Bn denote the end-points of the segment 
being between A and Bn* For each point P of T — .4 let Jp denote the 
circle with center at A which passes through P. For each positive integer 
n let denote a set of n straight line intervals A\^\ny AtnB%n^ . . . , AnifBwn 
such that the points A^ni A^^ . . . , Ann are equally spaced on jAn and Pi«, 
P*«i ...» Bnn are on Jsn and, for each f (1 < i 5 /?), lies between Bin 
and A . Let Kn denote the continuum obtained by adding together jAn% 
jBn and all the intervals of the set an* Let K denote the point set A + 

ATi -f + Let G denote the collection of all continua g such 

that either g is .4 or, for some n, g is Kn or, for some point P ot T K-Ty 
g is Jp. Let M denote the sum of all the continua of the collection Gr. 
The point set Af is a continuous curve and G is an arc with respect to its 
elements and its elements are arcatomic subsets of Af. But Af is a triod. 

Theorem 9. Every compact irreducible continuum between two points 
has dendratomic subsets and they are also its arcatomic subsets. 

Theorem 9 is a consequence of theorem 6 and the fact that no irreducible 
continuum between two points is a triod. 
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* See page 357 of my book "Foundations of Point Set Theory/' Am. Math. Soc. Collo- 
quium Puh., Vol. Xni, New York (1932), 

* See my paper, "Concerning Triodic Continua in the Plane/' Fundamentae Mathe- 
maticae, 13, 262 (1929) and R. H. Sorgcnfrey’s as yet unpublished doctoral dissertatioti 
titled "Concerning Triodic Continua.” 

* An arcatomic subset of M will be defined if, in the above definition of a dendratomic 
subset of "dendron” is replaced by "arc” and "dendratomic' ’ is replaced by "arca- 
tomic/' 


CONCERNING WEBS IN THE PLANE 

By R. L. Moore 

Department ok Pure Mathematics, University of Texas 
Communicated November 13, 1943 

In my paper^ “Concerning Continua Which Have Dendratomic Sub- 
sets,*' I defined webs and webless continua. As may be seen from the 
following example, it is not tnie that every continuum which is not a web is 
webless. 

Emm pie. In Euclidean space of three dimensions let E denote a plane, 
let J denote a circle lying in E, let I denote the bounded comjjonent of 
E ~ J and let K denote / -f /. Let T denote a connected point set topo- 
logically equivalent to a ray and such that T and E are mutually exclusive 
but r = 7" + A". The j>oint set T is an irreducible continuum from K to 
some point not lying in E. This continuum is not a web. But it contains 
the web K. 

However, the following theorem holds true. 

Tiikorem 1 . In the plane, if a compact continuum conutins a weh then it 
is a web. 

Proof. In a Euclidean space X of two dimensions suppose M is a com- 
pact continuum containing a web L. There exist two upper semicontinuous 
collections IIi and Ih of mutually exclusive continua such that each of 
these collections fills up L and such that each of them is an arc with respect 
to its elements and every continuum of Hi intersects every continuum of 

lU 

Suppose t is a component of the common part of a continuum Xy of the 
collection Hi and a continuum of the collection II2. Let yi denote a 
continuum of //i distinct from xx and let ya denote a continuum of Ih dis- 
tinct from X2^ Since yi intersects y%, yi + y* is a continuum. Clearly this 
continuum is a subset of L — Let N denote L — (xi • X2 ) . Suppose P is a 
point of N. There exists a continuum p containing P, lying in N and be- 
longing either to Hy or to IH If p belongs to H\ it intersects y^ and if it 
belongs to Hi it intersects yi. Hence in either case it intersects yx + y* 
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and therefore p + yi + connected subset of N contammg P* It fol- 
lows that N is connected. But every component of a proper dosed subset 
of a compact continuum contains a limit point of that continuum minus 
that subset. Hence every component of Xi -Xi contains a limit point of the 
connected point set iV. Therefore L -- t, the sum of N and all such com- 
ponents other than t (if there are any) is connected. 

For each component t of the common part of a continuum of H\ and a 
continuum of H%y let denote t plus the set of all points X of Af, if there are 
any, such that t separates X from L — t. Let H denote the set of all such 
continua For each i (i = 1, 2) let HI denote the set of all sets h* such 
that, for some element h of Hi, ft' is the set of all ft/s for all Ts which are 
subsets of ft. Let 5' denote the collection of all continua P' such that P' 
is either a continuum of the collection H or a point which neitlier bdongs 
to any continuum of TI nor is separated by any continuum of // from any 
ether continuum of H. If the elements of 5' are regarded as “points” and 
the subcollection Z of 5' is regarded as a “region” if and only if Z* is a 
domain with respect to (S')* then Axioms 0 , 1 ', C, 2 , 3, 4 and 5 of my 
book* Foundations of Point Set Theory all hold true for the space Xi so ob- 
tained and, in this space, i? is a continuous curve with no cut point and 
there exist a simple domain 7, a simple closed curve J, four points A, B, C 
and F and two collections Gi and Gn satisfying all the requitemente of the 
hypothesis of theorem 9 of page 380 and such tliat, for each i (i =* 1, 2) 
every continuum of the collection Gi is a subcontinuum of some continuum 
of the collection H' <. By a modification* of the argument given on pages 380 
and 381 to prove theorem 9 it may be shown that, in the space Zi, there 
exists an upper semicontinuous collection G of mutually exclusive continua 
such that (a) if the elements of G are regarded as points and the subcollec- 
tion Z of G is regarded as a region if and only if Z* is a domain with respect 
to G* then the space Z% so obtained satisfies Axioms 0, 1 ', C, 2 , 3, 4 and 5, 
(ft) in 2 j every non-deg^erate continuum of the collection G is a subset of 
H plus the set of all elements of S' which are points of M which in 2 belong 
to no continuum of the collection 77, (c) if, in 2 i, g is a continuum of the 
collection G and P is an element of S' which either belongs to 77 or is, in 
2 , a point of M which belongs to no continuum of the collection H then, in 
2 j, g does not separate P from any other continuum of the collection G, 
(d) if P is an element of 5' which either belongs to TT or is a point of Jlf 
which, in 2 , belongs to no continuum of 77 then P either belongs to G or is, 
in the space 2 i, an element of some continuum of the collection G* and (s) 
in the space 2 ^ there exists a connected domain D with a connected bound- 
ary ff such that every degenerate element of G that belongs to D is, in 2 , a 
point of Af or a continuum of the collection TT. In the space 2s let W denote 
the collection whose degenerate elements are the points of D and whbse 
only non-degenerate element is the continuum 7 obtained by adding to 0 
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all points of X* which do not belong to D and which in Si are points of H or 
points which in S belong to M but to no continuum of the collection H, 
In St, W is an upper semicontinuous collection of mutually exclusive con- 
tinua. There exists a reversibly continuous transformation throwing the 
continua of the collection W into the points of a sphere in a Euclidean space 
E of three dimensions. But clearly a sphere in £ is a web. It follows that 
IF is a web with respect to its elements. Hence, in the space St, there exist 
two upper semicontinuous collections of mutually exclusive continua Zi 
and Z 2 such that (1) each of these collections fills up D 7, (2) each of 
them is an arc with respect to its elements, (3) each element of Zi inter- 
sects each element of Z* and (4) one element of Zi contains 7. For each 
continuum z of the collection Z< (i « 1, 2) let denote the continuum in the 
space Si obtained by adding together all the continua in that space which 
are points of z in the space Sj and let tg denote the continuum in the space 
S obtained by adding together all the continua in the space S which are 
points of It in the space Si. Let Tt denote the collection of all such f,'s for 
all elements z of Zi, In the space S, for each i, r< is an upper semicontinuous 
collection of mutually exclusive continua filling up M, 7", is an arc witli re- 
spect to its elements and every continuum of the collection Ti intersects 
every one of the collection 7*. Hence Af is a web. 

Theorem 2. If in the plane, M is a compact continuum, G is an upper 
semicontinuous collection of mutually exclusive continua filling up M and H 
is another such collection and, for every two continua g and h belonging to 
G and H, respectively, g-h exists and is totally disconnected then each of the 
collections G and His a continuous curve with respect to its elements. 

Proof, Since every continuum of the collection G intersects every one of 
the collection H, therefore there exists a positive number e such that every 
continuum belonging either to C or to if is of diameter more than e. 
Suppose M is not a continuous curve. With the help of Theorem 8 of 
chapter II it may be shown that there exist a sequence Mi, Mt, M^, ... of 
mutually exclusive subcontinua of M and a simple closed curve J contain- 
ing four points A, S, C and D such that A + C separates B from D on J 
and such that if I denotes the interior of J and, for every two points X and 
y of this set of four, X Y denotes the arc of J from X to F which contains 
neither of the remaining ones then (1) the diameter of J is less than e, (2) 
for each n, is a component of Af •/ and Mn + 1 separates AD from in 
/, Let CiDi denote an arc lying wholly in I except for its end-points Ci and 
Di which lie between B and C and between A and D, respectively, on tlie 
arcs BC and AD, Let H' denote the set of all point sets x such that x is a 
component of the common part of I and some continuum of the collection 
H, For each n, Mn contains a point of CiDi and there exists a continuum 

A* belonging to H' and containing P« and therefore lying in Af„. For each 
n, Ajf intersects either AB or CD. It follows that there exist two points 
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Ax and B\ and an infinite ascending sequence of positive integers »i, Wa, 
W8, . . . such that (1) either >1 1 is Z? and jSi is Cor i4i is ^ and Bi is B and (2) 
for jf h'nj intersects A\Bx* Let I\ denote the component of / — /• 
{C\D{) whose boundary contains the arc A\Bi, Let CJ)% denote an arc 
lying wholly in h except for its end-points Ci and which lie between J5j 
and Cl and between Ai and Di, respectively, on the arcs BC and AD. Let 

denote the set of all point sets x such that x is a comj)onent of the com- 
mon part of 1 1 and some continuum of the collection G. There exist points 
Ai and B^ and an infinite ascending subsequence mi, m 2 , Ws, . . * . of the 
sequence Wi, «a, « 3 » • • . such that (1) either At is D\ and Bt is Ci or At is 
Ai and Bt is B\y (2) for each j there is a continuum belonging to C' and 
intersecting both A%Bt and CtDt and lying in Let It denote the com- 

ponent of /i — Ix*{CtD^ whose boundary contains -4*^2 and CtDt. For 
each j there exist two continua and such that (1) each of them inter- 
sects both AtBt and C%Dt* (2) gy is a comfKment of It*g'mj and Ay is a compon- 
ent of The sequence gi, gt, gs, . . * converges to a continuum L and 

Ai, ht, hif . . . converges to the same continuum. Hence there exist two con- 
tinua g and A, belonging to G and //, respectively, such that L is a subset of 
each of them. But, since it intersects both -42^2 and CtDt, L is non-degen- 
erate. This involves a contradiction. Hence M is a continuous curve. 
Therefore (7 is a continuous curve with respect to its elements and so is //. 

If, in the statement of theorem 2, the words “in the plane” are replaced 
by “in Euclidean space of three dimensions,” the resulting proposition is 
false. 

Example. In Euclidean three dimensional space let AB denote a straight- 
line interval of length 1, let JK denote a cube having AB as one of its edges 
and let F and L denote the two faces of K that contain AB. Let T denote 
the point set consisting of K plus its interior. For each «, let denote the 
common part of T and a plane parallel to and at a distance equal to 1/n 
from, the plane in which F lies. Let M denote the continuum F + L + Fi 
+ Ft + Ft . Let G denote the collection of all straight-line intervals g 
of length 1 lying in M such that g either coincides with AB or lies on a 
straight line parallel to the one containing AB. Let H denote the collection 
of all continua A such that A is the common part of M and some plane 
perpendicular to AB. The collections G and // are upper semicontinuous, 
each of them fills up M and if g and A are continua belonging to G and //, 
respectiely, g* A is a single point. The collection /J is an arc* with respect 
to its elements. But G is not a continuous curve with respect to its ele- 
ments and M is not a continuous curve, 

1 These Procbkoings, 29, 384-^9 (1943). 

* Amer. Math. Soc. Colloquium Pub., New York (1932). References in this ertkle to 
pages and chapters are to pages and chapters of this book. In the present connection 
see page 3S2, 
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• This argument is to be modified as follows: After the second sentence intetpolate 

‘'Suppose either X denotes A and Y denotes C or X denotes B and Y denotes P. If X 
belongs to T let tx denote X Y plus the continuum of the collection G that contains X. 
If the interval / of the collection T has one end-point at X, let ry denote / 4- y* 

where x* is the continuum of the collection T that contains the other end-point of t and 
yi is cither X T or X K plus the continuum of Gi that intersects X Y according as X K and 
G*\ are or are not mutually exclusive.” In the third sentence, after “T”, interpolate 
“distinct from A and from B.” Instead of the sentence beginning in the 18th line of 
page 381, write “In the space for each continuum ^ of the collection (), let denote 
the boundary of q, plus the set of all points of g, if there are any, which either (a) belong 
to ff or (fr) are points of M which in Z belong to no continuum of the collection H. Let 
G denote the collection of all such gqS,'* 

* See theorem 10 of chapter V. 

‘ Let M denote a continuum formed by a sequence of right pyramids all with the 
same .square base a, their vertices converging to that of the outermost one. Let it and 
it denote two adjacent sides of a and let //< denote the set of all intersections of Af with 
planes perpendicular to Both Hi and are arcs with respect to their elements but 
M is not a continuous curve. 


EFFICIENT COMPUTATION OF THE LATENT VECTORS OF A 

MATRIX 

By Paul A. Samuklson 

Department op Economics and Soual Science, Massachusetts Institute op 

Technology 

Communicated July 8, 1943 

In statistics, in quantum mechanics and in the study of dynamical 
oscillations it is often necessary to compute the latent roots and vectors 
of a matrix. A variety of methods are available for this purpose, involving 
direct algebraic computation, iteration and the application of perturbation- 
variation methods. It is the author’s tentative conclusion from ex- 
perience that the last two methods are excellent if only a few latent roots 
and vectors are desired, say those corresponding to the lowest or highest 
few roots, or if there exists some a priori familiarity with the data which 
permits very good initial guesses to be made. But in tlie general case of 
high order matrices both the iteration methods and the perturbation- 
variation methods become tedious, and so recourse must be had to direct 
algebraic computations. 

A variety of methods are available under this heading, and the computer 
will choose between them not on the basis of their adequacy on constructed 
text*baok examples, but in terms of a careful count of the number of cal- 
culations involved in each. Every method must involve the solution of a 
polynomial of the nth degtee; but in addition, all of the methods known 
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to the present writer seem to involve multiplications which increase with 
the fourth power of where the matrix involved is of order » by n. It 
is the purpose of this note to present, perhaps for the first time, a method 
which gives latent vectors as well as latent roots after multiplications 
which increase with the third power of «. 

2. Description of Procedure. Let a be the » by « matrix in question, 
and let A be an arbitrary column vector. Form the matrix products 
(Ao, Aj, , A») by means of the operations [/A, aA, a(aA), .... a(a" “ 'A)]. 
Then in consequence of the Cayley-Hamilton theorem that a matrix 
satisfies its own characteristic equation, we derive the coefiBidents of the 
characteristic equation (1, pu p%, , . p^ by solution of the following n 
linear equations 


[Ao, Ai, 


• > 




Pn-t 



L J 

Then let the characteristic equation, fJiX) *= * 0, be solved 

0 

by any method for the latent roots (Xi, Xi, . . . , Xa), assumed for simplicity 
to be distinct. We now form new polynomials 1^ the relations 

/a-,(X) - X"-' + P,X"“»+ ... +^.-1 
S% - “ X" "■ * + piX" ” * + ... + pa _ t 


/,(X) = X + Pi 
/|)(X) « 1 > 

where each is formed from the previous hy dropping off the last term and 
lowering the degree of the remaining terms, ^pressions of the form 
/((X^) are easily computed as partial remainders in the familiar process of 
synthetic division. 

Then the n latent vectors of a, (Fi, Ft, .... Fa)i can be sho^ta to be 
given by the product of the following two square matrices 

V- ...,Aa-i]I/«-*(W (1) 

Should the original column vector, h, have been a Hnear comtrination of 
less than n latent vectors, the above process will faff ; however, the pro^ 
ability of this occurring is very smaff , and such occaurenc^ ous eai^y he 
detected and allowed for. There is no sea^ Why comfit latent lootS: 
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and vectors cannot be handled in the above process. In the important 
special case where a is symmetrical, only real quantities will be involved, 
and a check upon the numerical computations is provided by the conjugate 
property V/Vf ** 0, for i ^ j. When repeated roots are encountered, 
the modifications are relatively minor. 

The labor involved in numerical processes of the above type is best 
reckoned in terms of the required number of multiplications. The method 
described here involves multiplications of the order 8»*/3, or about the 
equivalent of three square matrix multiplications. In addition, one nth 
degree polynomial must be solved. It will be noted that each latent 
vector can be determined independently of all the rest, once its corre- 
sponding latent root has been determined. Approximate values of a latent 
vector can be computed from the insertion of approximate roots in the proc- 
ess of synthetic division indicated above. 

2, Proof, Consider the system of differential equations written in 
matrix form 

DY{i) = aY{l). 

If the latent roots are all distinct, it is known that the solution of these 
equations for initial values F(0) =» A is unique and given by 

Fi(0 * Cu exp Xii -f Ci 2 exp Xai + . . , + cin exp X^i 
Yt(t) » Cii exp Xit + c» exp X^ + . , . + cs« exp X^t 


Yn{t) « Cn\ exp Xit + Cfa^pXft + ... + exp Xj. 

The 14* c coefficients are not all arbitrary, only n of them being dependent 
upon the initial conditions. Each column of the c*s is equivalent to the 
appropriate latent vector, the initial conditions simply determining the 
factors of proportionality of the latent vectors. 

Our task iiisxi is to compute the solution of such a set of differential 
eqttatibns; from this solution we can easily identify the appropriate latent 
vectors. Thus, we reverse the usual procedure in which the latent vectors 
are first algebraically computed as an aid in giving the solution of the 
differential equation system. The novelty of the present method consists 
in the recognition of this fact plus the specification of a speedy method 
of arriving at a particular solution of the differential equation system. It 
is fashionable to handle this last problem by means of the Heaviside- 
Cauchy operational calculus; a careful consideration of these techniques 
from a computational pmnt of view will show their efficiency to be greatly 
overrated, involving in this case multiplications of the order n\ 

It is a commonplace that an lith order differential equation in one 
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variable can be transformed into n first order equations. It is no less 
true that a system of the latter form can be converted into single equations 
of the wth order in each variable; for constant coefficient systems such as 
the one under consideration, the coefficients of the differential equation 
are in each case simply the coefficients of the characteristic equation; i.e., 

MD)Y,{t) = 0. (j - 1, 

If we can identify the appropriate initial conditions for each of the last 
equations, and then give the solution of each, we should end up with the 
required c coefficients indicated above. As for the appropriate initial 
conditions, if F(0) == A, then by repeated use of the original differential 
equations, it becomes evident that 

P‘F(0) « a*h - hi. 

It is a classical fact that the solution of an nth order differential equation 
for given initial conditions is given by the solution of a set of linear equa- 
tions whose matrix is of the Vandermonde-Cauchy form 



the transposed inverse of which is given by 

^ Pn-liXj) Pn - ijXt) P, ^ i(Xn) 
Pn'iXO PAX,) PAXn) 

Pn - m t{X,) Pn t(X^ 

PAXl) , PAXt) PniXn)^ 


-L_ _L_ L_ 

iPn'iXi) P/W J 

Consequently the » by n c matrix, which is also the matrix made up of 
coliunns of latent vectors is given by equation (1) above, where the factors 
of proportionality 1/Pa'(^() have been omitted. 

When repeated roots are encountered, a generalized Vandermonde 
determinant is involved whose inversion is easily effected if one simply 
pursues the close analogy between Vandermontte determinants and ex- 
pansions in partial fractions. 



VoL. 29. 1943 


MATHEMATICS: P. A. SAMUELSON 


397 


If the same differential equations are to be solved for many different 
initial conditions, the above pn>cess may be repeated anew. Or a slight 
economy of effort may be achieved if the inverse of V is worked out once 
and for all so that the weightings of the different exponential terms can be 
easily determined by If the a matrix is symmetrical, the latent 

vector matrix will be orthogonal so that simple transj>osition will provide 
the inverse matrix, except for factors of proportionality. 


A SIMPLE METHOD OF INTEEPOLATION 

By Paul A. Samuelson 

Department of Economics and Social Science, Massachusetts Institute of 

Technology 

Coinmuuicatcd July 8. 1943 

L— In many branches of statistics it is necessary to determine the 
coefficients of an nth degree polynomial, f(x), from « + 1 observations, 
[xotfo] Xi,/i ; . . . ; Xntfn)f iilid to determine readings from this polynomial. 
For this latter purpose recourse may be had to divided differences, La- 
grange’s interpolation formula,* Aitken’s method of interpolation,- etc. 
However, where a number of readings are to be taken, or where the coeffi- 
cients are of interest for their own sake, it is necessary to solve a system of 
linear equations 

Ho "P Xotlj -p Xo^(t2 + • . . "P Xo^Ctn, = fo 

or Ka «= / 

+ Xnai + Xn^Oi + . . . -P « /„ 

whose matrix is of the familiar Vandermonde form (xi). 

Now in the solution of nth order differential equations with constant 
coefficients and one-point boundary conditions, such as occur in electrical 
engineering and other fields of applied mathematics, the solutions can be 
written in the form of linear combinations of particular solutions, the coeffi- 
cients being determined by the solution of a transposed Vandermonde set 
of linear equations. 

By means of the Heaviside-Cauchy operational calculus (Laplace trans- 
form, etc.), the applied mathematician is able to avoid explicit inversion 
of such a system of equations. This suggests the possibility of lessening 
the calculations involved in interpolation by methods analogous to those 
used in solving differential equations; and upon examination it turns out 
that the resulting method seems admirably suited to numerical computa- 
tion, with or without a modem calculating machine. 
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II. — ^For those interested simply in the procedure, we first describe the 
workings of the method, reserving to the last section the question of proof. 
The work is divided into three stages. 

First, an auriliary polynomial of the (n + l)th degree is determined so 
that its leading coefficient is unity, and so that it vanishes at (jibo> Xu . . . , 
Xii). Instead of working out its coefficients from the relations which 
must hold between the toots and coefficients of a polynomial, it is far 

simpler in practice to compute successively the partial products ir(* — xi). 

0 

The tabular arrangement in the numerical example suggests how this may 
be done expeditiously. We may write this polynomial as 

n 

P*+ i{x) = t{x ^ Xi) « x’* ^ + Jia:" + • * • + 

0 

We associate with this, polynomials defined as follows 

P,(*) « », + 6,*" " ‘ + . . . + b»-iK + 


Pi(x) = * + 
Po(*) =» 1. 


Bsch is derived from the preceding by dropping the last coeflGicient and 
lowering the power in each of the remaining terms. 

In terms of the above, the unknown coefficients of /(«) are given by the 
expressions 


P , -fit— A*l) , , P »~i(kil) 

P,+ /(*4) P.+ /(#) P,+ tW 

(j «“ 0, 1, 2, . . . ») 



The second stage of the numerical work conmsts of an evaluation of terms 
like P/(«t) and Pn-i'C^iO* This can be earily done by the familiar algdsraic 
device of synthetic devision, which lends itsdf very well to machine calcu- 
lation. From the definition of the P’s, it follows that the partial remataders 
at each stage of synthetic division of P«f t by »» are, respectivdy, P«(«t}* 
PtixiD, . . , , P»(Xt}, Pm+)(9c 0* Thus, all are caUailated at once in the same 
operation. Moreover, by definition the last of these must in every ease 
vanish, providing a check upon the accuracy of the previous work. 

After the above terms have been calculated hy synthetic divisfam, a 
second synthetic division performed upcm them gives in the pemalrimate 
positioo the required derivative Pirf in e manner fatnSiar to aU iisen 
of Homer’s msithod. 

'The third stage oonaista sitnply of the summatioa kidtcated ia ecfHarion 
(1). Some economies dt k^yboi^ or sUde-ntle settings can he ret^bed If 
the indicated divisions are done all at once wherever posHbie. 
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The amount of effort required in the proposed method may be compared 
with other methods. To invert the linear equations directly would require 
multiplications of the order 2n*/3 if efficient Gauss-Doolittle methods are 
used. If advantage is taken of the Vandermonde form of the matrix as in 
the Aitken method, the calculations of a single reading seem to require 
multiplications and divisions of the order Zn^/2, and, of course, the coeffi- 
cients of the polynomial are not derived. 

The present method entails multiplications of the order of plus n 
multiplications for each reading, where the method of synthetic division 
is used to derive the readings. If two readings are desired, the work is 
therefore about equal to the Aitken method, and for more than two read- 
ings it is very less* 

After using the method for awhile, one will learn how to effect certain 
economies of labor which need not be indicated here. Thus, if the abscissa 
points are all positive, as often occurs in practice, the occurrence of negative 
numbers in the calculations may be lessened by a reversal of signs, followed 
by a determination of /( —x). 

III. — ^The procedure may be illustrated by a simple numerical example. 
Suppose we are to fit a quadratic polynomial to the following three points 
(—1, 4; 0, 1; 2, 7). Clearly the correct answer is given by /(x) » 2x* — 
X + 1. To achieve this by the present method, the coefficients of the 
partial products are computed in the following tabular arrangement. 

110 0:0 
1 1 0 0 :--2 
1 - 1-2 0 

Bach element in a given row is computed from the elements of the pre- 
ceding row by adding to the element directly above it the product of the 
elemeut just northwest of it times the number in the preceding row just 
to the right of the colon. The last row of all gives the coefficients of the 
auriUary cubic polynomial. 

The second stage of the numerical work consists of dividing this poly- 
nomial in turn by (x + 1), x, and (x — 2), so as to calculate the partial 
remainders. Armnging the work as in synthetic division 

1 -1 

1 -2 

1 -3 

The second line gives the successive values of P|( — 1). The last recorded 
item in third row gives P|'(— 1). If a modem calculating machine 
is ttsedt only the final element in the third row need be copied. 

Tt^ iNCOoeM is reiieated for each of the roots, without however, having 


-2 0 1-1 

0 0 |~1 

• 4*3 



400 


MATHEMATICS: P. A, SAMVELSON 


Piioa N. A. & 


to rccopy the starred first rows. 

Thus, 

*1 -1 

-2 

1 -1 

-2 

1 -1 

-2 

*1 -1 

^2 

1 -1-1 

0 

1 3 

6 


0 

0 

0 

0 



The coefficients in each of the second rows is divided by the last element 
in the corresponding tliird row, and when arranged in order give us the 
inverse of V. 



-2/3 0 
1/2 1 
1/6 0 , 


Premultiplyinp; this by the row matrix (/o, /i, . . fn)f iti this case by 
(4, 7, 1), the operations described in (1) are carried out, yielding the re- 
quisite solution (2, — I, 1). 

^ Two partial checks on the accuracy of the work may be mentioned. 
The divisors, being derivutivc-s at simple roots of the auxiliary polynomial * 
should oscillate in sign, with the last one being positive. Also, the sum of 
the elements in the last column of the inverse matrix should add up to 
unity, while the other columns should add up to zero. This provides a 
check U])on all earlier operations. Of course, a final decisive check is 
provided by evaluating the resulting polynomial to verify that it does go 
through the prescribed points. This is best done by synthetic division. 

IV. — To justify the mettiod it is only necessary to show that the elements 
of tlic inverse of the transposed Vandermonde matrix are, in fact, equal to 
Pn-jiXi)/Pn+i^(^i)* This could be done directly by means of contour 
integration or by the elementary properties of symmetric functions. An 
indirect proof which lends itself readily to the generalization given below 
involves the fact that the expression above can easily be shown to give the 
coefficient of certain terms in the operational solution of differential equa* 
tiou systems. At the same time the classical non-operational solution 
yields the corresponding cf>efficients in the form of the inverse of the 
Vandermonde matrix. vSince the classical and operational solutions can 
easily be shown to be identical, it follows that our theorem must be true. 

This suggests a slightly more general method of interpolation in case 
we are to find a iK)lynomial from a knowledge of its values, and the value 
of its derivatives up to some varying order, at a number of points. As in 
the above case, synthetic division, now carried to more rows, is utilised, 
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and the work of fitting a polynomial of the same degree is only slightly 
increased. 

The matrix of the equations which must be solved now takes the general 
partitioned form 


ri 0 

1 111 1 

xo 1 |a:i 

Xr 

Xo® 2xo 

*1* 1 


x/ (**•')' ... (sc/)"""' 

1 

a:/ ... (x/)”“-^ 

\rJ 1 

„ n-i 

Xi” 


JCo" nXt ... ;; 

{n—nio + 1)! 




where (x/)' = — [x^] 

doc 


Then by precisely the same kind of proof as that sketched above, it can 
be shown that the inverse of this generalized Vandermonde matrix is 
given by 

= r 1 j P.-,{x) \ 

^ ^ limi - k) Ikl dx”* - * |P„+,(^)/(^ - - « 

where 


where PnfiCac) = tt (a: — =: + biX** + . . . + 

Pni^) “ AJ" + biX^ , , , + 

etc. 

' Whittaker. E; T., and Robinson, G., The Calculus of Observations, Chap. II, Blackie 
and Son. Glasgow, 1932. 

• Aitkcn, A. C„ **On Interpolation by Iteration of Proportional Parts without the Use 
of Differences/' Proc. Edinburgh Mathematical Society Series, 2, No. 3, 56-76 1932. 




INDEX 


Aberrsticms^ cbramosamal (Sax)* 18; 
(Brtunfield)* 190; (Dobzhansky and 
Dreyfus), 301. 

Alanbie (Siuil and Ouirard), 66. 

AJMbol, palidum^polyvinyl (Ratnpino, Ka- 
Vsnagh and Nora), 2M6. 

Algae, cnistaceous (S^chdl and Mason), 
87. 

AUcto (Stern and Schaeffer), 351, 361. 
Aikrpolyploidy, colchkine induced (Brad- 
ley and Goodspeed), 295. 

Antibiotic substances (Waksman and 
Schatt), 74; (Waksman and Bugie), 
282. 

Apollonian packing of circles (Kasner 
and Supnick), 378. 

Apparatus, Golgi (Worley), 228. 

Axes and segments (Blumenthal), 107. 
Arithmetical forms (BeU), 875. 

Aspergillus flavus“^<>ryzat group (Waks- 
man and Bune), 282. 

Atropinesterase (Savi^ and Click), 55. 
Attributes, primary (Stern and Schaeffer), 
351. 

Automorphisms (Miller), 49. 
Autopolyploidy in Nicotiana (Bradley 
and Goodspeed), 295. 

Aaotobacter (Wilson, Hull and Burris), 

m 


Bacteria, lactic acid (Snell and Guirard), 

66 , 

BAKKast, H. A. Studies on the Methane 
Fermentation. VI. The Influence 
of Carb<m Dioxide Concentration 
ou the Rate of Carbon Dioxide Re- 
duction by Molecular Hydrogen, 184. 

Bmx, E. T. A Type of Universal Arith- 
metical Forms, 375. 

BBRONBR, a. D„ and BtAKESLBS, A. F. 
Chretnosome Ends in DaSura pruin~ 
0Sa, 1 . 

B^ihuan, S. a Formula for the Stream 
Function of Certain Flows, 276. 

Bio-Assay (Wilson and Worcester), 79, 
U4, 150, 207, 257. 

BaucHOPP, O. D. Matter, Electricity 
and Gravitation in Flat Space^Time, 
231. 

BLAKSaLBB, A. F. Bergner, A. D., 1. 

Blood, inoculations of (Woolley, Law and 
Little), 22. 

BttmEMTHAt, L. M. New Charaeteriza- 
tiems of ^gments and Arcs, 107. 

BaADtBVi M. V. AND GOQ08PBBD, T. H. 

Cokhfdne Induced AUo- and Auto- 
pdypioidir in Nicotiana, 205. 

Batnipiunp, R. T, Effect of Ck>khicine 
Fretreatment on the Frequency of 
CImMnoscHinul Aberrations Induced 
1^ X-Rad atioh, 190. 


Bugib, K. Sec Waksman, S., 282, 
Burkb, M. H. Sec Wilson, E. B., 43. 
Burrholdbr, P. R. Synthesis of Ribo- 
flavin by a Yeast, 166. 

Burr, H. S. Electrical Correlates of 
Pure and Hybrid Strains of Sweet 
Corn, 163. 

BxmRis, R. H. See Wilson, P. W., 289. 
Calhoun, M. L. See Gowen, J. W,, 144. 
Carbon dioxide (Barker), 184. 


Carcinoma incidence (Woolley, Law and 
Little), 22. 

Cataljrsts (Rampino, Kavanagh and 
Nord), 246. 

C-characteristic (Huff), 198. 

Cells (Worley), 225, 228; (Fankhauser 
and Humphrey). 344. 

Centrifuging (Sax), 18. 

Characters, inheritance (Sonnebora), 329, 
338. 

Chbrn, S. S. On the Euclidean Con- 
nectiotis in a Finslcr Space, 33. 

. A Generalizatiou of the Projec- 
tive Geometry of Linear Spaces, 38. 

Chick embryos (Moog), 176. 

Chromosomal aberrations (Sax), 18; 
(Brumfleid), 1^; (Dobzlmnsky and 
Dreyfus), 301. 

Chromosomal rearrangements (Fano), 12. 

Chromosome complements (Dobzhansky 
and Pavan), 308. 

Chromosomes (Bergner and Blakeslee), 1; 
(Kaufmann), S; (Fankhauser and 
Humphrey), 344. ^ 

Circles, Apollonian packing of (Kasner 
and Supnick), 378. 

Colchidnc ^Brumfield), 190; (Bradley 
and Goodsf>ecd), 295. 

Competition between free and combined 
nitrogen (Wilson, Hull and Burris), 
289. 

Complements, chromosome (Dobzhansky 
and Pavan), 368. 

Computation, efficient (Samuelson), 393. 

Conjugate subgroups (Miller), 104. 

Connections, Euclidean, 33. 

Continua, S. L. C. (Schweigert), 52. 

Continua which have dendratomic sub- 
sets ^oore), 384. 

Convex linear spaces (Mackey), 315. 

CoraUinaceae (Schell), 127. 

Cmredlines, crustaceous (Setchell and Ma- 
son), 87, 92. 

Corn, sweet (Burr), 163. 

Correlates, electrical (Burr), 163. 

Crustaceous corallines (SetcheU and Ma- 
son), 87, 92. 

Culture of Paramecium (Woodruff), 135. 

Curvature type of dynamical trajectories 
(DeCkco), 268. 



404 


INDEX 


Proc. R a. S. 


Curve, epidemic (Wilson and Burke), 43. 
Cytoplasm (Sonneborn), 329, 338. 
Cytoplasmic difference, heritable 
(Rhoades), 327. 


Datura pruinosa (Bergner a?id Blakcslee), 

1 , 

DeCicco, J. Dynamical Trajectories of 
the Curvature Type, 208, 

DkCicco, J. 8ee Kasner, E,, 271. 

Dehydrogenation by Ftisaria (Sciaririi, 
Mull, Wirth and Nord), 121. 

Dcndratomic subsets (Moore), 384. 

Determination of L.D.OO (Wilson and 
Worcester), 79, U4, bW, 207, 257. 

Developing molluscs (Worley), 225. 

Differential- elements (Kasner and De- 
Cicco), 271. 

Differential equations (Defschetz), 29; 
(Levinson), 222, 281. 

Differential equations, partial (John), 98. 

DOBtUHANSKY, T., AND DreYEUS, A. 
Chromosomal Abeixations in Brazil- 
ian Drosophila ananassae, 301. 

Dobzhansky, T,, and Pa van, C. Chro- 
mosome Complements of Some South- 
Brazilian Species of Drosophila, 308. 

Dreyfus. A, See Dobzhansky, T., 301. 

DrosophilO' ananassae (Dobzhansky and 
Dreyfus), 301. 

Drosophila chromosomes (Kaufmann), 8. 

Drosophila melanogaster (Goldschmidt), 
203; (Stern and Schaeffer), »351, 301. 

Drosophila, South- Brazilian species of 
(Dobzhansky and Pavan), 368. 

Drosophila pseudoobscura (Mampell), 137. 

Drosophila sperms (Fano), 12. 

Pynamical trajectories (Kasner), 263; 
(DeCicco), 268. 


Rfhcient compulation (Samuelson), 393. 

Kilenberc?, S., and MacLane, S. Rela- 
tions between Homology and Homot- 
opy Groups, 156. 

Electrical correlates (Burr), 163 

Electricity (BirkhofiD. 231. 

Embryos, chick (Moog), 176. 

End-point, fifty per cent (Worcester and 
Wilson), 207. 

Enzyme, genetically determined (Sawin 
•and Click), 55. 

Epidemic curve (Wilson and Burke), 43. 

Equations, differential (Lefschetz), 29; 
(Levinsoji), 232, 281. 

Equations, linear partial differential 
(John), 98. 

Equations, Navier-Stokes (Thomas), 243. 

Euclidean connections (Chern), 33. 

Fankhauskr, G., and Humphrey, R. R. 
The Relation between Ntimber of 
Nucleoli and Number of Chromosome 
Sets in Animal Cells, 344. 


Faho, U. Mechanism of Induction of 
Gross Rearrangement in Drosophila 
Sperms, 12, 

Fano, U., and Marinbuli, L. D. Note 
on the Time-Intensity Factor in 
Radiobiology, 69. 

Fermentation, methane (Barker), 184. 

Fifty per cent end*poitit (Worcester and 
Wilson), 207. 

Finsler space (Chem), 33. 

Fixed elements (Schweigert), 62. 

Flat space-time (Birkhoflf), 231. 

Flows, formula for stream function of 
certain (Bergman), 270. 

Fomas, arithmetical (Bell), 375. 

Functioti, stress (Nemeiiyi and Tnies- 
dell), 159. 

Fungi (Robbins and Ma), 172. 

Fusaria (Sclarini. Mull, Wirth and Nord), 

121 . 


Gene (Sonneborn), 329, 338. 

Genes and cytoplasm (Rhoades), 327. 

Genes, unstable (Goldschmidt), 203. 

Genetic resistance (Gowen and Calhoun), 
144. 

Genetically determined enzyme (Sawin 
and Glick), 66. 

Guck, D. See Sawin, P. B., 66. 

Glyciaie (Snell and Guirard), 66. 

Goldschmidt, R. A Mutant of prps<h 
phila metanogasUr Resembling the 
So-Called Unstable Genes of Uroso- 
i^hila virilis, 203. 

Golgi system and apparatus (Worley), 
225, 228. 

Goniolithon (Sctchell and Mason), 87. 

Goodspbbd, T. H. See Bradley, M. V., 
296. 

Gowen, J. W., and Calhoun, M. L, On 
the Physical Basis for Genetic Re- 
sistance to Mouse Typhoid, 
dUi typhimuriunii 144. 

Gravitatioti (BirkhoA, 231. 

Groups (Miller), 49, 104, 213, 240, 311. 

Groups, homology and homotopy (Eilen- 
berg and MacLane), 165. 

Guirard, B. M. See Snell, E. E.. 66. 


Heritable cytoplasmic difference 
(Rhoades). 327. 

Homeomorphisms (Schweigert), 62. 

Homology and homotopy groups (Bilen- 
berg and MacLane), 165. 

Huff, C^. B. A Sufficient Condition that 
a C«Characteristic Be Geometric, 198. 

Hull, J. F. See Wilson, P. W., 289. 

Humphrey, R. R. See Fankhauser, O., 
344. 

Hybrid strains of sweet com (Burr), 163. 

Hybridizing yeast (lindegren and Linde- 
gren), 306. 

Hydrqgen, molecular (Barker), 184. 



VOL 29, 1943 


INDEX 


40'5 


Hypoxanthme and phycomyces (Rob 
bms), 201 


Incidence of mammary carcinoma (Wool 
lay law and Little), 22 
Induction by genes (Rhoades) U7 
lidMfilEance (Sonnebwn) 329, 33ii 
fn&dtn dimensional linear spaces 
(Mackey) 216 

Inoc^ations of whole blood (Wwilky 
Law and Little) 22 

Interpolation simple method of (Samuel 
son) 397 

Invariant metric properties (Milgrani) 
193 

Invariant subgroups (Miller) 3()H 
Iso alleles wild type (Stern and Schaeffer) 
361 


John F Linear Partial Differential 
Equations ivith Analytic Cocflicicnts 
98 


Rabner F Dynamical Trajectories in 
a Resisting Medium 263 

Rasher E and DfCicco J Union 
Preserving Transformations of Differ 
cnlial Elements 271 

Kasher, L and SupNiCK h The 
Apollonian Packing of Circles 378 

Raupmann B P a Complex Induced 
Rearrangement of Drosophila Chrom 
osomes and Its Bearing on the Prob 
lem of Chromobomt Recombination 
8 

Kavanagh R h See Rampino L D 
246 

Killer character m vanity 4 of Para 
mectum aurelta (Sonneborn) 329 


Lactic acid bactena (Snell and Ouirard) 
hb 

Latent vectors of a matrix (Samuilson) 
393 

Law L W vSee Woolley G W 22 

L D 50 determination of (Wilson and 
Worcester) 79 114 150 207 257 

Lbpschbtz S Existence of Pcnodic 
Solutions for Certain Differential 
Equations 29 

Levinson N On Certain Non Linear 
Differential Equations of the Second 
Order, 222 

Correction to On Certain Non 

Linear Differential Equations of the 
Second Order * 281 

LIKDBQREN, C C , AND LiKOBGRBN G 
A New Method for Hybridizing 
Yeast, 306 

Lindborbn G See Lindegren C C 
306 


T inear partial differential equations 
(John) 98 

I tiiear spates (CIk rn) 38 

IniLF C C Sec Woolley G W 22 

logarithms nalntal (T hlei) 119 

Ma R Sti Robbins W J 172 
Mackfv G W On Jnhnitt Dimensional 

ImearSpnis 216 

On Convt \ 1 opologit d I inear 
Spates 11 

MacI ANr S St,( I ikubtrg S 15*) 
Mammary cattiriim i i ki ItiRc (Woolley 

I aw lud T It lie) 22 

Mamikil K High Mill It jon Fit qiienev 
in Or( iphil i p eul I nra Rate 

II 117 

Marin KI LI 1 D S^elano I 59 
MAseiN r H SeeSOehell W A 87 92 
Mastopbon (ScIcbcII) lw7 
Mail IX (Samiu Ison) 1 ^ :» 

Matter (BiikliolT) 211 
Membrane thcjiry of shells of revolution 
(Nemenyi ind liuesdell) 1 9 
Melham feiinenlitKin (Buker) T8l 
Methylene 1 In (V^orlev) 228 
Metric propern s t ipeilogi illy mvirunt 
(Milgram) 191 

Metric spifcs statiblie il gentiah/ilion 
of (Wald) 1 H 

Milcram A N Some lopoOgically 
Invariant Metiie Properties 193 
Mill UR C» A Deteunmation of the 
Subgroup of Small Index *-5 
^ Possible CjrToups of Automorph 
isms 49 

Groups Contain mg a Prime Num 
ber of Conjugate Subgroups 104 

Groups Con taming 1 our and Only 

1 our Non Invariant Subgroups 211 
Groups of Trtnsformations of the 
Non Invariant Subgroups 210 
— Special Invariant Subgroups 108 

Subgroups I ransformed Accord 

mg to a Gn up of Prune Order 111 
Molecular hydrogen (Barker) 184 
MoUuscb developing (WorUy) 225 
Moog F lh< Distribution of Phos 
phatasi in the Spinal Cord of Chick 
Embryos of One to I ighl Days In 
cubation 170 

Moore U I Coiuerniug Contmua 
Which Have Dendi atomic Subsets 
381 

Moore R 1 Concerning Webs m the 
Plane 389 

Mouse t 3 q>hoid (Gowtn and Calhoun) 
144 

Mull R P SieSeianm L J 121 
Multiplication of virus (spizuen) 109 
Mutants (Goldschmidt) 203 
Mutation frequency in Drowpkih pseudo 
obscura (Mampell) 1 J7 
Mutations (Sonneborn) 318 



INDEX 


Piioc. N. A. S. 




Natural logarithms (Uhler)» 319, 

Navter^Stokea Bquarions (Thomas) » 243. 

NBKENVIr P.. ANO TRtmSDBLI., C. A 
Stress Function for the Membrane 
Theoiry of Shells of Revolution* 159. 

Neogoniolithon (Setchell and Mason), 87, 
92. 

Nictotiana, polyploidy in (Bradley and 
Goodsp^), 295. 

Nitrogen, free and combined (Wilson, 
Hull and Burris), 289. 

Non4inear differential equations (Levin- 
son), 222, 281. 

Norp, F. F. See Sciarini, L. J., 121; 
Rampino, L. D., 246. 

Nucleoli (Fankhauser and Humphrey), 
344. 

Numbers, logarithms of (Uhler), 319. 

Nutrition of azotobacter (Wilson, Hull 
and Burris), 289, 


Paciffc North America (Setchell and 
Mason), 92. 

Paladium-pol 3 rvinyl alcohol (Rampino, 
Kavanagh and Nord), 246, 

Paramecium aureliat (Woodruff), 136; 
(Sonnebom), 329, 3^, 

Partkd differential equations (John), 98, 

Particle size (Rampino, Kavanagh and 
Nord), 246. * 

Pavan, C, See Dobzhansky, T., 368. 

Pedigreed culture of Paramecium aurelia 
(Woodruff), 136. 

Periodic solutions (Lcfschetz), 29, 

Periodic t3rpes (Schweigcrt), 62, 

Phosphatase in spinal cord (Moog), 176. 

Phycomyces (Robbins), 201. 

Physical basis for genetic resistance 
(Gowen and Calhoun), 144. 

Plane webs (Moore), 389. 

Pneumococcus transformations (Sonne* 
bom), 338. 

Primary attributes of alleles (Stem and 
ScWiffer), 361. 

Prime number of conjugate * subgroups 
(Miller), 1()4. 

Prime order groups (Miller). 311. 

Projective geomeby (Chcm), 38. 

Pseudopyridoxine (Robbins and Ma), 172. 

Fyridoxine (Snell and Guirard), 66. 


Rabbit (Sawin and GUck), 55. 

Radiobiotogy (Fano and Marinelli), 59. 

RAMFmo, L. D.i Kavajkaor, K. E., akd 
Noro, F. F. Relationship between 
Particle Size and HfHcicncy of Pala- 
dium*Potyvmyl Alcohol (Pd*PVA) 
Catalysts, 246. 

Recombination of chromosomes (ICauf* 
matin), 8. 

Reristance, genetic (Gowen and Cathoun}» 
144. 

Reristing medium (Kasner)> 263. 


Rhoadbs, M. M. Oeuic Xnduction of 
an Inherited Cytoplasmic Difference, 
327. 

Riboffavin, synthesis of (Burkholder), 266. 

Robbins, w. J. Further Observations 
on the Spedffeity of Hypoxatithliie 
for Phycomyces, 201. 

Robbins, W. J., and Ma, R. Pseudo- 
pyridoxine and Certain Fungi, 172. 


Salmonella fyphimurium (Gowen and 
Crihoun), 144. 

Samublson, P. a. a Simple Method 
of Interpolation, 397. 

. Efiicknt Computation of the La- 
tent Vectors of a Matrix, 393. 

Sawin, P. B., and Click, 0. Atropine- 
sterase, a Genetically Determined 
Enz 3 rme in the Rabbit, 66. 

Sax, K* The Effect of Centrifuging upon 
the Pr^uction of X-Ray Induced 
Chromosomal Aberrations, 18. 

Schabpfbr, E. W. See Stem, C., 351, 
861. 

ScHATz, A. See Waksman, S. A., 74. 

Schwbxobrt, O. B. Fixed Elements and 
Periodic l^pes for Homeomorphisms 
on S.L.C C^tittua, 62. 

Sciarini, L. J., Moll, R. P., Wirtr, J. C., 
AND Nord, F. P. Cmeendng the 
Relation between Structure and Ac* 
tion of Xanthones on Dcdiydrogena- 
tions by Fusaria, 121. 

Segments and arcs (Blumenthal), 107. 

Sbtcrbll, W. a. Mastophom and the 
Mostophoreae: Oenua and Sub- 
family of Cotallinaoeae, 127. 

Sbtcrbll, W. A., and Mason. L. R. 
Goniolithon and Neogoniolithoa: 
Two Genera of Crustaceous OoraBine 
Algae, 87. 

— . New or Little Known Crustaceous 
Corallines of Pacific North America, 
92. 

Shells of revolution (NemenH and Truea- 
dell), 159. 

S. L. C. continua (SdiweigerO, 52. 

Snbll, B. Bm A39D Guirard, B. M« Some 
Interrelations of FjnidoKine, Afentne 
and Glycine in Their Effect on Qer- 
tain lActic Acid^acteria, 66. 

Sdutions, periodic Vpfsdieta), 29. 

Sonnbborn, T, M. Ipme and Chrtimliamu 
I. Tie Detei|iptiation and inheri- 
tance of the Juller Chamfiter In 
Variety 4 of Paramecium ameUa, 329. 

— Gene and Cytoplaem. 11, The 
Bearing the Drienninatm tad 
luherkiuiee of Characters In Pom* 
meeinm aumUa on the Problems of 
Cytoplasmic lnherltiiM% pnmuaxh 
eoe ews Tnmsfonnatioiis, Mutatloos 
imd Dawkpmeat, 338. 



V6U 29, im 


INDEX 


407 


South^BnuiiliUui Sp«des of Drosophila 
{Dobihanaky and Pavan), 368. 

Spaces, convex linear (Mackey), 315. 

Spaces, Pinsler and linear (Chem), 33, 38. 

Spaces, inhnite dimensional linear 
(Mackey), 216. 

Spaoes, metric (Wald), 196. 

^»ace-titne, Eat (Birkhoff), 281. 

Spec^Sijdty of hypoxanthine for phjojo- 
my^es (RobWns), 201. 

SpeclEcity, strain (Waksman and Schatz), 
74; Waksman and Bugle), 282. 

Sperms, l^osophila (Fano), 12. 

Spinal cord of chide embryos (Moog), 176. 

WZUBN, J. Some Preliminary Studies 
on the Mechanism of Virus Multi- 
plication, 109. 

St^nable cells (Worley), 228. 

Statistical generalization of metric spaces 
(Wold), 196. 

Stbrn, C., AND Schaeffer, E. W. On 
Primary Attributes of Alleles in 
Drosophila melanogastert 351. 

. On Wild'Typc Iso-^elcs in 

Drosophila melanogasieft 361. 

Strain specificity (Waksman and Schatz), 
74; (Waksman and Bugie), 282. 

Stream function of certain flows (Berg- 
man), 276. 

Stress function (Nemenyi and Trucsdell), 
169. 

Structure and action of xanthones 
(Sciarini, Mull, Wirth and Nord), 121. 

Subgroups (Miller), 26, 104, 213, 240, 
aOS, 311. 

Subsets (Moore), 384. 

Substances, antibiotic (Waksman and 
Schatz), 74. 

SuFNXCC, F. See Kasner, E,, 378, 

Sweet com (Burr), 163. 

Synthesis of ribo^vin by a yeast (Burk- 
holder), 166. 

System, Golgi (Worley), 225. 


Table determining L.D.50 (Worcester and 
Wilson), 207. 

Thomas, T. Y. On the Uniform Con- 
vergence of the Solutions of the 
Navier-Stokes Equations, 243. 

Time-intensity factor in radiobiology 
(Fano and Marindli), 59. 

Topologically invariant metric properties 
(Milmm), 193. 

Trajectories, d 3 mamical (Kasner), 263; 
(DeCicco), 268. 

Tmnsformatums of non-invariant sub- 
groups (Miller) , 240. 

Transfovmations, IHieumococcus (Sonne- 
bora), 338. 

Transformations, uniot^reservlng (Kas- 
ner and DeCicco), 271. 

Tatmmtx, C. See Nemenyi, F., 169. 


Typhoid, mouse (Gowen and Calhoun), 
144. 

Uhler, H. S. Natural Logarithms of 
Small Prime Numbers, 315. 
Union-preserving transformations (Kas- 
ner and DeCicco), 271. 

Universal arithmetical forms (Bell). 375. 
Unstable genes (Goldschmidt), 203. 


Virus Multiplication (Spizizen), 109. 


Waksman, S. A., and Schatz, A. Strain 
Specificity and Production of Anti- 
biotic Substances, 74. 

Waksman, S., and Bugxe, K. Strain 
Specificity and Production of Anti- 
biotic Substances, 11. Asperg;iUis 
flavus — Orzyae Group, 282. 

Wald, A. On a Statistical Generaliza- 
tion of Metric Spaces, 196. 

Webs in the plane (Moore), 389. 

Wild-Type Iso-aHeles (Stem and Schaeffer) , 
361. r 

WiLRON, E. B., and Burke, M. H. The 
Epidermic Curve, II, 43. 

Wilson, E. B., and Worcester, J. The 
Determination of L.D.50 and Its 
Sampling Error in Bio-Assay, 79. 

. The Determination of L.D.50 

and Its Sampling Error in Bio-Assay, 
IT, 114, 

Bio- Assay on a General Curve, 160. 

, The Determination of L.D.60 

and Its Sampling Error in Bio- 
Assay. Ill, 257. 

Wilson, E. B. Sec Worcester, J., 207. 

Wilson, P. W., Hull, J. F., and Burris, 
R. H. Competition between Free 
and Combined Nitrogen in Nutrition 
of Azotobaqter, 289. 

Wirth, J. C. See Sciarini, L. J.. 121. 

Woodruff, L. L. The Pedigreed Cul- 
ture of Paramecium aurdia at Yale 
University, 136. 

Woolley, G. W.. Law, L. W., and 
Little, C. C. Increase in Mam- 
mary Carcinoma Incidence Follow- 
ing Inoculations of Whole Blood, 
22 . 

Worcester, -J., and Wilson, E. B. A 
Table Determining L.D.50 or the 
Fifty Per Cent End-Point. 207. 

Worcester, J. See Wilson, E. B., 79. 
114, 150, 267. 

Worley, L. G. The Structure and 
Function of the Golgi Sxrstem in the 
Living Cells of Developing Molluscs, 
226. 

. The Relation between the Golgi 

Apparatus and **Droplets” in the 
Cell Stainable Vitally with Methyl- 
ene Blue, 228. 



408 


INDEX 


Proc NAS 


Xanthonc'* (Sciarini MuU Wirth and 
Nord) 121 

X lay induced chromosomal al>erraf*ons 

i^x) l« 


X radiation (Brum* 



Vtast (Burkholder), , 
and Lindegrui) 30S 


(I indegrcri 






